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Lattice-dynamical study of the cubic-tetragonal-monoclinic transformations of zirconia

A. P. Mirgorodsky and M. B. Smirnov
Institute for Silicate Chemistry of the Russian Academy of Sciences, Odoevskogo 24, corp 2, 199155 St. Petersburg, Rus

P. E. Quintard
Laboratoire de Materiaux Ceramiques, LMCTS, URA 320 du CNRS, Faculte des Sciences, 123 ave. A. Thomas,

F-87060 Limoges, France
~Received 10 June 1996; revised manuscript received 5 September 1996!

Vibrational and elastic properties of cubic and tetragonal phases of zirconia are discussed within the frame-
work of quantitative lattice-dynamical treatments. The results reveal mechanical instabilities of both phases
originating from the stresses inherent for these structures, and show thatc-t and t-m transformations of ZrO2
are driven by successive condensations of the zone-boundary modes whose softening is induced by the inter-
atomic tensions.@S0163-1829~96!03746-0#
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Zirconia, with the melting point of 2700 °C, is an ex
tremely refractory material having various industrial applic
tions. It is remarkable that its structural stability with respe
to change in temperature depends critically upon the p
ence of trace amounts of ‘‘impurities’’ like MgO, CaO, an
Y2O3 which produce disorder in oxygen positions. Pure z
conia has a simple fluorite structure~Oh

5! in the highest-
temperature phase, and, with decreasing temperature, u
goes two phase transitions~PT’s!.

First, it distorts to the tetragonal (D4h
15) structure at abou

2300 °C, and then to the monoclinic one (C 2h
5 ) at about

1000 °C.1 An atomic arrangement ofm-ZrO2 drastically dif-
fers from that ofc-ZrO2: the coordination sphere of Zr
forming a ZrO8 cubic unit inc-ZrO2, becomes an irregula
ZrO7 polyhedron inm-ZrO2; each oxygen is shifted from
center of an ideal OZr4 tetrahedron, so that half of oxygen
becomes threefold coordinated.

This is accompanied by considerable changes of phys
properties of zirconia, in particular, of its vibrational spec
and elasticity. The understanding of the detailed nature of
above phase transitions and related phenomena is of prac
importance and of fundamental scientific interest~in particu-
lar, it is challenging that among the members of the fluo
family including CeO2, UO2, and ThO2 nothing other than
ZrO2 and its analog HfO2 manifest such a behavior!.

From the symmetry analysis,2–4 it is suggested that the
c-t-m transformation of ZrO2 results from two successiv
condensations of the Brillouin zone~BZ! boundary phonons
Thec-t PT corresponds to the condensation ofone X2

2 triply
degenerate phonon.2,3 Its eigenvector consists of oxygen di
placements only.3 This phonon would become asinglezone-
center A1g vibration of the t lattice. The other twoX2

2

phonons would take up a position at theM point of thet-BZ,
and, theoretically, their vanishing can induce thet-m PT.4

In our previous publication,5 interatomic static tension
were considered as an universal dynamical factor which
fluences the mechanical stability of crystals. In particular
was shown that the tensions, arising in the idealc zirconia
with decreasing temperature, could be responsible for thec-t
PT. More recent qualitative6 and quantitative7 considerations
are in line with this suggestion.
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Using the results of a quasiharmonic lattice-dynami
model treatment presented below, we shall discuss the
lowing questions:~i! Is the phonon condensation responsib
for both c-t and t-m PT’s of ZrO2? ~ii ! Which soft modes
drive the PT’s?~iii ! What is the microscopic mechanism o
the lattice destabilization?

The rigid-ion approximation was used to describe t
electrostatic interactions between atoms, and the Born–
Karman model was accepted for the short-range potentialV.8

Thus our approach resembled those used in Refs. 7 an
However, in contrast to works,7,9 we have omitted the Zr-Zr
attraction potential~no objectivereason was found in favo
of its inclusion!. Thus, only the nearest-neighbor Zr-O an
O-O repulsive interactions contributed to a non-Coulom
part of the dynamic matrix.

First, let us consider thec lattice with cubic ~face-
centered! unit-cell dimensiona5b5c55.23 Å. This corre-
sponds to the geometry of pure ZrO2 just before thec-t PT.

1

In such a case, the shortest Zr-O and O-O lengths
R52.265 Å andL52.615 Å, respectively. Our model of thi
lattice had the five parameters,A15d2V/dR2,
B15(1/R)dV/dR, A25d2V/dL2, B25(1/L)dV/dL, and the
effective charge of oxygenZ. The latter could be directly
~and uniquely! derived from the TO-LO splitting of theT1u
phonon. Three estimates of this splitting have been foun
literature, two of them being determined by using the
reflection, 320–705 cm21 ~Ref. 9! and 375–695 cm21,10 and
one by Raman spectroscopy, 317–640 cm21 ~see Table 1 in
Ref. 7!. After analyzing these data, we have taken the va
of 320–660 cm21 as the most dependable, from whichZ5
21.185e was derived. It was fixed in all our calculation
Thev(T2g) phonon frequency was taken to be equal to 6
cm21,11 and elastic constantsC115417, C12582, C44547
GPa were assumed forpure c-ZrO2.

12

A2 andB2 parameters have been initially estimated via
Lennard-Jones empirical potential which had been usef
applied to various oxides.13 This yielded the values of 0.64
and of 20.05 mdyn/Å, respectively. We have estimat
A151.1 mdyn/Å from the Zr-O bond-force-constant–bon
length dependence.14 For a givenB2 magnitude, theB1 value
was found via the equilibrium condition implying that th
19 © 1997 The American Physical Society
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TABLE I. Structural characteristics~Å!, model parameters~mdyn/Å, electron charge!, and elastic constants~GPa! of pure cubic zirconia
~c-ZrOz!, stabilized tetragonal zirconia~STZ!, and pure tetragonal zirconia~PTZ!. The experimental values of elastic constants~in paren-
theses! are taken from Ref. 12 forc-ZrOz , and from Ref. 16 for PTZ~extrapolated from monoclinic data to them-t PT point!. The cubic
a, b, andc directions are kept for all the structures.

c-ZrO2 STZ PTZ

Structure and parameters
a5b5c55.23 c55.21 c/a51.008 D50.025 c55.27 c/a51.025 D50.065

RI52.17 A1
I51.68 B1

I520.165 RI52.063 A1
I52.00 B1

I520.235
R52.265;A151.32;B1520.116

RII52.32 A1
II51.15 B1

II520.065 RII52.462 A1
II50.56 B1

II50.0
L I52.59 L I52.63

L52.615;A250.55;B2520.06 A250.55; B2520.06 A250.55; B2520.06
L II52.60 L II52.66

z521.185 z521.185 z521.185
Elastic constants

C115455 ~417!; C12564 ~82! C115454 C335453 C115395 ~340! C335326 ~325!
C44563 ~47! C12556 C13584 C12526 ~33! C135105 ~160!

C44572 C66575 C44542 ~66! C66556 ~95!
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static short-range repulsive forces~bond tensions! dV/dR
jointly with dV/dL have to balance the Coulomb volum
compression forces.

Then the aboveA1, A2, B1, andB2 parameters were var
ied to fit the model results to the measured values ofv(T2g),
vTO(T1u), C11, C12, andC44. The results thus obtained ar
given at the left of Table I and in Fig. 1~a! which shows
phonon curves along theG-X direction. The main point of
these results is that thev ~X2

2! value is close to zero. This i
exactly what would be anticipated for thec-t PT but has
never been observed experimentally, although neutron m
surements indicated some evidence for such an effect.7 Then,
within the model, the unit-cell parametera has been in-
a-

creased to 5.27 Å. The resulting stabilization of the latt
@v~X2

2!570 cm21# was found to be associated with the r
duction of the static interatomic forces.

The above results support the hypothesis5 that the reserve
of stability of c-zirconia is dominated by the stresses inh
ent for this lattice. Due to a small radius and a large cha
of the cation, the atoms are very closely spaced inc-ZrO2.
This distinguishes this structure among a number of fluor
like lattices~for comparison, interanionic lengthL equals to
2.735 Å in UO2, and to 2.725 Å in CaF2!. So, high internal
tensions arise as a result of balance between the Coul
forces~which in sum tend to decrease the interatomic se
ration! and the short-range repulsive forces. With the crys
FIG. 1. Phonon dispersion curves:~a! of c-ZrO2 ~measured data shown by1 are taken from Ref. 9!; ~b! of STZ; ~c! of PTZ, ~see Table
I!. X2

2 , X4
2 , X5

2 , X1
1 , andX4

1 modes of thec phase becomeA1g, B1g, Eg , B2u, andEu modes, respectively, in thet phase~Refs. 3 and 5!.
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volume contraction on cooling, the tensions increase, t
diminishing the depth of potential wells of atoms, and eve
tually expel oxygens~whose wells are less deep! from high-
symmetry 4d positions~see Ref. 5!.

The ‘‘path of escape’’ is triply degenerate~three X2
2

phonons vanish simultaneously!, but condensation along th
cubic axis is the most preferable; according to our calcu
tions, the electrostatic potential has the steepest declin
this direction. This agrees with the experimental data6 which
show that, in the stabilized~disordered! c-ZrO2, the O atoms
are mainly shifted in the~100! direction. Thus the stabilizing
effect of disordering can be explained: in this case, 4d posi-
tions of oxygens are averaged, and the atoms, being in re
outside 4d sites, can shift, thus relaxing internal tension
Due to this, the lattice can hold its~averaged! symmetry, and
remain ‘‘stable.’’

Let us turn tot-ZrO2. Due to thec-t PT, half of Zr-O
bond lengths~RI! become shorter than initial ones, and t
other half becomes longer~RII!; oxygen-oxygen distancesL
remain practically unchanged~Table I!. The two factors de-
scribe tetragonality oft-ZrO2: shift D of oxygen atoms from
their ideal fluorite positions, and thec/a ratio ~equals to 1 for
c-ZrO2!.

The twot structures were studied within our model trea
ment: ~1! c55.21 Å, c/a51.008,D50.025; ~2! c55.27 Å,
c/a51.025,D50.065. Structure 1 corresponds to thestabi-
lized t-zirconia ~STZ! ~Ref. 15! which does not undergo th
t-m inversion on cooling; structure 2 is that of the pu
t-zirconia ~PTZ! just before thet-m PT.1

To keep as much as possible objectivity of the lattic
dynamical models of both structures, the values of sh
range force parameters were correlated with the variation
bond lengths. Thus, all the O-O parameters were taken e
to those ofc-ZrO2 ~Table I!. Initial A1

I andA1
II values were

estimated by using the above-mentioned bond-for
constant–bond-length dependence.14 Since short-range pa
rameters of our model relate, by definition, to the first a
second derivatives of the pairwise potentialV, initial B1

I and
B1
II quantities were regarded as resulting from theB1 value

variation due toDRI and DRII changes of the Zr-O bond
lengths:

B1
I 5B11A1DR

I/RI and B1
II5B11A1DR

II /RII .

The values obtained were close to balance the forces on
gens. Then the Zr-O bond parameters have been slightly
ied ~in keeping the O-O parameters and chargeZ! to satisfy
the equilibrium condition for each atom rigorously, and
reproduce the following effects relevant toc-t PT: ~i! the
splitting of long-wave vibrations, T2g⇒B1g1Eg ,
T1u⇒A2u1Eu ; ~ii ! the activation of the four zone-bounda
modes in Raman spectra, namely,three modes in a low-
frequency region, B1g(X 4

2), Eg(X 5
2) andA1g(X 2

2); andone
Eg(X 5

2) mode in a high-frequency region@see initial posi-
tions of those modes in Fig. 1~a!#; ~iii ! the variation of elastic
constants@estimated by extrapolating measured data
m-ZrO ~Ref. 16! to the t-m transition point#.

Final sets of model parameters of STZ and PTZ thus
tained ~Table I! have provided dispersion curves given
Figs. 1~b! and 1~c!. These show that STZ has no instability
theM point, whereas PTZ is unstable: one doubly degen
ateM phonon practically vanishes. Due to theD4h

15⇒C 2h
5
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change of symmetry, one component of this phonon beco
totally symmetric. So, its condensation can drive thet-m PT.
The eigenvector of this phonon consists ofz displacements
of zirconiums andxy displacements of oxygens, and has
relationship to the two formerX2

2 phonons at theM -point.
Those are situated near 130 cm21. Thus the present result
do not support the scenario of thet-m PT drafted in Ref. 5,
and it is likely that they do not correspond to that implied
Ref. 4.

The quantitative analysis of the results shows that sim
to the c-t PT these are the first derivatives of interatom
potentials, i.e., static internal tensions, which drive thet lat-
tice unstable~via a tangential part of the dynamical matrix!.
The tetragonaldistortion of the lattice provides anisotropy o
the tensions: it increases the tensions which act on oxy
alongz, and on zirconium within thexy plane. This weakens
the restoring forcesgoverning the vibratory motions of oxy
gens in thexy plane, and those of zirconiums alongz, thus
softening the above phonon.

Note that theA1g normal coordinate oft-ZrO2 is a single
internal degree of freedom which dictates a microscopic p
tern of thet distortion, thus playing the primary role in th
changes of dynamical properties of ZrO2 due to thec-t PT.
So, a realistic description of theA1g vibration is essential for
the physically meaningful modeling oft zirconia. In this
connection, the disagreement between the calculatedA1g vi-
bration frequency of 180 cm21 for PTZ @see Fig. 1~c!#, and
that of 600 cm21 conventionally accepted in the existing li
erature~see, e.g., Ref. 17!, is so fundamental that we feel
necessary to explain this point of our calculations with mo
detail.

First, let us consider elasticity of zirconia. Within Born
theory,8 the elastic constantCik is expressed as follows
~summation over repeated indexes is implied below!:

Cik5Cik
0 2FilFkl /vl

2, ~1!

whereC ik
0 is a ‘‘bare’’ elastic constant,vl is a frequency of

normal coordinateQl ~which is necessarily Raman active!,
and Fil is a coupling coefficient betweenQl and external
macroscopic strainUi ,

dUi /dQl52Fkl /Cik
0 . ~2!

Sincec-ZrO2 has no totally symmetric vibrations,Cik ~i ,k
51,2,3! values are determined by the first term on the rig
hand side of Eq.~1!. This term remains practically un
changed in thet phase, and the changes of the aboveCik
values due to thec-t transition are mainly associated wit
the advent of theA1g soft mode~SM! in the t phase. This
gives rise to the second contribution in Eq.~1!, and thus
accounts for the decrease of the volume elasticity. Accord
to the calculations,Fi ,SM is positive fori51,2, and negative
for i53. This readily explains@see Eqs.~1! and ~2!# why
t-ZrO2 hasC13.C12, andc.a. However, if theA1g mode
had frequency near 600 cm21, this would practically annul
the role of the second contribution in Eq.~1!. In other words,
from the viewpoint of the lattice dynamics, such a high fr
quency of theA1g mode is not compatible with the behavio
of the elastic properties ofpurezirconia under thec-t trans-
formation.
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Second, let us concern with displacement patterns of
vibrations. A model-independent~symmetry! factor, namely,
the distinction between eigenvectors ofT2g and X 2

2(A1g)
modes5 would cause these modes to differ markedly in f
quency. Actually, the O-O nearest-neighbor interactions,
termining more than halfT1g eigenvalue, are ‘‘switched off’’
in theX 2

2(A1g) mode. So it is physically unfeasible that th
latter can approach thev~T2g! position.

It can be added that some other points~which will be
considered beyond this paper! make us to venture the opin
ion that, in practice, symmetry selection rules are sign
cantly violated int-ZrO2, and the observed Raman spect
conventionally regarded as originating from the six lon
waveg vibrations, come to a great extent from the phono
density distribution over the BZ.

In summary, the above results show that the static qu
harmonic lattice-dynamical treatment of zirconia is capa
e-
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of revealing the nature of its structural instabilities, a
mechanisms of the relevant PT’s. According to the calcu
tions, these originate from exceptionally high intern
stresses inherent for symmetric ZrO2 lattices built up from
ZrO8 polyhedra. Structure distortion~or disordering! pro-
duces internal degrees of freedom favorable for reduc
those stresses, which stabilizes the lattice. In pure zirco
this effect occurs via thec-t-m succession of PT’s. Both
transitions are associated with the mode softening driven
the interatomic static tensions which arise in the lattice
cooling. Eventually, due to dramatic structural changes
the atoms are brought into general positions, the lat
ceases to be ‘‘overstressed’’ and becomes stable.
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