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Annular Josephson tunnel junctions in an external magnetic field: The dynamics
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We have investigated the dynamical states in annular Josephson tunnel junctions in the presence of an
externally applied uniform magnetic field parallel to the barrier plane. For electrically small and overdamped
junctions we show that the Kulik perturbative theory for the Fiske singularities can easily and successfully be
extended to the annular geometry even in the case of trapped fluxons. For electrically long annular junctions
we present the results of the numerical simulations. Further, we report on the magnetic-field dependence of the
amplitude of the so-called Fiske steps in specially designed high dissipation Nb/Al-AlOx-Al/Nb annular
junctions having different normalized circumferences.@S0163-1829~97!04517-7#
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I. INTRODUCTION

Annular, i.e., ring-shaped Josephson tunnel juncti
show a large variety of interesting physical phenomena
to the fluxoid quantization in a superconducting ring and d
to the absence of boundaries;1 they are a topic of curren
experimental interest. Recently, the static properties of an
lar Josephson tunnel junctions in the presence of unifo
magnetic field applied in the plane of the tunnel barrier ha
been extensively examined by Martucciello and Monac2,3

and by Verniket al.4 In Ref. 2, the dependence of the critic
current on a uniform magnetic field for annular Joseph
tunnel junctions having different geometrical configuratio
was investigated both experimentally and numerica
Among other things, it was found that when the normaliz
ring circumference is less than unity, i.e., the physical len
is less than the Josephson penetration depthl j , the I c vs H
follows annth order Bessel function behavior, wheren is the
number of fluxons trapped in the barrier. For longer jun
tions numerical2,4 and analytical3 solutions of the appropriate
perturbed sine-Gordon equation~PSGE! show that a barrier-
parallel magnetic field produces potential wells at diame
cally opposite points where static fluxons and antifluxo
align with the external field.

In this paper we shall extend our study to the dynam
properties of both electrically small (2p r̄,l j ) and long
(2p r̄.l j ) annular Josephson tunnel junctions in the pr
ence of an external magnetic field applied in the plane of
barrier. So far the fluxon dynamics in annular junctions h
been studied in a number of papers1,5–12but only in the case
of no externally applied field, i.e., only the so-called ze
field singularities~ZFS’s! were considered in the ringI -V
characteristic~IVC!. We provide, instead, a study of th
Fiske singularities~FS! in annular junctions, i.e., of thos
steps that, as in the case of more conventional, linear ju
tions with open boundary conditions, appear on the junct
IVC as a result of the application of an external field in t
plane of the barrier13.

The paper is organized as follows. In Sec. II we prese
550163-1829/97/55~22!/15157~8!/$10.00
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theoretical approach to the problem that can be solved
extending the Kulik theory14 to annular junctions, in othe
words, by means of a perturbative analysis it is possible
linearize the system and to find the theoretical dependenc
the FS amplitude on the magnetic field for small and und
damped junctions; further, for long junctions we show t
results of numerical simulations. In Sec. III we describe
particular fabrication process that has been adopted to re
high-loss Nb/Al-AlOx-Al/Nb annular Josephson tunnel junc
tions and we present the experimental results for the m
netic dependence of the FS amplitude. Some conclusions
drawn in Sec. IV. In the Appendices we present, in so
detail, the calculations for the perturbative theory.

II. THEORETICAL ANALYSIS

A. Derivation of the model

The description of an annular junction in the presence o
uniform externally applied magnetic field is done using c
lindrical coordinatesr , u, andz, assuming that the junction
lies in thez50 plane and its center of symmetry is located
r50, as shown in Fig. 1; the origin of the angular abscis
i.e., u50 is set in the direction of the field. Further, let u
call r o and r i the outer- and inner-ring radius, respective
and let us assume that the ring widthDr5r o2r i is much
smaller than both the mean radiusr̄50.5(r o1r i) and the
Josephson penetration lengthl j , so that we are dealing with
a one-dimensional junction. Using a Lagrangian formali
Gro”nbech-Jensenet al.15 have shown that the phase diffe
encef of the macroscopic superconducting quantum m
chanical wave function measured across the barrier of
annular Josephson tunnel junction in a uniform magne
field parallel to the barrier plane obeys the following pe
turbed sine-Gordon equation~PSGE!:

fxx2f tt2sinf52g2hDsinkx1af t2bfxxt , ~1!

in which the dimensionless angular coordinatex5 r̄u/l j has
been introduced and the time has been normalized to
15 157 © 1997 The American Physical Society
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inverse of the junction plasma frequency.g is the distributed
bias current normalized toI c052pJcr̄Dr ~whereJc is the
uniform maximum Josephson current density!, h is the field
amplitude normalized toF0/2pm0r̄ d, D is the coupling be-
tween the external field and the flux density in the junctio
andk52p/ l is a dimensionless wave number,l5C/l j be-
ing the normalized ring circumference.a andb are the loss
coefficients due to the tunneling current and to the surf
impedance, respectively. In Ref. 2, Eq.~1! was obtained im-
posing the continuity of the induction fieldH on the junction
boundary, through16,17

“~f1bw t!5
2pdm0

F0
H3uz

~u z is a unit vector in thez direction! and it was found that
D is a geometrical factor that depends on the particular ju
tion configuration and is inversely proportional tol 2. The
boundary conditions for Eq.~1! are periodic1 and derive
from fluxoid quantization:2

f~x1 l !5f~x!12pn, ~2!

wheren is an integer corresponding to the number of fluxo
trapped in the junction barrier at the normal-superconduc
transition;n is a topological system constant, that is, on
fluxon-antifluxon pairs can be created or annihilated as l
as the junction remains in the superconducting state. In2 the
static PSGE, that is,

fxx2sinf5g2hDsinkx, ~3!

was solved numerically~with D5k2) for different values of
the normalized circumferencel and, in particular, the mag
netic patternsgc(h) were found forl5 6, 12, and 24. When
static solutions were computed numerically, we found th
for a given field, different phase profiles are possible depe
ing on the number of fluxon-antifluxon pairs nucleated at t
diametrically opposed points in the barrier where the eff
of the field is largest. In Ref. 3 a perturbative analysis of Eq
~3!, with n set equal to 0, has been carried out based on
ansatzf5f01f1, wheref0 is known andf1 is small in
comparison tof0; the analytical results fit the numerica
results well in cases of small normalized ring lengths or la

FIG. 1. Schematic drawing of an annular junction. The origin
the angular abscissa, i.e.,u50, is set in the direction of the externa
field H.
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external fields. Experimental data on high-quality Nb/A
AlO x-Al/Nb junctions support the theoretical analysis pr
vided current limiting static self-field effects are taken in
account in real devices,2 also in the case whennÞ0.4

B. Perturbative analysis

The study of the statics2,3 suggests as a zero order a
proximationf0 for the solution of Eq.~1! which satisfies the
boundary condition Eq.~2!:

f05nkx1hsinkx1vt, ~4!

where the first term represents the linear phase twist du
the presence ofn fluxons trapped in the barrier, the secon
term takes into account the potential created by the exte
magnetic field, andvt is a uniform rotating term, with
v5^f t& being the normalized junction voltage (^& means
the average with respect to both space and time!. Since we
are interested in the stationary solutions of Eq.~1!, we have
neglected in Eq.~4! the presence of a constant term in t
expression forf0. We expand the exact solution of Eq.~1!
around the rotating solution Eq.~4! asf5f01f1, with the
assumption thatuf1u!1 so that sinf.sinf01f1cosf0 and
obtain the following linear PDE~partial derivative equation!
for f1:

fxx
1 2f tt

12sinf02f1cosf052g1av1af t
12bfxxt

1

~5!

with the following periodic boundary conditions:

f1~x1 l !5f1~x!. ~6!

Further,^f t
1&50. The spatial Fourier expansion of the pe

odic functionf1 is

f15 (
m51

`

@Fm~ t !cosmkx1Sm~ t !sinmkx# ~7!

with Fm(t)5Amcosvt1Bmsinvt and Sm(t)5Cmcosvt
1Dmsinvt. Expanding sinf0 in a Fourier-Bessel series an
using the orthogonality of trigonometric functions, it is po
sible to find the expression for the coefficientsAm , Bm ,
Cm , andDm ~see Appendix A!. It is easy to show that both
uFmu and uSmu are inversely proportional toDm and that the
mth term in the sum Eq.~7! is

fm
1 5Dm

21@Jm1n~h!cos~vt2mkx1dm!

1Jm2n~h!cos~vt1mkx1dm!#, ~8!

whereJn(h) are the Bessel functions of integer ordern and
argument h. Further, Dm

2 5(m2k22v2)21v4/Qm
2 and

tandm5Qm@12(mk/v)2#; we have introduced the very im
portant dimensionless quality factorsQm

215Qa
211Qb

21

5(a1bm2k2)/v, which give a measure of the junctio
losses and depends on the junction voltage. Equation~8! can
be interpreted physically as the superposition of two sm
amplitude waves traveling with equal but opposite spee
The requirement thatf1 be small implies that the presen
approach is valid whenever, for all integersm, Dm@1, i.e.,
when

Qm!v2. ~9!

f
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55 15 159ANNULAR JOSEPHSON TUNNEL JUNCTIONS IN AN . . .
Recalling the Bessel function asymptotic expansion for la
argumentsJm(h).A2/(ph)cos(h2mp/22p/4), we note
that thefm

1 are always small in the large field limith@1.
The I -V curve comes from the dc part of Eq.~5! as

g5av1^f1cosf0&. ~10!

The first term in Eq.~10! represents the ohmic part of th
I -V characteristic, while the second term corresponds to
dc normalized Josephson currenti5^sinf&. Inserting the ex-
pression forf0 andf1 and carrying out the calculations, w
end up with~see Appendix B!

i ~v,h!5 (
m51

`
@Jm1n

2 ~h!1Jm2n
2 ~h!#

2v2

3
Qm

21

@~mk/v!221#21Qm
22 . ~11!

The Josephson current is given by an infinite series of e
distant resonances atv5mk52pm/ l , whose maximum am-
plitudes are:

I m,n
max~h!5I c0

Qm

m2k2
Jm1n
2 ~h!1Jm2n

2 ~h!

2
. ~12!

With v5mk the inequality Eq.~9! implies that the limit of
validity of this perturbative approach is set by

Q1!
2pl j

C
, ~13!

that is, either when the junction is electrically short or wh
the losses are large. However, for long and/or underdam
junctions the theory should apply only for those Fiske st
whose orderm is so large thatmk(a1bm2k2)@1. Further,
for themth FS, the main contribution tof1 in the sum Eq.
~7! is given by Eq.~8! with v5mk:

fm
1 ~x,t !5

Qm

m2k2
@6Jm1n~h!cosmk~ t2x!

6Jm2n~h!cosmk~ t2x!#. ~14!

This is a standing wave obtained from the superposit
of two traveling waves having opposite speeds;
standing wave ratio (uJm1n(h)u1uJm2n(h)u)/(uJm1n(h)u
2uJm2n(h)u) strongly depends on the field amplitude. It
clear that, in the range of validity of the perturbative ana
sis, a wavelike description of the fluxon dynamics is mo
appropriate than a particlelike description, since in a sm
junction a fluxon can be seen as a distributed, rather t
localized, phase twist of 2p.

In the case of no trapped fluxons (n50), we end up with
the following field dependence for the maximum normaliz
amplitude of themth FS, that is very similar to that found fo
rectangular junctions18:

i m,0~h!5
I m,0
max~h!

I c0
5

Qm

m2k2
Jm
2 ~h!. ~15!

From the expression of the quality factorsQm , we note that
if the surface loss dominates the tunneling loss~for example,
e

e

i-

ed
s
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n

at high voltages or at low temperatures!, then in the last
expression the coefficient in front of the squared Bessel fu
tion decreases as the third power of the step orderm; in other
words, the FS amplitude decreases very fast as we mov
large step orders. In the large field limit, Eq.~15! can be
written in terms of damped trigonometric functions:

i m,0~h!.
Qm

m2k2
2

ph
cos2S h2

mp

2
2

p

4 D . ~16!

As a further example of the usefulness of Eq.~12!, we con-
sider the case of a single trapped fluxon (n51) traveling
around the ring; the magnetic-field dependence of the m
mum amplitude of the step associated with this dynam
state is given by

I 1,1
max~h!5I c0

Q1

k2
J0
2~h!1J2

2~h!

2
. ~17!

For h50, Eq. ~17! gives the zero-field amplitude of th
single fluxon step and Eq.~14! states that the correspondin
dynamical state is simply a wave travelling around the rin
Equation~12! and Eq.~14! give similar results when applied
to the general casem5n.

C. Numerical simulations

In an effort to obtain further insight into the dynamics
this system we have carried out detailed numerical simu
tions of Eq.~1!, using a fourth-order Runge-Kutta algorithm
on a spatially discretized counterpart, for different values
the normalized ring circumferencel . The loss parameter
a and b were set equal to 0.1 and 0.01 respectively. W
calculated a number of IVC’s of annular junctions with n
trapped fluxons, that is, withn50 in the boundary condition
Eq. ~2!. We found that field induced current singularitie
that is, Fiske steps indeed occurred at normalized volta
vm52pm/ l indicating that, on the average,m fluxons
and/or antifluxons travel around the ring when the junction
biased on themth order step; it should be recalled in th
regard, that, although the Lorentz force due to the bias c
rent acts in opposite directions for fluxons and antifluxo
the voltage drops due to traveling fluxons and antifluxo
have the same sign and add up. In Figs. 2~a!–~d! we show
the numerically computed magnetic-field dependence of
amplitude of the first three FS forl equal to 1, 3, 6, and 12
In all figures the data relative to the first, second, and th
FS are shown by open circles, closed circles, and stars
spectively. These data are compared with the perturba
analysis expression Eq.~15!, although, for the givena, b,
andl , theQ1 /k

2 ratios are equal to 0.36, 3.4, 9.1, and 20 f
l equal to 1, 3, 6, and 12, respectively, so that a good
between the theory and the simulation can be expected
in Fig. 2~a! for l51. Further, both the horizontal and vertic
scale ranges change from figure to figure in order to be
present the data. In Fig. 2~a! the data~both numerical and
theoretical! relative to the height of second and third FS ha
been scaled by a factor 10 and 30, respectively. As expec
for l51, we get an excellent fit between the numerical d
and the theoretical expression forn51, 2, and 3, since the
Q1 /k

2 ratio is smaller than unity; further, we observe a
increasing departure of the theory from simulation as
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move to largeQ1 /k
2 ratios, although the fit is still reason

ably good for second and third steps in the case
l53 and for the third step in the case ofl56. There are at
least two other features that should be noted in the nume
data shown in Fig. 2.~i! as we move to largel , the field
values which yield the minima~the zeroes! and the maxima
in the FS magnetic patterns do not change, however, the
amplitudes increase and the increment is more pronoun
for the higher order steps.~ii ! for l56 data are missing in
the small field region, the situation is even worse forl512.
The lack of FS for small field has been observed experim
tally on long linear junctions19,20 and, as we will see in the
next section, is typical of long annular junctions too. In ord
to test the perturbative theory also in the case of trap
fluxons, we have integrated Eq.~1! with n51, l53,
a50.1, andb50.01 and we have monitored the amplitu
of the FS associated with the single fluxon motion as a fu
tion of the applied field. This dependence is reported in F
3, where the points correspond to the numerical data and
full line to Eq. ~17! with Q1 /k

253.4; although we are out o
the validity range of the perturbative theoryQ1 /k

2.1, there
is at least a good qualitative agreement.

In order to shed some light on the mechanism respons
for the appearance of the FS’s, we have observed the

FIG. 2. Magnetic pattern of the FS amplitudes for annular ju
tions in a barrier-parallel magnetic field for different normaliz
ring circumferencesl . The data are obtained from the numeric
integration of Eq.~1! with a50.1, b50.01 andn50; the data
relative to FS1, FS2, and FS3 are shown with open circles, clo
circles, and stars, respectively. The lines are the theoretical cu
for different values of the step orderm according to Eq.~15!.
f

al

ep
ed

n-

r
d

-
.
he

le
e

evolution of the phase with the junction biased on the fi
and second FS. In a stationary state the phase time evolu
is periodic with a periodT5 l /m. Since both the three
dimensional plot off(x,t) and the snapshots off(x) at
different time intervals are not easy to understand, we h
decided to make use of the simple, qualitative drawin

-

ed
es

FIG. 3. Magnetic pattern of the single-fluxon FS amplitude
annular junctions in a barrier-parallel magnetic field. The data
obtained from the numerical integration of Eq.~1! with a50.1,
b50.01, l53, andn51. The full line is the theoretical curve ac
cording to Eq.~17!.

FIG. 4. Sketch of the dynamical states observed on ann
junctions biased on the first~a! and second~b! Fiske step. Fluxons
~antifluxons! are drawn outside~inside! the ring. The point where
the fluxon-antifluxon pairs are created~annihilated! is indicated
with C ~A!.
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55 15 161ANNULAR JOSEPHSON TUNNEL JUNCTIONS IN AN . . .
shown in Fig. 4~a! and Fig. 4~b! for the dynamical states
observed in the case of the first and second Fiske step
spectively. In the case of the first Fiske step the dynam
can be described as follows. Att50, a fluxon-antifluxon pair
is created atu52p/2; under the influence of the Lorent
forces due to the bias current and the external magnetic fi
the fluxon and the antifluxon start to move in opposite dir
tions and annihilate atu51p/2 after about a half period
during the second half of the period no traveling fluxon~or
antifluxon! are observed until a new fluxon-antifluxon pair
created att5T and so on. According to this picture, th
average number of traveling fluxons is one, so that the v
age expected for this dynamical step is the same as tha
the single fluxon step. As far as the second Fiske ste
concerned, the dynamics is a little bit more complicated@see
Fig. 4~b!#: at t50 while a fluxon-antifluxon pair is created i
at u52p/2 a second pair is annihilated atu5p/2; the
fluxon and the antifluxon move toward the annihilation po
and reach it att5T/2 while a new pair is created a
u52p/2; the dynamics in the second half of the period
exactly equal to that in the first half period. According to th
picture, the average number of traveling fluxons is two,
that, the voltage expected for this dynamical step is tw
that of the first Fiske step. We would like to observe th
other mechanisms exist that would give the voltage of
second Fiske singularity, but we only observed the one
scribed above. When the field is larger than the critical va
as we know from the study of the static properties,2 static
fluxons and antifluxons sit in the potential wells atu50 and
u5p, respectively; the number of fluxons goes as the lo
order in the magnetic pattern. We want to stress that,
though in Figs. 4~a! and 4~b! we have depicted the fluxons a
particles, a description in terms of waves is more realis
also in the case of very long junctions for which the Fis
steps are observed for field values so large to penetrate in
barrier and to produce a phase twist.

III. EXPERIMENTS

A. The samples

Two processes have been used to fabricate Nb/Al-Alx-
Al/Nb junctions. The first one is the well known selectiv
niobium anodization process~SNAP!21 that, as all the other
processes based on the Nb/Al-AlOx-Al/Nb trilayer deposi-
tion, provides high-quality junctions, i.e., having extreme
low lossesQ1@1;22 further, with this technology it is diffi-
cult to get Josephson current densities lower than
A/cm2,23 i.e., Josephson penetration depths larger than
mm. In other words, in order to satisfy the condition Eq.~13!,
annular junctions with very small physical circumference
required, but then the condition of unidimensionalityDr! r̄
cannot be satisfied with a standard 1-mm-resolution photoli-
tographic process. Furthermore, because of the low ba
loss, theI -V characteristic of high-quality junctions shows
wide region of instability nearV50 that often prevents bi
asing the junction onto the low-order current singularities
particular for low values of the applied field. This region
instability that was theoretically investigated by Costab
et al.24 for long linear overlap-type junctions~with no mag-
netic field! and was experimentally found to be more pr
nounced in long junctions having annular geometry. To ov
re-
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come the problems related to the low barrier losses and to
small Josephson penetration depths, we developed a
fabrication process not based on the trilayer deposition t
will be referred to as the low-Q process~LQP! and is illus-
trated in Fig. 5. Initially, a Nb film is deposited on the whol
wafer and patterned with the geometry of the junction ba
electrode by means of CF4 reactive ion etching@Fig. 5~a!#.
Afterward, the junction area is defined by a resist sten
@Fig. 5~b!# which protects the base electrode against the n
bium liquid anodization@Fig. 5~c!#. Finally, after a soft argon
sputter cleaning of the base electrode surface, a Al-AlOx-
Al/Nb bilayer is deposited and patterned with the geome
of the counter electrode by means of CF4 reactive ion etch-
ing or lift-off technique@Fig. 5~d!#. The details of the film
deposition and etching and of the niobium anodization c
be found elsewhere.25 A typical I -V curve of a small Joseph-
son tunnel junction fabricated with the SNAP process a
the LQP process are shown in Fig. 6~a! and Fig. 6~b!, respec-
tively. We observe that the LQP process yields junctio
with larger subgap currents~quality factor Vm.10 mV!
when compared to typical junctions fabricated with SNA
technology; furthermore, theI cRn product and the gap volt-
age are lower, i.e., 0.4 and 2.4 mV, respectively. The jun
tion quality has been found to be strictly related to the N
sputter etching parameters, although a systematic work
establish the exact correspondence has still to be done.

We believe that we are dealing with superconducto
normal-metal–insulator–superconductor junctions where
normal layer is mainly provided by the disordered Nb su
face after the sputter cleaning of the base electrode. T
implies that the junction magnetic penetration is larger an
as we will see in the next paragraph, the Swihart velocity
lower. Further, the magnetic pattern of the maximum critic
current of small square test junctions was Fraunhofer-l
with equally spaced and well-pronounced minima indicati
that Nb-insulator barrier is uniform and pinhole-free. Th
LQP process is easy and very reliable; a deeper understa
ing of the properties of the junctions fabricated with the LQ
will be the subject of a future work.

B. Experimental results

In this section, we present the results obtained for sh
annular junctions fabricated with the low-Q process and hav-

FIG. 5. Low-Q Process~LQP! used to fabricate high loss Nb
Al-AlO x-Al/Nb junctions.~a! Nb base electrode deposition and pa
terning; ~b! and ~c! definition of the junction area by Nb liquid
anodization;~d! deposition of the Al-AlOx-Al/Nb bilayer.
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15 162 55MARTUCCIELLO, SORIANO, AND MONACO
ing a mean circumferenceC5500 mm and ring width
Dr530 mm. Critical current densities as low as 5 A/cm2

were obtained corresponding to Josephson penetra
depths as large as 250mm. Upon application of a magneti
field in the plane of the barrier, almost equally spaced Fi
resonances appeared on theI -V curve, as expected, at qua
tized asymptotic voltagesVn5nF0c̄/C. We found that these
voltages are independent of the field orientation provided
the plane of the barrier. In Fig. 7 we present the magn
field dependence of the maximum amplitude of the first fo
Fiske singularities for two junctions having different norma
ized ring circumferences, viz.,l.2 andl.4 in Fig. 7~a! and
Fig. 7~b!, respectively. The experimental points for differe
step orders are represented with different symbols, as sh
in the legend. Further, in order to evidence theJm

2 depen-
dence, we show with lines the theoretical fit according to
~15! with arbitrarily chosen prefactorsQm /m

2k2. In fact, as
in the case of rectangular junctions,26Qmmust be considered
as some phenomenological parameter to be found exp
mentally, for example, from the width of the resonan
maxima; once theQm are known for differentm, an estima-
tion of the loss coefficientsa andb can be attempted. We
plan to find these coefficients for LQP samples in a fut
work and to relate them to the different conditions of fab
cation. As far as these data are concerned the factors w
give the best fit for the first Fiske step isQ1 /k

2.1 for both
the samples, meaning that the junctions are quite small

FIG. 6. TypicalI -V characteristics of junctions fabricated wit
~a! selective niobium anodization process and~b! low-Q process.
Horizontal scales: 1 mV/div.
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underdamped, but not enough to satisfy the criterion of
plication of the Kulik theory. For slightly longer (l.8) and
very long (l.30) annular junctions~fabricated with SNAP
or LQP! we found a situation very similar to the numeric
one: for low field values the Fiske singularities were abs
or very tiny and suddenly increased for a given field va
that depends on the step order and on the junction length
longer the junction, the larger this threshold value. We
lieve that this threshold field is approximatively equal to t
junction critical field which was found to depend quadra
cally on the normalized ring circumference both from t
numerical simulations2 and from theoretical considerations3

For field values larger than this threshold the dependenc
regular and Bessel-like. We would like to point out that the
observations have been made by other authors on rectan
junctions too.19,20 Finally, for very large field values, we
have observed the alternation of even and odd steps as
seen by Eq.~16!.

IV. DISCUSSION AND CONCLUSION

We have demonstrated that the Kulik theory,14 that de-
scribes the phase dynamics in electrically short, rectang
Josephson tunnel junctions in the presence of an exte
magnetic field, can be successfully extended to underdam
annular junctions; an extension of the Kulik theory to hig
Q annular junctions will be attempted in the future. The ma
results of this perturbative approach are:~i! the dynamics of
a annular junction can be described by the superposition
two small amplitude waves traveling in opposite direction
~ii ! the maximum amplitude of the Fiske step follows
Bessel function dependence on the external field. We bel
that Eq.~12! is particularly useful in the context of particl

FIG. 7. Experimental patterns of the FS amplitudes for annu
junctions fabricated with the LQP in a barrier-parallel magne
field for different normalized ring circumferencesl . The lines are
the theoretical curves for different values of the step orderm ac-
cording to Eq.~15!.
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detectors in which the Josephson current and the reso
steps in the low voltage range have to be depressed by m
of large external field that may deteriorate the supercond
ing properties of the electrodes. Since the winding num
~i.e., the difference between the number of fluxons and
number of antifluxons! which is proportional to the trappe
magnetic flux is a topological constant, Eq.~12! states that if
an annular junction has trappedn fluxons at the time of the
transition to the superconducting state, then the firstn21
steps will be vanishingly small without the need to apply
external field; further, the zero-voltage critical current will b
vanishingly small as well, as already demonstra
theoretically3 and experimentally.4

The numerical integration of the perturbed sine-Gord
equation has shown that the magnetic-field dependenc
the field induced current steps is Bessel-like also for elec
cally long junctions. Further, the dynamics can be descri
in terms of nucleation and destruction of fluxon-antiflux
pairs.

In order to obtain an experimental confirmation of t
Kulik theory we have developed a new fabrication proc
that produces underdamped junctions; it is generally fo
that the main losses are related to the surface impedanc
the superconducting films and to the quasiparticle tunne
current. Losses in the dielectric layer due to radiation fr
the junction can be shown to be negligible; also geome
contributions to the quality factor due to the edge defects
the junction are not relevant for samples of rather large s
and with annular geometry. For high-quality devices,
contribution to the losses due to quasiparticle tunnel is n
ligible in the frequency range and at the temperature con
ered, however, we believe that this is no longer true for L
junctions. In a future work, by carefully recording the st
profiles, it will be possible to determine the contributions
total losses coming from the the surface impedance of
superconducting films and from the quasiparticle tunnel
current.

APPENDIX A: CALCULATION OF f1

We start from Eq.~1! with the boundary conditions give
by Eq. ~2! and we assume thatf5f01f1, where
f05nkx1hsinkx1vt. Inserting the last two expressions
Eq. ~1!, we end up with a linear PDE Eq.~5! for f1 that we
assume to be of the form given in Eq.~7!. By means of
algebraic calculations it is possible to find the Fourier exp
sions of sinf0 and cosf0:

sinf05 (
m51

`

~dmcosmkxsinvt1cmsinmkxcosvt !,

~A1!

cosf05 (
m50

`

~dmcosmkxcosvt2cmsinmkxsinvt !,

~A2!

with

cm5Jm2n~h!2Jm1n~h! ~A3!

and
nt
ns
t-
r
e

d

n
of
i-
d

s
d
of
g

ic
f
e
e
g-
d-
P

e
g

-

dm5Jm2n~h!1Jm1n~h!, ~A4!

whereJn(h) are the Bessel functions of integer ordern and
argumenth. We would like to observe that also sinf0 can be
seen as a superposition of waves traveling with oppo
speeds; in fact, Eq.~A1! can be written as

sinf05 (
m50

`

@Jm1n~h!cos~vt2mkx!

1Jm2n~h!cos~vt1mkx!#.

Considering thatFm
9 52v2Fm andSm9 52v2Sm , substitut-

ing Eq. ~7!, Eq. ~A1!, Eq. ~A3!, and Eq.~A4! in Eq. ~5! and
using the orthogonality of trigonometric functions, we obta

~m2k22v2!Fm1~a1bm2k2!Fm
8 52dmsinvt, ~A5!

~m2k22v2!Sm1~a1bm2k2!Sm8 52cmcosvt. ~A6!

From Eq.~A5!, we have

~m2k22v2!Bm2v~a1bm2k2!Am52dm ,

v~a1bm2k2!Bm1~m2k22v2!Am50.

By solving the system, we obtain the following expressi
for the coefficientsAm andBm :

Am5
dmvQm

21

Dm
2

and

Bm52
dm~m2k22v2!

Dm
2 . ~A7!

Analogously, from Eq.~A6!, we can find the coefficients
Cm andDm , which are

Cm52
cm~m2k22v2!

Dm
2

and

Dm52
cmvQm

21

Dm
2 , ~A8!

where Qm
215(a1bm2k2)/v and Dm

2 5(m2k22v2)2

1v4/Qm
2 .

APPENDIX B: CALCULATION OF Šsinf‹

In order to calculate the Josephson current, we have
calculate the time and space average of sinf, by making use
of Eq. ~7! and Eq.~A2!:
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i5^sinf&5^f1cosf0&

5 lim
T→`

E
0

Tdt

T E2 l /2

l /2 dx

l
f1cosf05

1

4 (
m51

`

~Amdm2Dmcm!

5
1

4 (
m51

` Fvdm
2 ~a1bm2k2!

Dm
2 1

vcm
2 ~a1bm2k2!

Dm
2 G

5
1

2 (
m51

` F @Jm1n
2 ~h!1Jm2n

2 ~h!#
v~a1bm2k2!

Dm
2 G .
.
rn
2
pp

.
s
.

ys

B

d

F.

.

Finally, introducing theQ factors, we can write the normal
ized Josephson current carried on the Fiske steps as an
plicit function of the step voltage and of the external field

i ~v,h!5 (
m51

`
@Jm1n

2 ~h!1Jm2n
2 ~h!#

2v2

3
Qm

21

@~mk/v!221#21Qm
22 .
ys.

hys.

hys.
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