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Phason-strain-field influences on low-temperature specific heat
in icosahedral quasicrystals Al-Li-Cu and Al-Fe-Cu

K. Wang and P. Garoche
Laboratoire de physique des solides, Centre National de la Recherche Scientifique, Universite´ Paris-Sud, 91405 Orsay, France

~Received 22 July 1996!

We investigated the phason-strain-field influences on electronic and vibrational properties of two icosahedral
quasicrystals, Al-Li-Cu and Al-Fe-Cu. For that purpose we performed low-temperature specific-heat measure-
ments on samples before and after annealing treatments that allowed strong phason-strain elimination. The
electronic specific heat for the two systems is found to be scarcely sensitive to the annealing treatments, while
the vibrational specific heat displays a different behavior: it remains unchanged in Al-Li-Cu, but is strongly
reduced in Al-Fe-Cu after annealing. We interpret this to arise from the correlation between the symmetry of
the phason-strain field and the electronic and vibrational properties.@S0163-1829~97!02201-7#
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I. INTRODUCTION

Phason strains describe particular structural disorders
structure fluctuations, in quasicrystals~QC!. The possibility
of the phason-strain existence in QC’s was evoked soon a
the discovery of the quasicrystalline Al-Mn phase,1 and was
later formulated based on a six-dimension space descript2

Phason excitations were also described in an order-param
space.3 Structure fluctuations in icosahedral QC’s can
characterized by three bulk translation modes and three
tive phase-shift modes associated with internal atomic p
tion rearrangements. These modes are, respectively,
scribed in the parallel and the perpendicular spaces. Spat
uniform displacements in both spaces leave the system
energy invariant. Spatially varying displacements in the p
allel space are described by the phonon strains, while tha
the perpendicular space by phason strains. In a continu
model, these displacements are described by hydrodyna
modes.4,5

According to the group theory treatments, phason-str
field in an icosahedral QC system can be classified accor
to their symmetry properties. Two types of phason-str
fields can be deduced, that transform, respectively, undeG4
andG5, which are the four- and five-dimension represen
tions of the icosahedral group.4,6,7 From the structural poin
of view, these two phason-strain fields break the icosahe
symmetry and lead to structures belonging to subgroup
the icosahedral group I. For example, a phason-strain fi
transforming under theG5 representation, here after notedG5
field, can lead toD5 ~pentagonal! or D3 ~rhombohedral!
structures, and a phason-strain field transforming under
G4 representation, here after notedG4 field, can lead toT
~tetrahedral! structures.6,7

Phason strains are considered to play an important rol
the atomic structural properties of QC’s. For example, th
can be related to special structure distortions8 and structure
imperfections, such as dislocations.9 However, what are the
physical implications of the phason-strain-field presence
QC’s, since physical properties of condensed matters are
lated to their corresponding atomic structures? In a m
limited way, a phason-strain field in QC’s causes distortio
550163-1829/97/55~1!/250~9!/$10.00
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in the reciprocal lattice,8 how will such distortions affect the
lattice vibrational properties? Besides, reciprocal-lattice d
tortions modify the electronic structure, will the Hume
Rothery stabilization condition10 be consequently altered? I
this paper we discuss the situation of two families of ico
hedral QC’s, in relation to our low-temperature specific-h
measurements on the Al-Li-Cu and Al-Fe-Cu QC phas
Parts of this work have been published elsewhere in c
densed preliminary forms.11

II. PHASON-STRAIN FIELDS IN Al-Li-Cu AND Al-Fe-Cu

The Al-Li-Cu and Al-Fe-Cu icosahedral phases diff
from each other in many ways. In the cut-and-projection
scription, the Al-Li-Cu QC phase belongs to a six-dimensi
primitif ( P) cubic lattice, while the Al-Fe-Cu QC phase b
longs to a face-centered (F) cubic lattice. As far as the
growth mode is concerned, Al-Li-Cu grows preferentia
along twofold axes, and Al-Fe-Cu along fivefold axes. F
thermore, the atomic structures of these two phases are
sidered to be different: Al-Li-Cu is characterized by Ber
man clusters, while Al-Fe-Cu by Mackay clusters. The
cast Al-Li-Cu samples, although obtained by slow coolin
contain considerable disorder.12 On the contrary, Al-Fe-Cu
sample quality can easily be improved after a relatively sh
annealing time.13

The as-cast Al-Li-Cu QC samples display deviations fro
the icosahedral symmetry.14 Their diffraction spots are ob
served to be shifting along twofold axes.15 Mai et al.16 and
Li et al.17 have shown that the diffraction spot shifts in a
cast Al-Li-Cu samples are characterized by the presence
linear phason-strain field. Using a tensor that acts on
atomic positions in the physical space to describe the fi
this tensor is characterized by the following matrixM :

M5F 21 0 0

0 0 21

0 1 0
G .

This matrix can be compared with the one (MT) obtained by
Ishii,6 that describes a phason-strain-field invariant under
G4 symmetry operations:
250 © 1997 The American Physical Society
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55 251PHASON-STRAIN-FIELD INFLUENCES ON LOW- . . .
MT5a1F 1 0 0

0 1 0

0 0 1
G ,

wherea1 is a constant describing the field magnitude. It
straightforward to check that these two matrices are equ
lent, and that the difference between them is simply due
the choice of the orthonormal set of six-dimension vecto

Furthermore, the phason-strain-field symmetry in
Al-Li-Cu QC phase can also be analyzed in relation to
symmetry properties of its approximant phase. The s
shifts along the twofold icosahedral directions for Al-Li-C
are associated with the structure transformation between
QC phase and theR phase, which belongs to theT point
group18 and is considered as an approximant phase, in
sense that a rational number is an approximant to an irra
nal one. Such a structure transformation, from icosahedra
tetrahedral symmetry, can actually be induced by develop
a G4 phason-strain field in the icosahedral phase.6,7 These
analyses show that the phason-strain field in the as-cas
Li-Cu can essentially be described by a field invariant un
theG4 symmetry operations.

For the Al-Fe-Cu case, although there is no direct char
terization of the phason-strain field, it has been observed
the phason strains in this system show transformation tre
towards either pentagonal or rhombohedral phases.19 Actu-
ally, both of these two phases are approximant phases o
icosahedral one, and can be related to the later thro
phason-strain fields that are invariant under theG5 symmetry
operations. As an example, aG5 field can induce structure
modulations along one of the fivefold axes and leads toD5
subgroup structures, that is a pentagonal phase.6,7

Further, it has been observed by high-resolution elect
microscopy that the structure transformation from icosa
dral to pentagonal symmetries in Al-Fe-Cu can be descri
by the phason-strain field effect which is associated to
following matrix MD5 ~a2 being a constant and describin
the field magnitude!:20

MD5
5a2F 1 1/t 0

2t 21 0

0 0 0
G .

According to Ref. 6, this matrix describes exactly a phas
strain-field invariant under theG5 symmetry operations. All
this suggests that the phason-strain field in Al-Fe-Cu hasG5
character.

III. PHASON-STRAIN FIELDS, ELECTRONIC
STRUCTURE, AND ELASTICITY

A. Electronic structure

It is now generally agreed that the stabilization of t
icosahedral structure has an electronic origin, which can
explained within a Hume-Rothery-like framework. The wa
vectors in the reciprocal space display a large multiplic
due to the high symmetry degree of the icosahedral latt
The diffusion potentials defined upon such vectors, lead
highly spherical pseudo-Brillouin zone~PBZ! near the Fermi
surface, upon which the electronic states are perturbed
a-
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.
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most everywhere. A pseudogap is then opened in the e
tronic density of states~DOS! at the Fermi level. The elec
tronic cohesive energy is thus increased.10

A phason-strain field in QC’s causes distortions to t
reciprocal lattice by shifting the wave vectors, this will d
form the PBZ which is built upon the wave vectors close
the Fermi sphere. In other words, a phason-strain field m
fies the structure relation between the Fermi surface and
PBZ by making the later less spherical, since any deviat
from the perfect icosahedral lattice reduces the point sym
try.

For given chemical compositions, the icosahedral str
ture remains stable down to room temperature. This imp
that it can be considered as the fundamental state. It is th
fore not ambiguous to assume that, by deforming the PB
phason-strain field affects the pseudogap at the Fermi le
and that consequently it costs cohesive energy. The obse
tion that annealing treatments improve the structure qua
by eliminating the phason strains supports this propositio

The quasiperiodicity implies another specificity for th
QC’s. At variance with crystals, the Fourier transform of
quasiperiodic lattice is characterized by a dense set of Br
vectors. This situation has an original consequence on
electronic structure of icosahedral QC’s: the Fermi surfa
displays a hierarchy of gaps with different width. All th
gaps close to the Fermi surface contribute to the electro
cohesive energy, but they undergo different shifts unde
phason-strain field. As we will see below, this has some p
ticular consequences on the relationship between the e
tronic structure and the phason-strain field.

B. Elasticity

The elastic free energy is the product of the strain by
stress. In Hook’s approximation, the stress is proportiona
the strain, so the elastic free energy is expressed by a
dratic form of the elastic deformations, and it has the follo
ing general from for QC’s:5

Fel5
1

2 E dd~Ki jkl
uu ¹ iuj¹kul1Ki jkl

ww¹ iwj¹kwl

1Ki jkl
uw ¹ iuj¹kwl !, ~1!

where$K% is elastic tensor, while¹ iuj and¹ iwj describe,
respectively, phonon and phason deformations.

The six-dimension representation of the icosahedral gr
D can be decomposed into two irreducible representatio
respectively, in the physical and the perpendicular space4

D5G31G38 . ~2!

The gradient operator¹ transforms asG3. Thus, in Eq.~1!,
the deformations¹ iuj and¹ iwj are, respectively, describe
by the representationsG33G3 andG33G38 . These two rep-
resentations can in turn be decomposed as follows:

G33G35G11G31G5 , ~3!

G33G385G41G5 . ~4!

The number of second-order invariants in Eq.~1! can be
obtained from these two decompositions. In the decomp
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252 55K. WANG AND P. GAROCHE
tion of Eq. ~3!, G3 represents a rotation, and has no contin
ous symmetry associated to it;4 G1 andG5 describe phonon
modes, they represent, respectively, the dilatation and
shear.G4 andG5 in Eq. ~4! represent the two phason-stra
fields. Since theG5 phason-strain field and theG5 phonon
field both belong to the same representation, there can
coupling effect between these two fields. Thus the latt
vibrational properties in icosahedral QC’s can be affected
theG5 phason-strain-field presence. As far as theG4 phason-
strain field is concerned, no coupling is possible between
field and any of the two phonon fields, as neither of the
two phonon fields transform under theG4 representation.

IV. EXPERIMENTAL

In order to study the phason-strain influence on the e
tronic and vibrational properties of the Al-Li-Cu an
Al-Fe-Cu QC phases, we have investigated the lo
temperature specific-heat evolution on phason-strained
phason-eliminated QC samples of these two phases.

The low-temperature specific-heat measurement ena
experimental investigations of the phason strain influence
the electronic structure and the elastic behavior. On
hand, the electronic specific heat for metals is directly p
portional to the electronic density of states~DOS! at the
Fermi level. The DOS evolution is therefore susceptible
reveal eventual electronic-structure alterations due to
phason-strain-field presence.

On the other hand, the specific-heat vibrational term
determined by thermodynamic properties, which are in
mately related to the elastic properties of solids. At low te
perature, long-wavelength vibrational modes are excited,
the later are related to macroscopic elastic constants
continuum model approximation. This vibrational ter
therefore enables the investigation of phason-strain-field
fects on the quasilattice long-wavelength vibrational~elastic!
properties.

A. Sample preparations

The Al-Li-Cu samples, of composition Al6Li 3Cu, are first
elaborated using the method described by Dubostet al.21

They are obtained in the form of triacontahedral dendrit
embedded in eutectic phases~mainly a-Al and T1-Al2LiCu!.
Then, in order to eliminate these eutectic phases, the sam
are remelted and once more solidified through slow cooli
taking advantage of the fact that the QC phase floats on
eutectic liquid. The samples obtained are single phased
cording to the x-ray-diffraction experiments. The final sta
consists of annealing the samples at 575 °C during sev
days. In the last two stages, the samples are maintained
der an inert gas pressure~about 50 bars at 575 °C! to prevent
lithium evaporation. The structure evolution is characteriz
by transmission electron microscopy investigation. T
samples, obtained, respectively, by slow cooling and by
nealing ~10 days! are investigated, in comparison with ou
previous observations on the as-cast samples.22

Electron-diffraction patterns show that, through spot d
placements along twofold directions, the diffraction-sp
shifts observed for the as-cast samples, as well as for
slow-cooled ones, are strongly reduced on the 10 days
nealed sample. The spot positions for the annealed sam
-

he

a
e
y

is
e

c-

-
nd

les
n
e
-

o
e

s
i-
-
d
a

f-

s,

les
,
its
c-
e
ral
n-

d

n-

-
t
he
n-
ple

approach the ones expected for a perfect icosahedral s
ture. This indicates that the samples before and after ann
ing differ from each other by the magnitude of the phaso
strain field, the phason-strain field present in the samp
before annealing are strongly eliminated by the thermal tre
ments~more details are given elsewhere23!.

The Al-Fe-Cu samples, of nominal compositio
Al62Cu25.5Fe12.5, are elaborated at the CECM/CNRS in Vitr
~France!. They are obtained by planar flow casting and th
submitted to various thermal treatments. This composit
produces different structural states according to the ther
treatment: an annealing at 600 °C leads to a single-pha
but phason-strained QC structure; whereas a further ann
ing up to 812 °C eliminates the phason strain.

Two samples, obtained, respectively, after the 600 °C
the 812 °C annealing, are studied. High-resolution x-r
diffraction experiments show that both of them are sin
phased. For the 600 °C annealed sample, the x-ray Br
peaks are shifted and broadened. This sample can thu
considered to contain essentially frozen-in phason strain13

though powder-diffraction investigation does not allow us
characterize directly the phason-strain field symmetry.
the 812 °C annealed sample, the phason strains are e
nated. The x-ray-diffraction peak width is of the order of t
instrumental resolution~Dq;1023 Å21!, and the peak posi-
tions are almost those of an ideal icosahedral lattice. T
sample remains stable through out the whole tempera
range, from 812 °C down to room temperature.13

B. Specific-heat measurements

The low-temperature heat capacity is measured using
ac calorimetric method. For the Al-Li-Cu samples, the e
periments are performed at a working frequency of abou
Hz and in between a temperature range of 1 to 6 K. For
Al-Fe-Cu samples they are performed at frequencies from
to 6 Hz and in between a temperature range of 1 to 3 K. T
sample masses are about 10 mg for Al-Li-Cu and about
mg for Al-Fe-Cu. The thermal oscillation amplitude wa
about 0.1 K. The samples are glued on a sample holder~thin
sapphire slabs of 2.53630.2 mm, on which a heater, a the
mometer, and thermal links are deposited! using the M-Bond
adhesive of Measurements Group Inc. Taking into acco
the weak heat capacity of these samples~below 20 nJ/K at 1
K for Al-Fe-Cu!, the heat capacity of the sample holde
with glue are measured in separate runs and their contr
tion ~several nJ/K at 1 K! is subtracted from the total hea
capacity. The molar specific heatC of the Al-Li-Cu and
Al-Fe-Cu samples, before and after annealing, is presente
Figs. 1~a! and 1~b! as a function of the temperature.

The plots in the insets show that in the measuring te
perature ranges, the specific heat for all the samples ca
described within 1% by the classical lawC5gT1bT3. This
enables the separation between the electronic contribu
gT and the vibrational onebT3. We notice that theT3 tem-
perature dependence of the vibrational term suggests a
bye model description for all the samples. Theg andb val-
ues for these two alloys are obtained by a best fit of the d
and listed in Table I. The error on the absolute value
estimated to be within 2% forg and 5% forb, taking into
account all the experimental uncertainties.
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V. DISCUSSION

According to Table I, the electronic contribution remai
the same~g50.33 mJ/K2 mole! for Al-Li-Cu before and after
the annealing treatment, while for Al-Fe-Cu, theg value only
changes slightly from 0.33 to 0.30 mJ/K2 mole after the
812 °C annealing. These results are close to the ones
tained in other observations.24–26All of these values actually
represent about one third of that predicted by a free-elec
model.

It is well known that theg value is proportional to the
electronic DOS at the Fermi leveln(EF) according to the
classical relation:27

g5
11l

3
p2kB

2n~EF!, ~5!

FIG. 1. The molar specific heatC of the icosahedral Al-Li-Cu
~a! and Al-Fe-Cu~b! samples, before~l! and after~d! the anneal-
ing treatments that allowed phason-strain-field eliminations. In
insets are presented the data replotted in aC/T versusT2 diagram.

TABLE I. Coefficients of the low-temperature specific heat,g
~electronic! and b ~vibrational!, obtained for the icosahedra
Al-Li-Cu and Al-Fe-Cu samples before and after annealing tre
ments.

g
~mJ/K2 mole!

b
~mJ/K4 mole!

Al-Li-Cu: before annealing 0.33 0.019
after annealing 0.33 0.019

Al-Fe-Cu: before annealing 0.33 0.115
after annealing 0.30 0.045

Error 62% 65%
b-

n

wherel is a constant related to the ratio between the elect
thermal effective mass and the free electron mass,kB is the
Boltzmann constant. This indicates that the electronic D
at the Fermi level is scarcely sensitive to the phason-st
elimination in these two systems.

The T50 Debye temperature,uD0, can be calculated
from theb values using the following relation:27

b5
12p4

5

NkB
uD0

, ~6!

whereN is the Avogadro number. For both of the Al-Li-C
samples we obtainuD0546565 K, which is close to the
values given by Wagneret al.24 This value can be compare
to our previous observation on as-cast Al-Li-Cu sample22

where theuD0 value for the whole sample was estimated
450610 K. However, if we take into account the presence
about 15 to 20% of foreign phases~mainly a-Al and
T1-Al2LiCu! in these samples, theuD0 value for the QC
phase in the as-cast samples is about 460610 K. This indi-
cates that the vibrational contribution, as well as the Deb
temperature at low temperature remain nearly unchan
from as-cast sample to annealed one passing by slow-co
one, while the phason-strain field is strongly eliminated.

The situation for the Al-Fe-Cu samples is totally differen
theb value changes from 0.115 mJ/K4 mole for the phason-
strained sample to 0.045 mJ/K4 mole for the 812 °C anneale
one. This implies that the Debye temperatureuD0 increases
from 27365 K to 35065 K after the 812 °C annealing trea
ment. We can notice that theuD0 value for the annealed
sample is somewhat lower than the one obtained by Big
Li, and Poon,25 but is in agreement with the value given b
Klein et al.26

A. Electronic

The electronic DOS at the Fermi level remains nea
unchanged in all the samples before and after the annea
treatments, which allowed phason-strain-field eliminatio
This indicates that the pseudogap at the Fermi leve
scarcely sensitive to the phason-strain fields of these
systems. The Fermi level remains in the pseudogap, wh
suggests that the PBZ deformations due to the phason-s
fields have no significant effects on the neighborhood re
tion between the Fermi sphere and the PBZ.

In order to explain this observation, we notice two aspe
in the Hume-Rothery stabilization mechanism for QC’s. T
first one concerns the electronic structure: all the vect
constructing the PBZ do not contribute by the same mag
tude to the total electron energy. A Bragg plane correspo
ing to a potentialVK , leads to a gap of 2VK width in the
electron dispersion relation, thus the gap width varies w
the vectors. The second aspect is specific to the QC struc
in the presence of a phason-strain field, the reciprocal ve
shiftDK varies according to the corresponding perpendicu
vectorsK' in the perpendicular reciprocal space. The vect
correspond to largerK' undergo stronger shifts, it is thos
vectors that correspond to weakerVK values in the~physical!
reciprocal space.

Now let us consider the Al-Li-Cu and Al-Fe-Cu QC
phases. The Hume-Rothery stabilization implies for the P
vectorsKPBZ the following condition:10

e

t-
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254 55K. WANG AND P. GAROCHE
KPBZ'2kF ,

wherekF is the Fermi vector. Taking a free-electron mod
we estimate for the Al-Li-Cu QC phasekF'1.9 Å21 and for
the Al-Fe-Cu QC phasekF'1.56 Å21. We can construct for
the Al-Li-Cu QC phase a PBZ formed by a trisicosahedr
which is built upon 60 26–41 vectors, and is truncated b
dodecahedron built upon 12 28–44 vectors@Fig. 2~a!#. In the
same way, we can construct for the Al-Fe-Cu QC phas
PBZ formed by a dodecahedron, built upon 12 18–29 v
tors, and truncated by a triacontahedron built upon 30 20
vectors@Fig. 2~b!#. Here we use the Cahn-Shechtman-Grat
N-M notation,28 where the magnitude of a vectorN-M in
the physical~parallel! space is given by

KN,M5
2p

A6
AN1Mp

2~21p!
, ~7!

while the magnitude of its perpendicular vector is given b

K'
N,M5

2p

A6
A Nt2M

2~21p!
, ~8!

where A6 is the six-dimension lattice parameter,t is the
golden number.N andM are both integers. The 28–44 an
20–32 vector sets are characterized by larger perpendic
vectorsK' than the 26–41 and 18–29 ones:

K'
20,32

K'
18,29'1.7,

K'
28,44

K'
26,41'1.1.

Therefore they correspond to weaker diffraction intens
and thus to weakerVK , that lead to narrower gaps than th
26–41 and 18–29 sets. Furthermore, the magnitudes of
perpendicular vectorsK' being larger, the 28–44 and 20–3
vectors undergo stronger shifts under a given phason-s
field.

In the Hume-Rothery stabilization mechanism, the el
tron cohesive energy is more sensitive to the positions
narrower gaps than that of larger ones at the Fermi level
illustrate this mechanism in a schematic manner, let us c
sider the opening of a 2VK width gap that perturbs the elec
tronic states in an intervalDK of the reciprocal space@see
Fig. 3~a!#:

FIG. 2. The pseudo-Brillouin zones~PBZ! for Al-Li-Cu ~a tri-
sicosahedron truncated by a dodecahedron! ~a! and Al-Fe-Cu~a
dodecahedron truncated by a triacontahedron! ~b! icosahedral
phases.A2,A3, andA5 indicate, respectively, the two-, three-, an
fivefold symmetry axes.
,

n
a

a
-
2
s

lar

,

eir

in

-
f
o
n-

DK5
2VK

vF
, ~9!

wherevF is the unperturbed Fermi velocity,vF52EF/kF .
The 2VK gap induces two kinks in the electronic DOSn(E),
and a minimum in the electronic total energyE5* n(E)dE
@Fig. 3~b!#. The width of this minimum is determined by th
gap width 2VK , which is related toDK through Eq.~9!. The
system has the maximal cohesive energy gain if the ga
situated at the Fermi level. So, if the vector shift is we
compared toDK, which measures the gap width in the r
ciprocal space, the Fermi level remains within the tot
energy minimum, and the potentialVK ’s contribution to the
electron cohesive energy will not be significantly modifie
But on the contrary, if the shift is stronger thanDK, the
Fermi level goes out of the minimum, and the contribution
the correspondingVK to the cohesive energy will be strongl
decreased. Therefore, a phason-strain field affects the e
tron cohesive energy first through the shift of weakerVK
vectors near the Fermi surface, which correspond to stron
K' and narrower gaps. For strongVK vectors, the phason
strain-field-induced shifts are weak due to the weaker m
nitude of the perpendicular vectorK' , and, moreover, the
corresponding gaps are large, therefore less sensitive to s
shifts.

In order to cost less electron cohesive energy, a phas
strain field should thus shift as little as possible the wa
vectors corresponding to strongerK' near the Fermi surface
This consideration enables us to discuss the relationship

FIG. 3. Schematic representation of the opening of a gap of 2VK
in width at the Fermi level~a!, leading to a minimum in the electron
total energyE ~b!.
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55 255PHASON-STRAIN-FIELD INFLUENCES ON LOW- . . .
tween the phason-strain field and the electronic structure
simply using symmetry arguments, without going into deta
of atomic and band structures. In the following, we app
this simple model to the Al-Li-Cu and Al-Fe-Cu case.

Let us consider the two phason-strain field matricesMT
andMD5, describing, respectively, aG4 and aG5 phason-
strain field~see Sec. II!. The shiftDK of the vectors 20–32
and 28–44 under these two fields can be easily calcul
using Eq.~10!:8

DK5M•K' . ~10!

The 12 vectors of the 28–44 set, parallel to the fivefold a
and generating the dodecahedron of the Al-Li-Cu PBZ
indexed by~2/2,2/4,0/0!, (2̄/2̄,2/4,0/0), . . . , andtheir per-
pendicular vectorsK' by (2/2̄,4/2̄,0/0), (2̄/2,4/2̄,0/0), . . . .
It is straightforward, using Eq.~10!, to check that these vec
tors undergo aDK shift that is perpendicular to themselve
underMT , while theMD5 field leads to stronger vector mag
nitude variations with a component along theK directions
@see Fig. 4~a!#. Hence, for weak phason-strain-field magn
tude, the induced magnitude variation of the 12 vectors
the 28–44 set is much weaker under a cubicG4 field, com-
pared to a pentagonalG5 one: these vectors just ‘‘slide’’ on a
sphere underG4, while they move away from the spher
underG5. A G4 phason-strain field will therefore cost les
cohesive energy than aG5 one in the case of the Al-Li-Cu
icosahedral phase.

We can apply similar considerations to the 20–32 set v
tors ~2/4,0/0,0/0!, ~0/0,2/4,0/0!, ~0/0,0/0,2/4!, . . . , that are
parallel to the twofold axes and generating the triaconta
dron of the Al-Fe-Cu PBZ, with (4/2̄,0/0,0/0), (0/0,4/2̄,0/0),
(0/0,0/0,4/2̄), . . . , asperpendicular vectorsK' . Using Eq.
~10!, we can check that anMT field shifts all the 30 vectors
While anMD5 field has no effect on the ten vectors that a
perpendicular to the preserved fivefold axis, that is just
fivefold axis of the resultingD5 structure@see Fig. 4~b!#. So
in the case of Al-Fe-Cu, for weak phason-strain-field mag
tude~smalla!, a pentagonalG5 phason-strain field costs les
cohesive energy than a cubicG4 field, which causes stronge
PBZ deformation.

The above consideration implies certain symmetry c
straints on the phason-strain field development: it is ea
for a cubicG4 phason-strain field to develop in the Al-Li-C
icosahedral phase than aG5 pentagonal one, andvice versa
for the Al-Fe-Cu icosahedral phase. This is in agreem
with our discussion on experimental observations~see Sec.
II !: the phason-strain field in Al-Li-Cu is described by theG4
representation, while Al-Fe-Cu can contain aG5 phason-
strain field related to a pentagonal subgroup structure.

Finally, this mechanism explains the electronic speci
heat observations: the vectors with strongVK are hardly sen-
sitive to phason strains, and the weakerVK vectors are
shifted in such a way as to remain close to the Fermi surfa
Therefore, the electronic DOS at the Fermi level rema
almost the same in the Al-Li-Cu and Al-Fe-Cu icosahed
phases, in spite of the presence of the phason-strain fiel

B. Vibrational

The situation for the vibrational term is totally differen
compared to that of the electronic one. The annealing
by
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duces the vibrational contribution to the total specific heat
a factor of 2 for Al-Fe-Cu, while for Al-Li-Cu this contribu-
tion remains almost the same.

In order to better illustrate the vibrational density evol
tion through the phason-strain-field elimination for the A
Fe-Cu samples, we replot their vibrational specific-heatCvib
data in aCvib/T

3 vs T2 diagram, this after the subtraction o
the electronic contributiongT ~Fig. 5!. In the Debye model,
Cvib/T

3 is proportional toD(v)/v2, whereD(v) is the pho-
non spectra andv is the corresponding mode frequency27

Thus this graph shows the vibrational density evolution w
the sample structure states.

According to Fig. 5, for the Al-Fe-Cu samples, the low
energy vibrational DOS is enhanced in the phason-strai
sample as compared to the annealed one. This enhance
is obviously associated with the phason-strain field, which
strongly eliminated through the annealing at 812 °C.

Low-energy mode density enhancements have also b
observed by inelastic neutron scattering for Al-Fe-Cu Q
samples of close chemical compositions. But these obse

FIG. 4. Typical PBZ vector shiftsDK under the phason-strain
fields G4 (MT) and G5 (MD5): two vectors of the 28–44 set
K15~2/2,2/4,0/0!, K25(2̄/2̄,2/4,0/0) ~a!, and three of the 20–32
set, K15~0/0,0/0,2/4!, K25~0/0,2/4,0/0!, and K35(0/0,0/0,2̄/4̄)
~b!, are presented. The magnitudes of the phason-strain fields
taken for unity in the calculation of the module for all theDK . A2
andA5 indicate, respectively, the two- and fivefold symmetry ax
A5 in ~b! represents also the fivefold axis of theD5 structure en-
gendered by theG5 phason-strain field.
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256 55K. WANG AND P. GAROCHE
tions were made on as-cast samples,29 which can contain
various structural defaults as well as foreign phases.13 Our
observations, however, enable a direct comparison betw
monophased QC samples before and after the anne
treatment that allows phason-strain elimination. Moreov
the low-temperature specific-heat measurements explo
much lower energy range.

Figure 5 shows that theD(v)/v2 term for each sample
remains constant in the measuring temperature range.
demonstrates well that the phonon dispersion follows a lin
relation ~the mode frequency varies linearly following th
wave vector!, and justifies the utilization of the Debye ap
proximation. In the measuring temperature range, theD(v)
enhancement cannot be attributed to the phason hoppin
the linear dispersion relation does not support resona
mode contributions. Moreover, phason hopping is obser
to occur at much higher temperature~above 600 °C!.30 In
fact, as shown below, this anomaly can be attributed t
softening of the phonon shear modes. This implies a sof
ing of the shear elastic modulus, in agreement with the gr
theory analysis~see Secs. II and III!, and leads to a decreas
of the Debye temperature.

TheT50 Debye temperature can be related to the so
velocities by27

uD~0!5
h

kB
S 3N

4pVD 1/3v̄, ~11!

wherev̄ is the mean sound velocity,N is the Avogadro num-
ber, andV is the molar volume. For an isotropic substan
we havev̄ 235(2v T

231v L
23)/3, vT andvL being the trans-

verse and longitudinal sound velocities.
The velocitiesvT andvL can be related to the shear an

the bulk elastic moduli~m andB! by31

vT5Am

r
, vL5AB1 4

3 m

r
, ~12!

wherer is the mass density. We can thus express the De
temperature as a function of the two elastic moduli:

uD~0!}r21/6@2m23/21~B1 4
3 m!23/2#21/3. ~13!

FIG. 5. The vibrational specific heatCvib of icosahedral
Al-Fe-Cu samples before~l! and after~d! the 812 °C annealing
treatment in aCvib/T

3 vs T2 diagram.
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The application of this isotropic model is justified by th
large number of symmetry elements of the icosahedral st
ture.

For solids~even liquids!, the elastic bulk modulusB is
essentially related to the mean atomic volume. It is har
sensitive to structure variations, if no strong atomic volum
difference is involved. This is indeed the case for the t
samples considered here, for which the lattice paramete
only changed by about 0.03% through annealing at 812
according to the x-ray-diffraction experiments.13 To illustrate
this point, let us estimate the possible bulk modulus cha
due to parameter difference using Eq.~14!, which is devel-
oped for intermetallic alloys:32

DB

B
52

Da

a

a8

F~a8!

dF~a8!

da8
, ~14!

wherea is the mean interatomic distance anda8 the inter-
atomic distance related to structure variation. The funct
F(a8) results from the Friedel oscillation, it has the asym
totic form ;sin(2kFa8)/a83 with kF the Fermi vector. Tak-
ing for Da/a the value estimated from the x-ray-diffractio
observation 0.03%, fora anda8 the mean interatomic dis
tance~of the order of 3 Å for metals! and for kF the free-
electron valuekF free'1.56 Å21, we estimate, using Eq
~14!, that the relative change of the bulk modulusDB/B is
below 1%. Obviously, this is too weak to account for t
Debye temperature difference between these two Al-Fe
samples.

Hence, theuD0 decrease in the phason-strained sam
should be attributed to the decrease of the elastic sh
modulusm. This implies a softening of the phonon she
modes. Indeed, by neglecting the mass density variation
can relate the change of the Debye temperature directl
that of the shear modulus using Eq.~13!: DuD0/uD0
'Dm/2m. This relation enables us to estimate an elas
shear modulus difference of about 40%, between the pha
strained sample and the 812 °C annealed one. This resul
be compared with Jaric and Mohanty’s calculation, acco
ing to which phason strains reduce elastic shear modulu
icosahedral QC’s. They also proposed that phason strains
be related to a martensitic instability,33 which implies pho-
non shear mode softening.

For the Al-Li-Cu samples, the vibrational contribution r
mains the same before and after the annealing treatment.
corresponding Debye temperature, which is found, in b
cases, to have a value of 46565 K, is thus insensitive to the
phason-strain elimination. We can also notice that this De
temperature value can be compared to that obtained in
periments other than specific-heat measurements, such a
trasound velocity characterization.34 This observation indi-
cates that the phason-strain field has no significant influe
on the vibrational properties of the Al-Li-Cu quasilattic
contrary to the Al-Fe-Cu case.

The above observations can be well explained by
group theory analysis presented in Sec. III B: for icosahed
QC’s there is no phason-phonon coupling for theG4 phason-
strain field, while theG5 phason-strain field can be coupled
phonon shear modes. As we have mentioned in Sec. II,
phason-strain field in the Al-Li-Cu samples before anneal
is essentially ofG4 character, it has therefore no influence
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55 257PHASON-STRAIN-FIELD INFLUENCES ON LOW- . . .
vibrational properties. In the Al-Fe-Cu case, various obs
vations suggest that its phason-strain field hasG5 character.
TheG5 phason-strain field is coupled to theG5 phonon shear
mode, so the Debye temperature, as well as the elastic p
erties, are strongly affected by the phason strains.

C. Remarks

Phason strains are likely to develop in QC samples du
the growth process, thus the phason-strain-field symm
should be related to the growth direction, i.e., to the grow
morphology. The Al-Li-Cu QC phase grows in the form
triacontahedron, the presence ofG4 strain fields in Al-Li-Cu
can be related to the twofold axis growth direction. Duri
the growth process, anisotropic phason-strain fields may
velop preferentially along twofold axes, leading to corr
sponding distortions in the icosahedral structure, which
described byG4 representation. The Al-Fe-Cu QC pha
grows as dodecahedron, and the phason-strain field
Al-Fe-Cu can also be related to the growth direction. F
example, the development of a phason field along a five
axis can lead to aG5 phason-strain field.

Also, as shown by the above analysis, the Hume-Roth
stabilization mechanism in QC’s implies that the phas
strain field should affect as little as possible the PBZ vecto
especially those of weaker intensity. This will induce certa
constraints to the phason-strain-field symmetry, imposed
the electronic structure. It is interesting to notice that
preferential growth directions of the two alloys studied he
correspond to the directions in which the development o
n
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phason-strain field affects less the PBZ. This may indic
some relationship between the electronic structure and
growth mode.

VI. CONCLUSION

The results of low-temperature specific heat, measured
Al-Li-Cu and Al-Fe-Cu quasicrystalline samples before a
after phason-strain-field elimination through annealing,
analyzed. The electronic specific heat for both Al-Li-Cu a
Al-Fe-Cu is observed to be scarcely sensitive to the ann
ing treatments, this can be explained within the Hum
Rothery stabilization framework: the phason-strain-fie
symmetry is related to the pseudo-Brillouin-zone morph
ogy, a phason-strain field should modify as little as possi
the electronic cohesive energy, and consequently, lead
the weakest alteration of the pseudogap at the Fermi le
The phason-strain fields that are likely to be present in th
systems~G4 for Al-Li-Cu andG5 for Al-Fe-Cu! satisfy such a
condition. The annealing treatments have no influence on
vibrational specific heat of the Al-Li-Cu samples, b
strongly decrease that of the Al-Fe-Cu ones. This can also
related to the phason-strain-field symmetry: aG4 phason-
strain field is not coupled to any of the phonon fields, wh
a G5 one can be coupled to theG5 phonon field.
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