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Mode locking in the Gunn effect
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Department of Physics, Beijing Normal University, Beijing 100875, People’s Republic of China

~Received 27 December 1996!

A model describing the Gunn effect is discussed. Numerical results show that the model exhibits the
expected characteristics of the self-sustained oscillations. The model-locking characteristics under an exter-
nally applied microwave field are analyzed. As the frequency of the applied microwave field is changed, a
devil’s staircase of frequency-locked oscillations develops.@S0163-1829~97!05323-X#
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The Gunn effect1 has been extensively studied b
experimental2 and theoretical3 techniques. It is well known
thatn-type GaAs and a number of other compound semic
ductors can exhibit self-sustained current oscillations~the
Gunn effect! in the microwave range when the applied dr
field exceeds a characteristic threshold value. Because o
efficient energy relaxation, the electron gas heats up to t
peratures well above that of the crystal lattice, and a tran
of carriers from the high-mobility conduction-band min
mum to a set of low-mobility satellite valleys takes place.
this transition is fast enough, a bulk negative different
conductivity may arise. The spatially homogeneous elect
distribution then becomes unstable, and propagating h
field domains are formed.

Since chaotic behavior in semiconductors was first
served by Aoki, Kobayashi, and Yamamoto4 in n-type GaAs,
the nonlinear and chaotic dynamics of semiconductors
now become of considerable interest both experiment
and theoretically. Because modern electronic devices ass
ated with nonlinear carrier transport may encounter seri
chaotic noise which prevents reliable device operation, i
important to know how a nonlinear electronic device
sponds to the external field, particularly, in the hot-elect
regime.

A majority of the theoretical works are based on seve
assumptions3,5 which give a picture of the Ridley-Watkins
Hilsum ~RWH! mechanism.6 We proposed four coupled
mode equations7 for the Gunn effect. The four-coupled-mod
equations are not good enough in describing the basic
sustained oscillations. In this paper we employ an often-u
drift velocity8 with negative differential mobility to represen
the RWH mechanism, and then propose a theoretical m
composed of six-coupled-mode equations. This model g
the expected results that the self-sustained oscillating
quency decreases as the static electric field increases w
is consistent with the experiments.5 The mode-locking char-
acteristics are also discussed with this model.

In one dimension, the Gunn effect is governed by
following equation for the electric fieldE(x,t):8,9

]E~x,t !

]t
52e8n0v~E!2v~E!

]E

]x
1D

]2E

]x2
1
J~ t !

«
, ~1!

wheree85e/(4p«), e is the electronic charge,« the dielec-
tric constant of the semiconductor~for GaAs,«512.5«0, and
«0 is the static dielectric constant.!, n0 the equilibrium elec-
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tron density, andD the diffusion constant. Herev(E) is the
electron drift velocity, andJ(t) is the total current density
For explicit calculations it is advantageous to use an exp
form of v(E)to represent the RWH mechanism which h
the form8

v~E!5S m1E1
m2E

2

Ec
D Y S 11

E2

Ec
2D . ~2!

m1 is the electron mobility of the lower band,m2 the electron
mobility of the upper band, andEc the threshold field for the
negative differential mobility.We Fourier analyzeE(x,t) in
the form

E~x,t !5E01 (
mÞ0

Em~ t !exp~ imk0x!.

The summation goes over all positive and negative integ
and the fundamental wave number is defined by

k052p/L.

L is the length of the sample. Expandingv(E) into a power
series ofE, and then comparing the coefficients of the sa
exponential function in Eq.~1! yields the following set of
equations:

]Em

]t
5~am2 ibm!Em

2(
s52

`

(
m11m21•••1ms5m

1

s!
As,m1

Em1
Em2

•••Ems
.

~3!

The different terms on the right-hand side of Eq.~3! are
defined as follows:

am52e8n0v0
~1!2Dk0

2m2,

bm5mk0v~E0!,

As,m1
5e8n0v0

~s!1 im1sk0v0
~s21! ,

where the derivatives ofv(E) are defined by

v0
~s!5dsv~E!/dEsuE5E0

.

E0 is the applied electric field.
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According to Nakamura,9 we disregard all higher-orde
terms other thans53, and omit the imaginary part o
As,m1

. Decomposing complex variablesEm into real and

imaginary parts asEm5x2m211 ix2m for positive integers
m, and using the relationEm5E2m* for negative integers
m, we can reduce Eq.~3! to six coupled-mode equations,

dx1
dt

5a1x11b1x22R2~x1x31x2x41x3x51x4x6!2R3x1X1

2R3@~x1
22x2

21x3
22x4

2!x512~x1x21x3x4!x6#/2,

dx2
dt

5a1x22b1x12R2~x4x12x2x31x6x32x4x5!2R3x2X1

2R3@~x1
22x2

22x3
21x4

2!x622~x1x22x3x4!x5#/2,

dx3
dt

5a2x31b2x42R2@~x1
22x2

2!/21x1x51x2x6#2R3x3X3

2R3@~x1x31x2x4!x51~x4x12x2x3!x6#, ~4!

dx4
dt

5a2x42b2x32R2~x1x21x6x12x5x2!2R3x4X3

2R3@~x1x31x2x4!x62~x4x12x2x3!x5#,

dx5
dt

5a3x51b3x62R2~x1x32x2x4!2R3x5X5

2R3Fx1S x122x2
2

3
1x3

22x4
2D 22x2S x1x23 2x3x4D GY2,

dx6
dt

5a3x62b3x52R2~x4x11x2x3!2R3x6X5

2R3Fx2S x122x2
2

3
2x3

21x4
2D 12x1S x1x23 1x3x4D GY2,

FIG. 1. Calculated variation of self-sustained oscillating f
quencyf 0 with electric fieldEdc. This variation is very consisten
with experiments~Ref. 5!.
where

R2[ReA2,m1
5e8n0v0

~2! ,

R3[ReA3,m1
5e8n0v0

~3! ,

X15~x1
21x2

2!/21x3
21x4

21x5
21x6

2,

X35x1
21x2

21~x3
21x4

2!/21x5
21x6

2,

- FIG. 2. A phase plot for the stationary 1:2 solution upon app
cation of a microwave signal frequencyf ac54.5 GHz and relative
amplitudeK5Eac/Edc50.2.

FIG. 3. Series of phase plots obtained by increasing the mi
wave frequency from 4.0 to 4.9 GHz. The Gunn mode maintain
1:2 frequency-locked solution up to microwave frequencies of
proximately 4.8 GHz. Atf dc54.9 GHz, a quasiperiodic solution~or
a periodic solution with a period longer than 2 ns! is observed.
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X55x1
21x2

21x3
21x4

21~x5
21x6

2!/2.

Steady-state solutionsxi ,0 of Eqs. ~4! were numerically
calculated by settingdxi ,0 /dt50. There are only zero solu
tions ~ xi ,050!. Performing a linear stability analysis, w
observe thatxi ,0 becomes unstable foram.0. This can be the
case ifv0

(1) is negative, i.e., ifE0.Ec . The unstable case i
the Gunn oscillations.

It is basically important for a model to be able to give t
correct results of the self-sustained oscillations. The num
cal results of Eq.~4! for self-sustained oscillating frequenc
f 0 vs static electric fieldEdc ~dc bias! are shown in Fig. 1,
which are well consistent with experiments.5 In the calcula-
tions, we take the parameters of the typical sample Ga
m155000 cm2/V s, m25320 cm2/V s, Ec53.5 kV/cm,
L510 mm, andn051015 cm23.

In the presence of a microwave field, i.e., under an ex
nal electric field including both dc and ac bias,

E05Edc1Eac sin~2p f act !,

we observed a large variety of different modes of behav
depending upon the amplitude and frequency of the mic
wave signal. As an example, Figs. 2 and 3 present the
sponse of the Gunn diode to the application of a microw
signal of various frequenciesf ac for Edc54.9548 kV/cm and
relative amplitudeK5Eac/Edc50.2. Figure 2 shows the sta
tionary phase-space trajectory obtained by plotting simu
neous values of the electric fieldE(x0 ,t) at x050.8 L and
the self-sustained oscillating electric fieldEs(x0 ,t! at the

FIG. 4. The phase-space trajectory of the stationary
frequency-locked solution existing forf ac51.8 GHz andK50.2.
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same positionx0 over many oscillation periods. The doma
mode entrains into a 1:2 frequency-locked solution with
applied microwave field.

As the frequency of the microwave signal is increased,
1:2 frequency-locked solution is maintained up to about
GHz. At this frequency, the oscillations becomes quasip
odic. This is illustrated by the series of phase plots in Fig

For higher microwave frequencies, intervals exist
which the domain mode entrains into 1:3, 1:4, 1:5, e
frequency-locked solutions. As an example, Fig. 4 shows
1:5 frequency-locked solution that exists forf ac51.8 GHz
andK50.2. In between the main frequency-locked solutio
more complex frequency-locked solutions are observed.
together, the interaction between the internally generated
main mode, or self-sustained oscillating mode, and the ex
nal microwave signal give rise to a devil’s staircase
frequency-locked solutions, interspersed with quasiperio
behavior. As the frequency of the applied microwave sig
is changed, the devil’s staircase of frequency-locked osc
tions is illustrated in Fig. 5.

In conclusion, we discussed a model system for the G
effect which is composed of six coupled-mode equatio
The numerical results of the model exhibit the expected ch
acteristics of the self-sustained oscillations. The mo
locking characteristics of system~4! is also calculated. As
the frequency of the applied microwave signal is change
devil’s staircase of frequency-locked oscillations develop10

5
FIG. 5. The devil’s staircase of frequency-locked oscillations

Edc54.9548 kV/cm andK50.2. f is the current oscillating fre-
quency.f 0 is the self-sustained oscillating frequency correspond
to Edc, and f ac is the ac bias frequency.
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