
PHYSICAL REVIEW B 15 JUNE 1997-IVOLUME 55, NUMBER 23
Magnetic ion statistics and thermodynamics in dilute magnetic semiconductor
quantum structures
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We have extended our generalized pair approximation applicable, in principle, to diluted magnetic semicon-
ductors, in which the spatial distribution of the magnetic ions may be assumed to be random and homogeneous,
to systems with a variable magnetic ion concentration. Using our model, which may be called the extended
generalized pair approximation, we have developed a quantitative description of the magnetization in dilute
magnetic semiconductor quantum structures with moderate magnetic ion concentration (x,10%). The latest
models describing the radial dependence of the exchange interaction, clustering, and interface mixing are also
discussed.@S0163-1829~97!04923-0#
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I. INTRODUCTION

A dilute magnetic semiconductor~DMS! is formed by
replacing a fraction of the cations in a host semiconduc
~SC! alloy with transition-metal ions such as mangane
(Mn21). The presence of a magnetic component introdu
specific properties related to the strong coupling of the sp
of band electrons or holes of a semiconductor to the lo
ized magnetic moments due to thed electrons of the
transition-metal ions. This, in turn, greatly modifies the sp
splitting of the band carriers and makes it uniquely tempe
ture and magnetic field dependent. The magnetic prope
of bulk DMS containing moderate magnetic ion concent
tions (x,10%) have been satisfactorily described by t
pair approximation~for a review see Ref. 1! or generalized
pair approximation2 ~GPA!, which express the total free en
ergy of DMS as a sum of interacting pairs multiplied b
appropriate probabilities.

The molecular beam epitaxy~MBE! technique gives the
possibility to manufacture DMS quantum structures~QS!,
such as thin films, quantum-well structures, and super
tices, with the energy gap depending on the magnetic
concentration, which can be controlled during the grow
process. As a consequence, the shape of the quantum p
tial of the DMS QS depends on the magnetic ion distribut
along the growth direction. Recent magneto-optical stud
of the sharpness of the interfaces between the DMS and
regions revealed the existence of small-scale disorder, w
is also called interface mixing~see Ref. 3!. This noninten-
tional dilution at the interfaces leads to a giant Zeeman sp
ting in CdTe/CdxMn12xTe quantum wells3 ~QW! and is re-
sponsible, in our opinion, for the increase in the number
uncompensated paramagnetic spins, recently observed
550163-1829/97/55~23!/15762~6!/$10.00
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perimentally in digital magnetic heterostructures.4 In studies
of the magneto-optical properties of DMS QS the determi
tion of the average spin of the magnetic ions and knowle
of the exact magnetic ion concentration is of utmost imp
tance as the magnetic-field-induced band potential is pro
tional to the product of the average spin~the mean spin pro-
jection! of the magnetic ionsSz and the magnetic ion
concentrationx. The mean spin projection of DMS QS ha
been approximated until now bySx5S0(x)BJ„B,Teff(x)…,

5

whereB is the external magnetic field, andBJ is a Brillouin
function for the spin valueJ with two adjustable parameters
i.e., the saturation valueS0(x) and effective temperature
Teff(x). It has been proposed recently6 that in the limit
of high magnetic field, a saturation value has to
replaced by S0(x)1dS0(x) with dS0(x)5@JgmB

2S0(x)#BJ„B,Teff8 (x)…, whereg is the Lande´ factor, mB is
the Bohr magnetron, andTeff8 (x) an additional effective tem-
perature that describes the field-dependent increase in
saturation value. However, such an approximation, wh
satisfactorily reproduces the experimental data, is justifi
only for bulk materials in which the spatial distribution o
the magnetic ions may be assumed to be random
homogeneous.7 Moreover, this approach is not very usef
when studying the exchange interaction between the m
netic ions and is additionally invalid at low temperature a
high fields, where a steplike behavior ofSz occurs and values
of the adjustable parameters depend on the number of lay

Motivated by the difficulties mentioned above with th
description of the mean spin in DMS QS, we have und
taken a theoretical effort to extend the generalized pair
proximation of DMS systems with variable magnetic io
concentrations. We have subsequently used the resu
15 762 © 1997 The American Physical Society



od
ra
n
c

e

ac
T
bo
-
r
a-
ng
e

te

-

ble

e
wth
en

ion
For

1N,
S

ion
or

n

e to
rs,
a-
ma-
e
d, all
is
ndex

ean

55 15 763MAGNETIC ION STATISTICS AND THERMODYNAMICS . . .
model to test the recently proposed independent path m
of the radial dependence of superexchange, to check the
domness of the magnetic ion distribution in MBE-grow
DMS epilayers, and to calculate the effect of the interfa
mixing in extremely thin DMS epilayers.

II. THEORY

The pair approximation or its extended version with op
triplets called ENNPA~Ref. 8! may be applied to DMS’s
with moderate concentrations (x,10%) of magnetic ions
randomly distributed over a cation sublattice and where e
cation site has the same arrangement of other cations.
results in the same number of equidistant nearest neigh
~NN’s! and applies to most of the known II-VI DMS’s crys
tallizing in the zinc-blende structure. As follows from ou
previous work,2 where we generalized the pair approxim
tion for the case of an arbitrary crystal structure possessit
kinds of inequivalent sites in the host lattice, the total fr
energy of the system of magnetic ions can be written as

F~x!5 (
a51

t

NaF
a~x!, ~1!

whereFa(x) is the mean free energy per spin,Na is the
number of spins occupying the lattice sites of theath kind,
and the summation runs over all inequivalent cation si
Treating the sites of the host lattice as being arranged
spheresn at distancesRn

a around the reference site of theath
kind, Fa(x) can be defined as2

Fa~x!5(
n

`

Pn
a~x!Fn

a , ~2!

with (n
`Pn

a(x)51, and where

Fn
a52

kBT

2
ln Tr expb@gmB~Sn1Sa!B12Jn

aSnS
a# ~3!

is the free energy of a pair of interacting spins,Jn
a5J(Rn

a) is
the corresponding exchange constant,Sn andS

a denote the
spin operators of the magnetic ions,b5(kBT)

21 ~with kB
el
n-

e

n
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the Boltzmann constant!, and the probabilityPn
a(x) of find-

ing such a pair is given by

Pn
a~x!5~12x!nn

a
212~12x!nn

a
, ~4!

wherenn
a5(t

nNt with Nt being the number of sites intth
sphere. Based on Eqs.~1!–~3!, other thermodynamic quanti
ties can be derived such as the magnetization (M5
2@]F/]B#T), the magnetic specific heat (Cm5
2T@]2F/]T2#B), and the magnetic susceptibility (x5
2@]2F/]B2#T).

The application of the GPA to DMS QS becomes possi
because of the following facts:

~i! From the point of view of the GPA, DMS QS ar
solids with nonequivalent planes perpendicular to the gro
direction. This means that all the ions belonging to a giv
plane have the same numbers of first~1N!, second~2N!, third
~3N!, etc. neighbors, so they are all equivalent, but the
sites belonging to different planes may be inequivalent.
example, all the ions placed in a DMS quantum well~QW!
in the plane adjacent to a nonmagnetic SC have eight
five 2N, twelve 3N, etc., while the ions in the adjacent DM
plane have 12, 5, 20, etc., neighbors, respectively.

~ii ! Due to the technological process, the magnetic
concentration in DMS QS may be varied intentionally
nonintentionally~the interface mixing! when passing from
one inequivalent plane to another.

~iii ! In II-V DMS, the number of NN’s is not greater tha
5 ~i.e., there may be 3, 4, and 5 NN’s!, while in II-VI DMS
this number is 12 and this essential difference requires on
take into account also the contributions of larger cluste
first of all the open triplets. Therefore, such an approxim
tion may be called the extended generalized pair approxi
tion ~EGPA!. To simplify the resulting equations, we assum
that, as far as the distances between ions are concerne
the cation sites in the DMS are equivalent. Formally th
means that the exchange constant is independent of the i
a.

Taking into account the above considerations, the m
free energy of a magnetic ion placed in thea plane can be
written as
Fa~x1 ,x2 ,...xt!5P1
a~xa21 ,xa ,xa11!F1

a1Ta~xa21 ,xa ,xa11!FT
a1(

2

n̄

Pn
a~xa2t ,...,xa21 ,xa ,xa11 ,...,xa1t!Fn

a , ~5!

whereFT
a is the free energy of the open triplet, which is given by

FT
a52

kB
3
ln Tr exp$b@gmB~S11Sa1S18!•B12~2J1S1S

a1J~R4!S1S18!#%.

The probabilitiesPn
a andTa, which determine whether a given magnetic ion placed in planea with concentrationxa has a

nearest magnetic neighbor at distanceRn , now reads as

P1
a~xa21 ,xa ,xa11!5$m1

axa~12xa!m1
a
~12xa11!

m1
a11

~12xa21!
m1

a21
%1$CPI%, ~6!
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Ta~xa21 ,xa ,xa11!5Sm1
a

2 D xa
2~12xa!m1

a
22~12xa11!

m1
a11

~12xa21!
m1

a21

1m1
am1

a11xaxa11~12xa!m1
a

21~12xa11!
m1

a11
21~12xa21!

m1
a21

1$CPI%, ~7!

Pn
a~xa2t ,...,xa21 ,xa ,xa11 ,...,xa1t!5 )

s52t

t

~12xa1t!
mn21

a1s
2 )

s52t

t

~12xa1t!
mn

a1s
, ~8!
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wheremn
« is the number of sites in the circle defined by t

intersection of thenth sphere centered on thea plane with a
plane«, such thata2t<«<a1t with t being the number of
planes corresponding to the lengthRn and$CPI% denotes the
sum of two similar terms obtained by cyclic permutation
indices$a, a11, a21%.

III. APPLICATION OF THE EGPA TO II-VI DMS

The total free energyF derived within EGPA from Eqs.
~1! and~5! is the sum of the free energies of pairs and tripl
of interacting spins multiplied by appropriate probabilitie
which can easily be calculated for a givenx provided the
crystal structure and the parameters of the QW in ques
are known. Thus, in order to calculateF, one needs to
specify an exchange constant for each pair. Recently, w
discussing the radial dependence of thed2d exchange in-
teraction in DMS, some new facts have appeared requi
additional treatment. Namely, Shen, Luo, and Furdyna9 have
studied the exchange striction effects„i.e., the temperature
dependent change of the lattice constants parallel and no
to Zn0.062M0.938Te ~ZMT! @001# epilayers… and have found
failures in the existing models. They compared the exp
f

s
,

n

en

g
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i-

mentally determined sum of the spatial gradients¹J(r ) with
those calculated from the phenomenological model follo
ing the power law10 J(r );(r )2n, n57–14 and also the
short-range superexchange in the Gaussian for12

exp(2mr2), wherem is a constant factor. As a solution, the
have proposed a new, independent-exchange-path mod
which the spatial dependence of the superexchange inte
tion, expressed by the consecutive exchange constantsJn , is
described by the product of two parametersJ0 andg asJ1
5J0g, J254J0g

2, J352J0g
2, J45J0g

2, and J5
54J0g

3 with g50.044 for ZMT. The arguments used by th
authors of Ref. 9 to show the failures in the existing descr
tion are based on several simplified assumptions; the m
important of these is that the analytical expressions writ
above describe fully the radial dependence of the excha
interaction. In reality, as is known from experimental stud
of the magnetization under high pressure in DMS~Ref. 11!
and from theoretical considerations,12 the proportionality
constant in these expressions strongly depends on the M
bond lengthd, giving an additional strong radial dependen
as d216. A compression of the lattice constants in thex-y
plane accompanied by an expansion along thez direction
~for so-called ‘‘Z’ ’ domains, see Ref. 9! shortens the bond
d to the
e

FIG. 1. A comparison of our calculation~lines! of the mean spin projection̂Sz& in Zn12xMnxTe with the experimental data~points!
taken from Ref. 14. The lines are calculated within the extended generalized pair approximation. The solid lines correspon
phenomenological power-law dependence of the exchange interactionJ(Rn)/kB5J1Rn

26.8. The dashed lines are calculated within th
independent-exchange-path model~Ref. 9! in which the first five exchange interactions are the following:J1 , J254J1g, J352J1g, J4
5J1g, J554J1g

2 with g50.044. In both cases the experimentally determined~see Ref. 14! value of210 K is taken forJ1 /kB .
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FIG. 2. The mean spin projec
tion ^Sz& for Cd12xMnxTe at
T51.5 K as a function of mag-
netic field. The solid lines are cal
culated within the extended gene
alized pair approximation and th
phenomenological power-law de
pendence of the exchange intera
tion J(Rn)/kB5J1Rn

26.8 with
J1 /kB527 K ~see Ref. 1!. The
experimental points are take
from Ref. 5.
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length d. In contrast, the cation-cation distancer , in the z
direction, becomes larger. The result is that the final ra
dependence of the superexchange interaction observed i
magnetostriction experiments should be a competition
tween these two opposite mechanisms, which leads to slo
spatial dependence. For this reason we will not discard
phenomenological description, which has a simple fo
However, since the radial dependence of the exchange in
action given by the new model is also simple, we will te
both models. Furthermore neither model requires fitting
rameters if forJ1 the experimentally determined value
taken. The magnetization data for Zn12xMnxTe ~Ref. 14!
together with the theoretical curves calculated with EG
for the power-law radial dependence~solid line! and with the
independent-exchange-path model~broken line! are shown
in Fig. 1. The calculations were performed with the value
the nearest-neighbor constant equal to210 K, as experimen-
tally determined from the position of the magnetization s
in ZMT.14 It can be seen that the EGPA describes very w
the experimental data with the phenomenological radial
pendence of the exchange interaction in the power-law fo
while the independent-exchange-path model gives the wr
description. For the latter consideration we need also
exchange parameters for another DMS; in Figs. 2 and 3
show the results of similar calculations for bu
Cd12xMnxTe ~CMT! and Zn12xMnxSe ~ZMS! with experi-
mentally determined nearest-neighbor exchange cons
J1527 K for CMT andJ15212.2 K for ZMS ~see Ref. 1!
and with distant neighbor interaction in the power-lawJn

5J1r
26.8 and Jn5J0r

26.8, n>2 and J05210 K, respec-
tively, for CMT and ZMS. It is remarkable that the descri
tion with the same exponent in the power law appears to
equally good for these wide-gap Mn alloyed DMS. In ord
to show the limits of applicability of the presented model
higher magnetic fields, we present in Fig. 4 the experime
data of Ref. 16 obtained from Faraday rotation measu
ments up to 150 T. As can be seen, our model works w
even in fields up to 50 T forx50.1. On the other hand, th
fact that the model reproduces very well experimental d
with x<0.01 provides a very good proof of the randomne
of the magnetic ion distribution in bulk DMS. We note he
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also that recently as a better approximation of the short-ra
superexchange the power-law radial depende
J(r );r28.5 has been proposed13 than a Gaussian form. In
light of our analysis the acceptable value of the exponenn
for the DMS considered isn56.860.2.

We concentrate now on the discussion of clustering
fects in DMS QS grown by MBE. The concept of a nonra
dom distribution of magnetic ions in these structures~clus-
tering! was introduced to explain the quantum size effe
observed in DMS QS.17 In order to clarify the situation, we
have applied our model to describe the Zeeman splitt
measured in thick Cd12xMnxTe and Zn12xMnxSe epilayers

FIG. 3. The mean spin projection̂Sz& for Zn12xMnxSe as a
function of magnetic field, atT51.52 K ~circles Ref. 15! and at
T52.2 K ~boxes Ref. 10!. The lines are calculated in the same w
as in Fig. 2 with experimentally determinedJ1 /kB5212.2 K ~see
Ref. 1! and Jn /kB5J0Rn

26.8, n>2 andJ0 /kB5210 K.
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grown by MBE, i.e., bulklike samples grown under noneq
librium conditions. Figures 5 and 6 show recently measu
Zeeman splittings in pulsed high magnetic fields~up to 45 T!
by Nicholas et al.6 in a series of Cd12xMnxTe epilayers,
grown by MBE on@001# InSb substrates as well as the e
perimental data obtained by Yuet al.18 on a series of
Zn12xMnxSe epilayers grown by MBE on semi-insulatin
GaAs@100# substrates. From magneto-optical measureme
we have access to the energies of the Zeeman splitti
which for the s6 excitations are given by
6 1

2(N0a/N0b)x^Sz&, whereN0a andN0b are the normal-

FIG. 4. The high-magnetic-field mean spin projection^Sz& of
Cd12xMnxTe. The solid lines are calculated in the same way as
Fig. 2. The experimental data of Refs. 16 and 17 are shown in
inset.

FIG. 5. A comparison of the calculated Zeeman splittings~solid
lines! at T54.2 K with experiments for Cd12xMnxTe. The solid
lines are calculated with the same values of parameters as in F
Experimental data are taken from Ref. 6.
-
d

ts
s,

ized conduction- and valence-band integrals, respectiv
The comparison of the experimental data with the results
calculations, performed with the same set of parameter
for the bulk, leads us to the important conclusion that
magnetic ion distribution in these samples is random. So
deviation observed in the case of the CMT epilayers in h
magnetic fields is most probably due to an incorrect diam
netic correction and/or pulsed high magnetic field measu
ment calibration.

Another application of the EGPA model is the possibili
to take into account the effects connected with the dilution
the SC/DMS interface. To simulate the real distribution
the Mn ions near the interfaces, we use~according to Ref.
19! 20% interface disorder over two monolayers~MN!,
which means that 2 MN in the barrier region adjacent to
interface have magnetic ion concentration 0.8x, and 2 MN
in the well region adjacent to the interface have 0.2x. We
have chosen a nominal concentrationx55% and a series o
DMS thin epilayers buried between SC layers consisting
the perfect case, of 2, 3, 5, and 7 ML. In Fig. 7 we show
influence of interface mixing on the averaged spin^Sx& by
comparing these results of calculations for perfect DMS
ilayers with those obtained when the local disorder is
cluded. The main difference in the magnetic properties
such quantum structures has only a statistical source and
appropriate probabilities must be calculated for each spe
epilayer separately. Generally, the average spin in these
DMS structures increases systematically as the numbe
layers decreases and this is very pronounced in low magn
fields. Additionally, the dilution effects lead to an enhanc
ment of the paramagnetic behavior. At higher fields^Sz&
exhibits a temperature-broadened, steplike increase du
the magnetic-field-induced alignments of the antiferrom
netically coupled 1N pairs and for this reason the calculat

n
e

2.

FIG. 6. A comparison of the calculated Zeeman splittings~solid
lines! with experiment for Zn12xMnxSe as a function of magneti
field at 4.2 K. The solid lines are calculated in the same way a
Fig. 3. The experimental data are taken from Ref. 18.
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has been performed with a temperature of 1 K. A compari
of the step magnitude (D^Sz&step) of these curves shows tha
the dilution in thin epilayers decreases the step height, w
in thin perfect layers the step height is the same as in
bulk.

IV. SUMMARY AND FINAL REMARKS

We have extended the generalized pair approxima
which, in principle, is applicable to DMS in which the spati
distribution of the magnetic ions may be assumed to be

FIG. 7. The calculated magnetic field dependence of the a
aged spin of Mn21 ions in Zn0.95Mn0.05Te atT51 K: ~a! thin per-
fect epilayers consisting of with 2, 3, 5, and 7 layers are compa
with bulk, ~b! the same as in~a! but with interface disorder in-
cluded.
te
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n
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ge
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n
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dom and homogeneous, for use with the systems with v
able magnetic ion concentration. Using our model, wh
may be called the extended generalized pair approximat
we have shown that the recently proposed, independ
exchange-path model of the spatial dependence of the su
exchange interaction appears to be of limited use for
description of the magnetic properties of DMS. We have a
shown that the EGPA, together with the phenomenolog
radial dependence of the exchange interaction in the pow
law form, which has no fitting parameters, describes the
perimental data very well for moderate magnetic ion conc
trations (x<10%). This description is sufficiently good to b
used as a method for determining the magnetic ion conc
trations in DMS. Application of the EGPA to the measur
Zeeman splittings obtained for thick epilayers
Zn12xMnxSe and Cd12xMnxTe, grown under nonequilib-
rium conditions by the MBE technique, shows that the d
tribution of magnetic ions in these structures can be assu
to be random. This is an important conclusion that dem
strates that DMS QS with a random distribution of magne
ions can in principle be fabricated. This indicates that
presented method would have applications in the determ
tion of growth parameters and cluster formation in DMS Q
Another important feature of the EGPA is the possibility
take correctly into account dilution effects at the SC/DM
interface, making it a useful tool for studies of interfa
sharpness and the potential profiles of DMS QS.
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