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We report on extensive tight-binding calculations of electronic states in HgTe-CdTe heterojunctions, quan-
tum wells, and superlattices. The method of solution is based on the Green’s function and a powerful renor-
malization technique. While the band structures that we obtain are basically consistent with previous calcula-
tions by other authors with several different methods and parametrizations, we have made substantial progress
in the detailed study of the corresponding wave functions and their atomic-orbital content. That allows a
conclusive identification and analysis of the peculiar interface states that occur in these microstructures, and
shows the crucial role played by thes-p mixing that derives from coupling ofG8- andG6-like bands of the
composing materials. In particular, the critical concentrationxa at which the semimetal-semiconductor transi-
tion occurs in the Hg12xCdxTe simple alloy is shown to be related to a critical concentrationxc occurring in
~HgTe!m(Hg12xCdxTe)n superlattice alloys, at which interfacial states~anti!cross, with maximums-p mixing.
We also apply a modified~two- or n-step! Lanczos method to determine real and imaginary parts of all the
components of the wave-functionamplitude, to confirm or further investigate the complete nodal structure.
Finally, we present some results regarding the question of large versus small valence-band offset for this type
of interface.@S0163-1829~97!08224-6#
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I. INTRODUCTION

A considerable effort to understand the peculiar behav
of HgTe-CdTe superlattices~SL’s! has produced in the las
two decades a great deal of good results. Experimenta
vestigations have included most noticeably absorptio1

photoluminescence,2 magnetooptical, and magnetotransp
measurements.3 Theoretical studies have been based on
effective-mass approximation andk•p methods,2,4 as well as
tight-binding ~TB! schemes.5 This has allowed a fairly con
sistent interpretation and understanding of a broad rang
properties of these microstructures.
550163-1829/97/55~24!/16339~10!/$10.00
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In particular, it has been conclusively established t
~HgTe!m(CdTe)n SL’s exhibit three different regimes.2,6 In-
deed, our calculations confirm that~HgTe!m(CdTe)8, for ex-
ample, is a semiconductor form&20, a semimetal for
20&m&28, and an inverted-gap semiconductor form*28.
Such behavior is a consequence of the peculiar inverted b
structure of HgTe. An interesting relationship with an ana
gous behavior in the Hg12xCdxTe alloy has also been
investigated.7 In the alloy, the semimetallic→ semiconduc-
tor transition occurs aroundxa50.16: our investigation
quantitatively confirms and explains the connection with
superlattice regimes, as we will show.
16 339 © 1997 The American Physical Society
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The issue of the valence-band offset~VBO!, which bears
on several experimental effects and theoretical questions
been extensively investigated.2,5,6,8 Although some debate
still remains, a large value for the VBO is now genera
accepted. The band structure in the direction perpendicula
the superlattice growth also has important effects, espec
with regard to transport properties, and has been investig
thoroughly.2,6,9

Various optoelectronic applications may require furth
knowledge of accurate wave functions: the primary purp
of this work is to advance this type of study. Our approach
based on a semiempirical TB model which includes fai
well all the important features of the band structures of
composing materials, and then uses a powerful renorma
tion technique10 to determine both the band structure and
corresponding wave functions.

We begin our analysis~Sec. II! by considering a simple
analytical continuum model, which reveals the peculiar
currence and structure of interface states, caused by the
pling of effective masses with different signs. Then we
troduce our microscopic approach~Sec. III!, where the large
rank of the TB Hamiltonian matrix is reduced systematica
by a renormalization procedure. We also apply a modifi
Lanczos method to determine the orbital components of s
cific wave-function amplitudes. Applications to quantu
wells ~QW’s! and SL’s ~Sec. IV! demonstrate a qualitativ
consistency with some features of the analytical model,
produce significantly more accurate results. In particular,
square magnitude of the different components of the in
face wave functions on the various atomic orbitals of
basis set reveal thes-p hybridization associated with th
mixing betweenG6- andG8-derived bands.

II. CONTINUUM MODEL AND GENERAL FEATURES
OF THE INTERFACIAL STATES IN QUANTUM WELLS

The simplest method to study the qualitative features
the electronic structure of a quantum well is to solve
single-particle one-dimensional Schro¨dinger equation11

F2
d

dzS \2

2m!~z!

d

dzD1V~z!GC~z!5«C~z!, ~1!

with an effective massm!(z) that generally differs in the
well and barrier. Boundary conditions at the interfaces
then imposed, requiring continuity of the wave function a
current

C~z!u2~L/2!2d5C~z!u2~L/2!1d ,

~2a!

C~z!u~L/2!2d5C~z!u~L/2!1d ,

1

m!~z!

dC~z!

dz U
2~L/2!2d

5
1

m!~z!

dC~z!

dz U
2~L/2!1d

,

~2b!

1

m!~z!

dC~z!

dz U
~L/2!2d

5
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Stepwise potentialsV(z) can be chosen to represent differen
junction profiles. The current continuity, Eq.~2b!, allows for
interactions between states whose effective masses di
both in magnitude and sign.

The solution of Eqs.~2a! and~2b! is a linear combination
of exponentialse6bz for uzu<L/2, ande2auzu for uzu.L/2. In
the well, which we may, for example, associate with HgTe
b5(1/\)A22megW(«2V1) can be either real or purely
imaginary. In the barrier, which we may correspondingl
associate with CdTe, we always conside
a5(1/\)A22megB(«2V0) to be real:«.V0 if gB,0, or
«,V0 if gB.0, whereV0 is the barrier height. We denote
by g effective masses in units of the electronic massme .

In order to apply this analytical model, introduced origi
nally by Ben Daniel and Duke,12 we must consider the sym-
metry of the bands of the two semiconductors that interact
the microstructure. In a HgTe-CdTe heterojunction, we ha
basically three types of coupling around the fundamental e
ergy gap: two are betweenG8-type bands, and one is be-
tweenG6-type bands. For convenience, the basic band stru
ture of the bulk materials around the Brillouin-zone center
sketched in Fig. 1. We may at first treat these coupling
independently of each other. We may further assume that
the neighborhood of theG point each band is parabolic, so
that an effective-mass description is justified. The corr
sponding values ofm! are then obtained from the Luttinger
parameters introduced to describe the bulk materials.

Now, oneG8 coupling occurs between heavy holes, with
gHH(CdTe)520.512 andgHH(HgTe)520.588. This pro-
duces a standard QW structure. The otherG8 coupling de-
rives from the interaction between a light hole in CdTe, wit
gLH(CdTe)520.101, and an electron in HgTe, with
gE~HgTe!510.027. In this coupling, the effective masse
differ in sign, hence botha andb are real and positive for
energies such thatV0,«,0, whereV0520.450 eV is the
VBO that we assume, and the energy origin is set at the t
of the HgTe valence band~henceV150). So, only one state,
and possibly a second one, can appear in this energy reg
namely, a symmetric and an antisymmetric linear combin

FIG. 1. Sketch of the band structure of CdTe and HgTe crysta
showing the bands deriving fromG8 andG6 at the Brillouin-zone
center. The effective masses corresponding to theG8 coupling are
indicated asgLH in CdTe,gE in HgTe, andgHH for heavy holes in
both materials. The effective masses corresponding to theG6 cou-
pling are indicated asgE in CdTe andgLH in HgTe. The wave
vectork is in theG-X direction, andV0 is the valence-band offset
between the two materials.
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tion of real exponentials, which we label in this paper
I1 andI2. The corresponding wave functions exhibit a d
continuity in the first derivatives at the interfaces, and ha
no node and one node, respectively. For positive energ
«.0, we still have interfacial states with first-derivative di
continuities, although the exponentials are oscillatory in
well, sinceb is purely imaginary: we label this series o
levels asE2,E3, . . . . Thewave functions of the three low
est interfacial statesI1, I2, andE3 in the continuum mode
are shown in Fig. 2.

The dependence of the energy of the interfacial states
the widthL of the well is easily determined by solving th
transcendental equation which is derived from setting to z
the determinant of Eqs.~2!, namely,

~agW2bgB!2

~agW1bgB!2
5e2bL. ~3!

If gB,0, the right-hand side of Eq.~3! diverges for an infi-
nite well width. Correspondingly, the left-hand side diverg
for

E!5
V0

11
ugBu
gW

, ~4!

representing the asymptotic energy to which bothI1 and
I2 converge for an infinite well width. The energy of th
confined symmetric~antisymmetric! stateI1(I2) is always
below ~above! E!.

Therefore, whileI1 always exists,I2 actually becomes
E2, corresponding to a purely imaginaryb, if its energy
becomes positive. Correspondingly, the wave-function s
ond derivatives at each interface have opposite signs fo
E2 state, whereas they have the same sign for anI2 state.

FIG. 2. Wave functions of the interfacial statesI1 ~solid line!,
I2 ~dotted line!, andE3 ~dashed line! in a quantum well~QW! with
L528 (a/2)590.3 Å, calculated with the analytical model. Notic
the derivative discontinuities at the interfaces, the shapes in the
~cosh-, sinh-, and cos-like!, and the increasing number of node
~none, one, and two!.
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Expanding Eq.~3! in the neighborhood of«.0, we obtain
the value ofL at which the transition from positive energy,
shorterL, to negative energy, at largerL, occurs for the
E2/I2 state:

L!5
2ugBu
gW

S \2

2meugBu~2V0!
D 1/2. ~5!

For the effective masses reported above, we h
E!520.095 eV andL!569 Å.21 (a/2), a being the lat-
tice constant. Notice that, since orthogonality and the inv
sion symmetry of this model Hamiltonian do not allow fo
more than two confined states with negative energies~and
real-exponential wave functions!, the energy of theE3 state
must always be positive, and approaches zero with incre
ing L.

We notice at this point that we can also consider a Cd
well between two HgTe barriers. The mass signs are inve
with respect to the situation considered in the example ab
~of a HgTe well between two CdTe barriers!. Consequently,
the energy ordering of the interfacial states is also invert
namely, I1.I2/E2.E3. . . . , with the corresponding
wave functions still exhibiting zero, one, two, . . . node
Now, the magnitude of the ratio of the masses in the well a
barriers is also inverted for the ‘‘inverted’’ series, which r
sults in a greater wave-function penetration into the barrie
On the other hand, the asymptotic energyE! remains the
same in value for both the ‘‘normal’’ and ‘‘inverted’’ series
since it obviously coincides with the energy for a sing
interface.13

When we consider a SL, the transcendental equation
responding to Eq.~3! is slightly more complicated. State
with the same symmetry, i.e., an equal number of nod
from the ‘‘normal’’ and the ‘‘inverted’’ QW series mix,
while the levels also broaden into bands. In the limit of sm
band dispersion, one has the approximate energy relatio

e~ I1!'en~ I1!1e i~ I1!2E!, ~6!

where then and i subscripts refer to the ‘‘normal’’ and ‘‘in-
verted’’ series in the respective QW’s. The same relat
also holds for theI2 level. Then the ordering of the two
levels in the SL is ‘‘normal’’ or ‘‘inverted,’’ depending on
which of the corresponding two QW series has its lev
further apart fromE!. Because of the different wave
function penetrations, the ‘‘normal’’ series ordering usua
prevails in SL’s. But, for increasingly small CdTe slab
there is eventually an ~anti!crossing, whereby the
I2-derived level descends below theI1-derived level, pro-
ducing an ‘‘inverted’’ ordering in the SL. In all cases, a
energy gap~direct or inverted! exists between theI1- and
I2-derived bands in the SL. With regard toE3,E4, . . . lev-
els, they form bands in the SL, above~below! the top of the
HgTe ~CdTe! valence band, mostly derived from the ‘‘no
mal’’ ~‘‘inverted’’ ! QW series.

Interface states also originate from the coupling betwe
electron states in CdTe and light-hole states in HgTe, b
with G6 symmetry, since a change in the sign of the effect
masses also occurs: gE(CdTe)510.099, and
gLH(HgTe)520.031. With respect to the previous case
the G8 coupling, since the mass signs are opposite, the
dering of the energy levels is reverted. A larger barrier hei

ell
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16 342 55M. FORNARI et al.
also occurs. Since we need to retain the same energy o
at the top of the HgTe valence band, we now have to set
the ‘‘normal’’ series the bottom of the HgTe well a
V1520.303 eV, andV0511.13 eV in the CdTe barrier
The asymptotic energy and theE2/I2 transition width pre-
dicted by the continuum model are in this caseE!50.041 eV
andL!.33 Å.10(a/2). Once again, we also have an ‘‘in
verted’’ series, corresponding to a CdTe QW , with an e
ergy ordering that is then the same as that of the ‘‘norm
series for the HgTe well and theG8 coupling. The same
considerations about the asymptotic energy and the mix
when SL’s are considered of course apply to both couplin
separately.

As we have already noticed, the coupling between he
holes ofG8 symmetry in both CdTe and HgTe leads to t
standard QW level quantization, since the effective mas
have the same~negative! sign in both the barrier and well
Consequently, one obtains a rather complex behavior of
energy gap in microstructures of varyingL, because of vari-
ous crossings between interface and heavy-holes states

The basic trends predicted by the continuum model
confirmed by the microscopic investigation that we descr
in the following sections, but apparently with restriction
G8 coupling. In fact, only the microscopic investigation c
fully demonstrate the structure induced by theG8-G6 mixing.

III. RENORMALIZATION AND MODIFIED
LANCZOS METHODS

In order to obtain quantitative results for QW’s and SL
of HgTe-CdTe, it is necessary to consider from the start
entire band structure of the composing materials, which
cludes not only the peculiar effects due to the change of s
in the effective masses, but also the effects of nonparabo
ity and warping occurring away from theG point. These can
be included by introducing a semiempirical TB parametri
tion of the bulk materials. In this work, we use asp3s! basis
set of the type introduced by Dow and co-workers.14 The
optimization of our TB parametrization to describe best
QW and SL states in the energy range of interest is discu
in the Appendix.

We should note that the strain caused by the small lat
mismatch between the HgTe and CdTe lattice constants
produce some important effects in the heterostructures,
changing the order of some levels.4,5 However, the effect on
the wave functions is less significant, and will be ignored
this work.

The dimensionN of the TB Hamiltonian matrix is given
by the number of basis atomic orbitals per atom~which is ten
here, including spin! times the number of atomic planes
the microstructure supercell. Such a dimension beco
quite large for thick SL’s. However, this poses no proble
and can be handled very efficiently with a renormalizat
procedure based on the Green’s function and a system
reduction of degrees of freedom. Expanding the Hamilton
on the basis of two-dimensional Bloch sums, and conside
~for the sake of simplicity! only nearest-neighbor interac
tions, one starts from a block-tridiagonal matrix, represent
the system as a linear chain. To that, one applies recursi
the decimation formulas
in
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H1
R5H11C12

1

e2H2
C21, ~7!

C13
R 5C12

1

e2H2
C23, ~8!

yielding the on-site and first-neighbor renormaliz
interactions.10 For the given TB parametrization, the reno
malization procedure requires inversion and processing o
of small (10310) matrices. The eigenvalues are obtained
poles of the Green’s function. The computational time
volved in the whole process scales as log2N.

This method has consistently proved to be extremely
fective in determining the full energy spectrum in vario
systems.15,16On the other hand, it provides directly only th
square magnitude of the wave-function weight on any giv
atomic orbital and site, as residue at the pole of the Gree
function matrix element on that atomic orbital and site. Th
we have also calculated the wave-functionamplitude, using
an alternative modified two-step Lanczos method,17 which
proceeds as follows. The original Hamiltonian is used to
rive an auxiliary operatorA5(H2e)2, wheree can be cho-
sen as an eigenvalue obtained by the renormaliza
method. In this case,A has a ground-state zero eigenvalu
and an appropriate minimization procedure allows us to
termine the corresponding eigenvector as follows. Start
from an arbitrary vectoru f 0&, we obtain

uF1&5Au f 0&2a0u f 0&, ~9!

where a05^ f 0uAu f 0&. Then we normalizeuF1&5uF1&/b1,
where b1

25^F1uF1&, and a15^F1uAuF1& is calculated. Di-
agonalization of

M5S a0 b1

b1 a1D ~10!

produces a new vectoruF2&5c1u f 0&1c2uF1&, corresponding
to the smallest eigenvalue ofM . After normalization,uF2&
can be used asu f 0&, to restart the process. Convergence c
be accelerated by appropriately introducing at some poin
n step (n>2) Lanczos procedure.18 Eventually, the complete
eigenfunction for the eigenvaluee is thus obtained.

IV. HETEROSTRUCTURES OF HGTE-CDTE

A. Quantum wells

The phenomenology described in Sec. II with the co
tinuum model can now be analyzed much more accura
with the microscopic TB-renormalization scheme. We ha
calculated the energy levels for many different well width
and then identified the interfacial and heavy-hole states
inspection of the square magnitudes of the correspond
wave functions. The shapes of the wave functions rev
clearly the types of states that are involved. In case of
doubt, the modified Lanczos method can further provide
detailed nodal structure of all the amplitude components

First of all, we note that there are no states in the explo
energy region~between21 and 1 eV! which correspond to
those predicted by the continuum model for theG6 coupling
separately. This is probably due to the actual shape of t
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55 16 343ELECTRONIC STRUCTURE AND WAVE FUNCTIONS OF . . .
G6 band in HgTe, which exhibits a strong nonparabolici
and can only be included correctly by the microscopic
parametrization.

On the other hand, the energy trend ofI1 andI2 states vs
well width L permits us to extrapolate the asymptotic ene
of theG8 coupling asE

!520.085 eV, and the critical width
for theE2/I2 transition asL!518(a/2), which agree surpris
ingly well with the predictions of the continuum model: s
Fig. 3. The energy gap evolution depends on the rela
position between occupied and unoccupied states,
Eg5u«(E2/I2)2«(HH1)u if «(E2/I2)>«(HH2), and
Eg5«(HH1)2«(HH2) if «(E2/I2)<«(HH2). This of
course applies to multiple QW’s, for which the wide barri
in the supercell forbids any tunneling and dispersion in
kz direction for any energy level, hence any semimeta
region in a finite range of well widths.

We show in Figs. 4–7 the square magnitude of so
wave functions in a HgTe multiple QW, calculated micr
scopically with the renormalization method. These wa
functions exhibit some features that are typical of the a
lytical model, although the relative weights of different o
bital components and anion vs cation localization are cle
beyond that. As expected, the HH states are almost c
pletely (px ,py)-like, whereas interface states show a cons
erable mixing betweens andp orbitals. Because of that, th
shape of the corresponding microscopic wave functions
be very different from those of the continuum model, p
ticularly on the cation sites: compare Figs. 6~b! and 7~b! for
the microscopicI2 andE3 states with Fig. 2 for the con
tinuum model. Such an effect undoubtedly originates fr
the mixing of particular bulk material band structures, as w
be further illustrated and clarified in the SL structures t
we discuss next.

FIG. 3. Energies of heavy holes confined states~HH1, HH2! and
interfacial states (I1,E2/I2) vs well width in multiple QW’s of
~HgTe!m(CdTe)40, with m58,12, . . . ,36,40, ina/2 units. Because
of the thickness of the CdTe barrier, no tunneling and/or disper
can occur. The peculiar confinement ofI1 andE2/I2 states with
respect to the asymptotic energyE!, combined with the standard
heavy-hole confinement, nearly cause the annihilation of the
(Eg) at a single-well width. These microscopic results ma
closely those of the analytical model.
,

y

e
.,

e
c

e

e
-

ly
-
-

n
-

l
t

B. Superlattices

The general features of the electronic structure in S
grown in the@001# direction are similar to those in QW’s
although the effect of the energy dispersion in thekz direc-
tion becomes crucial, causing a semimetallic behavior i
certain range of well widths.2,6 We have verified that this is
due to the~anti!crossing with the HH1 band of theI2 broad-
band, as it descends in energy with increasing well wi
~toward an asymptotic energy!. The corresponding band
structure also allows us to determine the changes in the
rier effective masses in thekz direction. The in-plane band
dispersion must be further explored to determine whethe
not additional crossings may occur.5,9 Our calculations indi-
cate that this does not happen, since atk 5 0 the conduction
band has a positive curvature in any direction. All these
sults are consistent with the previous literature on this pr
lem, and will not be discussed further here.

The focus of this work is to analyze the interfacial wa
functions of @001# SL’s, which depend crucially on the
G6-G8 band mixing. To demonstrate that, with only a fe
examples, we choose to discuss in particular only the res

n

p

FIG. 4. Square magnitude of the wave-function coefficients
the atomic orbitals used in the localized orthonormal basis set, f
~HgTe!28(CdTe)40 multiple QW, on the anion~a! and cation~b!
sites. We show the total square magnitude of the HH3 wave fu
tion on different sites~thick solid line!, the weights of the degener
atepx andpy components~dashed line!, the weight of thepz com-
ponent~solid line!, and the weight of thes component~dotted line!.
Evidently, the heavy-hole states are almost exclusively (px ,py)
like, with the standard nodal structure.
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16 344 55M. FORNARI et al.
for relatively thin superlattices~HgTe!16(Hg12xCdxTe)8,
where the barrier is progressively built up from the fold
HgTe band structure, by alloying it with an increasing C
concentrationx ~the virtual-crystal approximation is used fo
that!. Adding Cd in the barrier has the simultaneous effect
generating a confinement, due to the increase of a V
equal to (20.450)x, and a perturbation, due to the change
the barrier composition. One can distinguish between th
two effects by comparing the results with those having
VBO artificially kept at zero, or with those having an im
posed stepwise potential on the folded band structure of p
HgTe.

The results show, first of all, that the HH bands are
least affected by the Cd and VBO introduction, except
standard confinement. This agrees with the almost exclu
(px ,py) composition of HH wave functions, at all Cd con
centrations. More interestingly, the first foldedG6 band of
HgTe goes up quickly as the Cd concentration in the bar
increases up to a criticalxc50.55, where it~anti!crosses
and rises to become theI2-derived band of the
~HgTe! 16(CdTe)8 SL: see Fig. 8. The existence of such
interface state is also predicted by the analytical model,
sulting, however, only from theG8 coupling. On the other
hand, the second foldedG6 band of HgTe hardly moves a

FIG. 5. For the same multiple QW and with the same notati
as in Fig. 4, we now show the interfacialI1 wave function. Notice
that it has no nodes in thep components, as predicted by the an
lytical model for G8 coupling. But beyond that, it also has ans
component with one node.
f
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se
e

re

e
r
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the Cd concentration in the barrier increases~this band is
lower in energy, and is not shown in Fig. 8!.

Now the composition of theG6 band in HgTe is ofs type,
and at lowx its first folding generates an interfacial state~at
the SLk 5 0! of I1 type, essentially derived from the ‘‘in
verted’’ series ofG6 coupling in the alloy SL. When more
Cd is added in the barrier, small projections on thepz states
@and even smaller (px ,py) projections# appear at both anion
and cation sites, corresponding to theI2 wave function de-
rived from the ‘‘inverted’’ series of theG8 coupling. Because
of theG8 coupling, we call such a SL bandI2 derived, for all
values ofx. The p components become greater and grea
~see Fig. 9!, until the critical concentrationxc50.55 is
reached. After that, the wave function does not qualitativ
change.

We can similarly analyze the other interfacial state. Sta
ing from the foldedG8 band of HgTe, which is ofp type, the
I1 band immerses into the SL valence bands~because of the
confinement induced by the increasing VBO!, ~anti!crossing
the HH1 band~which is nearly flat in thekz direction!, and
then the HH2 band. At the critical concentrationxc , it
~anti!crosses theI2 band discussed above, and further d
scends to become theI1-derived band of the pure
~HgTe! 16(CdTe)8 SL: see Fig. 8. The corresponding wav
function is essentially derived at smallx from theI1 state of
the ‘‘inverted’’ series of theG8 coupling. Because of the
G8 coupling, we consistently call such a SL bandI1 derived,

s FIG. 6. Same as Fig. 5, but for theI2 state. Now thep compo-
nents have one node, as predicted by the analytical model foG8

coupling, while thes component has no nodes.
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FIG. 7. Same as Figs. 5 and 6, but for theE3 state. Notice that
the pz component, with two nodes, tends to prevail on the anion
whereas thes component, with one node, tends to prevail on th
cations, which results in an almost opposite localization of the to
wave function on the two types of sites.

FIG. 8. Projected bands~in the kz direction! vs increasing Cd
concentration in the barrier for~HgTe!16(Hg12xCdxTe)8 SL’s. The
combined effect of increasing VBO and alloy perturbation on t
folded HgTe band structure opens gaps and flattens the HH ba
narrowing their projection. Interfacial bands~anti!cross at a critical
concentrationxc.0.55, an effect related to the band inversion o
curring in the simple alloy.
for all values ofx. With increasing Cd concentration, th
wave function does not change qualitatively, although
small s-component appears, signaling mixing withI2 of the
‘‘normal’’ series for theG6 coupling. Approaching the criti-
cal concentration, a peculiar influence from theI2-derived
state appears atx50.5, where thep components of the
I1-derived state ‘‘attempt’’ to form a node as well: see F
10. Afterxc , the typicalI1 mixed structure is resumed in th
wave function, up tox51 of the pure SL. Quite clearly, the
behavior of theI2- and I1-derived wave functions are or
thogonal and complementary to each other~including their
larger localization on the cation and anion sites, resp
tively!.

Evidently, the critical concentration corresponds to t
point of maximalG6-G8 band mixing in the SL, which is
further confirmed by the analysis of other interfacial stat
Interestingly, this critical concentrationxc is directly related
to the transition from semimetal to semiconductor in t
Hg12xCdxTe simple alloy, occurring at a concentrationxa
about one-third ofxc , for which the relative weight of Cd in
the whole SL is precisely the same as in the alloy.

We now study theE3-derived level at positive energies
As expected, it approaches the zero of energy as the
width is increased. This excludes additional crossings w
the HH1 band, and hence additional semiconduct

,

l

e
ds,

-

FIG. 9. Square magnitude of theI2-derived wave function~at
the SLk50! of ~HgTe!16(Hg12xCdxTe)8 with x50.5, slightly be-
low the critical concentrationxc50.55. The wave function is con
centrated more on the cations. Compare with Fig. 6 for a mult
QW.
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semimetal transitions. With regard to the dependence on
Cd concentrationx in the barrier, the only effect is a consid
erable reduction of the dispersion~in thekz direction!, due to
the localizing effect of the VBO with increasingx. TheE3
wave function has orbitals and p components having on
and two nodes, respectively~see Fig. 11!, for the pure SL.
The pz-orbital content is greater on anion sites, while t
s-orbital content is prevalent on cation sites. Around t
critical concentrationxc , the expected discontinuity of th
first derivative at the interface becomes more evident,
without any abrupt transition. To obtain the precise no
structure of each orbital amplitude, hence that of the to
wave function, one can use the modified Lanczos method
Fig. 12, we show the complete wave-functionamplitude
components for such anE3 state. Continuing this analysis
the En-derived states with higher energies show a pred
able structure, withs andp components exhibitingn22 and
n21 nodes, respectively.

C. Considerations on the VBO

The problem of the VBO has been extensively inves
gated by many authors.2,6,8 In this section, we briefly repor
our results on this question. We have considered differ

FIG. 10. Square magnitude of theI1-derived wave function of
~HgTe!16(Hg12xCdxTe)8 for x50.5, showing that thep compo-
nents ‘‘attempt’’ to form a node, due to the influence of t
I2-derived state. The localization is larger on the anions, and
components are largelyp like. Compare with Fig. 5 for a multiple
QW.
he

e

ut
l
l
In

t-

-

nt

VBO values, ranging from 0.0 to20.450 eV, and examined
the corresponding confining effect on the various types
bands.

In quantum wells, the HH states, once confined, har
change with increasing VBO, as expected. On the ot

e

FIG. 11. Square magnitude of theE3 wave function of
~HgTe!16(CdTe)8, showing the nodal structure fors andp compo-
nents, which also have different weights on anions~a! and cations
~b!. Compare with Fig. 7 for a multiple QW.

FIG. 12. Real and imaginary parts ofs, px , py , andpz compo-
nents of the wave-function amplitude of theE3 state corresponding
to Fig. 11~a!, calculated by the modified Lanczos method. Re@s# and
Re@pz# are essentially zero. Re@px#: heavy solid. Re@py#: heavy
dotted. Im@s#: dash-dotted. Im@px#: solid. Im@py#: dotted. Im@pz#:
dash. Notice again that thes (p) components have one~two!
node~s!.
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hand, the interface statesI1 andI2 considerably descend i
energy ~by about 90 meV! with increasing VBO. Such a
decrease of theI1 andE2 energies is essentially linear in th
VBO, and can be associated with the descent of
asymptotic energyE!, which is indeed proportional to th
VBO in the analytical model.

In SL’s, a wide gap on the foldedG6 band of HgTe is
introduced by alloying with Cd the barrier, even if we ar
ficially maintain a zero VBO. On the other hand, the effect
the VBO on theI1 andE2/I2 bands~broadened by the dis
persion in thekz direction! is analogous to that in QW’s. In
Fig. 13 we show such dependence. We remark that a s
~large! VBO implies a higher ~lower! E2/I2 energy,
hence a larger~smaller! HgTe well width L is required to
attain the semiconductor→ semimetal transition. In
~HgTe!m(CdTe)8, for a VBO equal to20.040 eV we obtain
L.30(a/2), i.e., m530, whereas for a VBO equal t
20.450 eV, we obtainL.20(a/2). By comparing with ex-
perimental data, this may be used as a criterion to furt
investigate the small vs large VBO issue in these heterost
tures.

V. CONCLUSIONS

We have calculated the electronic states, and analyze
detail the corresponding wave functions in HgTe-Cd
quantum wells and superlattices. This has advanced a q
titative understanding of thes-p mixing in the interfacial
states resulting from the inverted band structure of HgTe
simple analytical continuum model has proved useful in
terpreting some basic features of such states, but is unab
account quantitatively for theG6 coupling, and even qualita
tively for thes-p mixing. Our microscopic study is based o
a tight-binding Hamiltonian, with parameters optimized so
to reproduce reliably the overall band dispersion in the B
louin zones of the composing materials, while retaining
needed accuracy for the effective-mass tensors near the
centers. Our method of solution is based on the Gree
function and the renormalization-decimation procedure. T

FIG. 13. Projected band structure in thekz direction for
~HgTe!16(CdTe)8 SL with a VBO varying from 0.0 to20.45 eV.
Notice the different effect of the VBO on HH bands and interfac
(I1,E2/I2) bands.
e
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-
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requires an inversion only of small matrices of fixed ran
which becomes crucial for large supercells, since the com
tation scales only logarithmically with the supercell dime
sion. The weight of the wave-function components on all
atomic sites and orbitals in the basis are accurately de
mined as residues at the poles of the corresponding Gree
function matrix elements. Even the wave-functionamplitude
can be determined accurately by an alternative modi
~two- orn-step! Lanczos method. The knowledge of accura
wave-function amplitudes is clearly essential for furth
studies of both direct optical transitions and indirect tran
tions assisted by interface phonons.19
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APPENDIX: TIGHT-BINDING PARAMETRIZATION
OF THE BULK MATERIALS

In this appendix, we summarize the procedure that
developed to optimize the TB parameters describing
composing materials of the SL’s. Essentially the same p
cedure was previously used in Ref. 16.

We start with the TB parameters of Schulman a
Chang,20 and then adjust theirEs,p andEp,s to better repro-
duce the electron effective massmc , and theirEx,y to better
reproduce the heavy-hole effective mass in the@001# direc-

TABLE I. Tight-binding parameters.

CdTe HgTe

Es,a 28.192 28.072
Ep,a 0.328 0.448
Es,c 20.950 23.521
Ep,c 6.938 5.058
Es* ,a 10.445 3.656
Es* ,c 6.630 9.427
4Es,s 25.0 25.0
4Ex,x 2.136 2.056
4Ex,y 5.081 4.189
4Es,p 3.840 3.942
4Ep,s 5.883 5.522
4Es* ,p 4.373 3.769
4Ep,s* 3.699 5.649
Da 0.968 1.03
Dc 0.227 0.86
g1 5.923 217.872
g2 1.986 29.786
g3 2.463 29.345
mc 0.099 20.031
g1 4.110a 218.680b

g2 1.080a 210.190b

g3 1.950a 29.560b

mc 0.099a 20.031b

aReference 21.
bReference 22.

l
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tion. The latter is related to the Luttinger parameters
1/mHH@001#5g122g2. These parameters are very importa
in order to describe accurately QW and SL states in the
ergy region of interest, which is around the HgTe zero g
At the same time, our parametrization procedure allows u
retain a good overall description of the bands of the comp
ing materials in their entire Brillouin zone. We have assum
the values ofmc andg i given in Refs. 21 and 22, for CdT
and HgTe, respectively. These are reported in the last
lines in Table I. We then provide in Table I our adjust
parameters, using essentially the same notations as in
F
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original Table I of Ref. 20. We also show themc and g i
values that result from our optimization of the TB paramet
~four lines above the last four of Table I!.

We have also considered other sets of TB parameters
test the dependence on those of the SL bands of inte
Although we found a certain dependence, the basic tre
and ordering of the levels are always maintained. This is a
consistent with the fact that the band structures that we
tain are generally in good agreement with those previou
reported in the literature,4,5 which are obtained by differen
methods and parametrizations.
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