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Suzuki-Trotter decomposition and renormalization of a transverse-field Ising model
in two dimensions

M. Dudzinski and J. Sznajd
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(Received 19 September 1996; revised manuscript received 8 Januajy 1997

The combined Suzuki-Trotter decomposition and Niemeijer—van Leuween real-space renormalization-group
techniques are used to study the critical properties of a two-dimensional Ising system with a transverse field.
The inverse critical temperature as a function of the external field and the temperature dependence of the
transverse component of the magnetization are found. It is also shown that any real-space renormalization-
group procedure based on the simple generalization of the Niemeijer—van Leeuwen majority rule for one of the
components of the total-cell spin does not preserve the symmetry of the quantum spin space.
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I. INTRODUCTION |+++>, |++_>, |_|___|_>, |_++>, 2)

with the effective spin staté+)’ and the other four states
with | —)’. The same division of the cell states was also used
to study the critical behavior of the quantuxy model?
It is obvious that the transformation proposed by Stella
verse field Isin§ (ITF) models. Unfortunately, up to now, for @nd Toigo, similarly as any transformation based on the di-
yision of the states with respect to a given component of the

the quantum spins the RSRG studies have not given full > Srees W X
satisfactory results. The main problems appear to be the dift@! cell spin, distinguishes this component from others. At

ficulties in the choice of the proper transformation which fi'St glance this kind of procedure is fully justifiable for the
allocate original site-spin configurations among effectiveSyStems with axial symmetry like ITF ofY models. How-
cell-spin states and decomposition of exponential operatoreVer: It can be seen that the above-mentioned transformations

for noncommutable terms of Hamiltonians. violate also the symmetry in they plane.
It is true that contrary to the first procedutéghe rota- Let us consider a rotation through angfeabout thez
tionally invariant RSRG transformatiohd confirm  @XIS; then the states of the spin 1/2 become transformed as

univocally the existence of the critical points in 2D quantum follows:

XY models at tempe_ratures close to thos_e found from high- |+>—>ei¢/2| +), |—>—>e‘i¢’2| ). 3)
temperature expansiofidhowever concerning the character

of the critical behavior the results are rather inconcluSive. According to the transformatiofl) any operator in the cell-
Furthermore the rotationally invariant transformation leadsspin spaceA’ can be expressed in the following form:

to rather bad results for an Ising system with a transverse
field. In this latter case Stella and Tofgproposed simple , oy
generalization of the Niemeijer—van LeeuwgivL) major- (alA']B) _Z’l (a,7lAlB.7), (4)

ity rule for the z component of the spin operators. The au- . _ _ . _

thors considered the=1/2 ITF model on the triangular lat- WhereA is the operator in the site-spin space. It is easy to see
tice and the method was essentially as follows: the latticdhat if the diagonal elements of the operatdy, for example,
was divided into cells of three spins); a new effective cell , o
spin operator §,) was assigned to each cell; in the basis of (FIAT[H) =(++H[A[++H)+H(++—|A[++-)
the product eigenstatds;s;s3) the eight states of the cell T (5)
were divided into two groups|+,7) and |—,7)

(r=1,2,3,4) and associated with two states of the effectivét® invariant with respect to the rotatid8) because the
) phase factors cancel out, the off-diagonal elements are not

spin [+)’ and |—)’; the renormalization transformation ! ;
leading from a site Hamiltoniaf to cell Hamiltonian#’ Invariant becquse the _phase factors of the elgments
was defined by (aaa]A|BBB) with a# 8 differ from others. As an obvious
consequence of this fact, for the ITF model, is dependence of
the results found by using the transformati@n on the di-
, 4 rection of the field in thexy plane. The results are different
(ale’|B) = 21 (a,71€"B,7), a,B=+,—. (1)  for the fields directed along theor y axis and if originally
” the field is directed between thxeandy axes then its direc-
tion is not preserved in the method outlined ab®vEhe
According to the NvL majority rule Stella and Toijo same problem of the spin-space symmetry violation appears
associated the following four states of the cell: if one uses, as it has been proposed by Stetlal.,® the

Since developing real-space renormalizati®SRQG of
Ising spins on a latticé,many attempts have been made to
generalize this method to two-dimension@D) quantum
spin systems such as the anisotropic Heiserfoduay trans-
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eigenstates of the cell Hamiltonian with thecomponent of ) . )
the total spin fixed, instead of the stat&. In conclusion, it —-BH=K2X, s Sj +h2 (sicosp+ssing) )
seems that any RSRG procedure based on the simple gener- (D

alization of the NvL majority rule for one of the components wheres is the spin-1/2 operator associated with ttie site

of the total spin of the cell does not preserve the symmetry Ofy the triangular lattice. Because of the system symmetry the
the spin space for the quantum models, even in the case gfigle ¢ defining the direction of the magnetic field is, of
the uniaxial symmetry. Thus, use of procedures of this kindyorse, irrelevant for the problem. It is obvious that the
can lead to uncontrolled spurious results. roper calculation procedure should not violate the symme-

As mentioned above a second problem in using the RSRGy, of the system and preserve the independence of the re-
approach to study quantum spin systems is the necessity tgis ong.

make some approximation to decompose the exponential op- afier setting
erator

e’l=e"V for [Hy,V]#0, (6) A=K2, ssf and BEhZ (s‘cosp+9'sing), (9
where as usuaH, andV denote the intercell and intracell @D

terms of the Hamiltonian, respectively. Up to now two dif- gng using formula6) one finds theN-order classical ap-
ferent schemes of approximation have been used: first basgfloximation of the original modéft The new effective
on the Baker-Campbell-HausddBCH) formula or some of el is composed dfl layers of Ising spins= =1 with
its symmetric versions, and second based on the Feynmagteractionk,=K/N between the nearest neighbors in each
identity. Unfortunately, in some cases, especially for systemgyer, The nearest neighbors of neighboring layers {)
with single-ion interactions’ there are difficulties in estima- and (1) are coupled by the interaction

tion of the errors connected with several decomposition for-

mulas and the results depend on the kind of chosen formula. 1

Thus, the main purpose of this paper is to show how a dif- Ho=K,s" Vs — — j (s~ D —gmy,

ferent scheme based on the Suzuki-Tro(&F) decomposi- 2

tion formula'* used mainly in the Monte Carlo simulations, L o _ ,

can be applied as a starting point for the RSRG studies of th¥here K=z In coth(VN). This interaction contains the

Ising model in a transverse field. imaginary fields dependent o#. However, the effective
classical system is periodic in the Trotter direction and as it
Il. ST DECOMPOSITION is easy to see the imaginary flelds_qancel out. It means that
for any angle¢ the ST decomposition leads to the same
The following Trotter formula classical model described by two interaction parametgrs
eAB_ [im (eMNgBIN)N @) andK,. Thus, contrary to the method propos_ed in Ref. 6 the
' present method does not introduce the spurious dependence

N— o0

of the results on the field direction.

allows us to transform d-dimensional quantum system into ~ The obtained classical model can be understood as a
the Corresponding d+ 1)_dimensiona| classical system model on the two-dimensional lattice with some ObjeCtS,
(Suzuki-Trotter transformatiort* For any finite value o~ more complicated than single Ising spins, associated with
formula(6) can be treated as an approximation and the foun@ach site. In théth order approximation a quantum spin of
classical counterpart of the considered quantum systems wilhe ITF model is replaced by the columnifclassical spins.
be composed of the finite numberaflimensional “layers” It is easy to see that the ST approximative mapping cannot
in thed+ 1 direction. The Convergence of E@) is rather be used in the limit of h|gh magnetic fields for any finite
slow'® thus, if one decomposes the exponential operato¥alue ofN. For, in this case, the original quantum model is
e’XT  the approximation based on formul) is a high- transformed into the 2D classical Ising model with the inter-
temperature approximation. In this paper we are interested iiction K/N, which leads to the wrong result that an ITF
the phase transitions of the 2D Ising model in a transversgystem with infinite field undergoes a phase transition at fi-
field, so for small fieldH/kT<1 we need a reasonable ap- Nité temperature.
proximation for relatively high temperatures
K=J/kT~0.5, wherel] is an interaction constant. The qual- IIl. RSRG TRANSFORMATION
ity of the finiteN ST approximation has been tested for spin ] o
chains. It has been found that for the above-mentioned range Let us start with the lowest nontrivial order of the ST
of the temperature}(kT~0.5) even the lowest orders of the tran_sformatlpn, |_.e.N=2. In this case the corresponding ef-
approximation N=1,2,3) lead to almost the exact resdfts. fective Hamiltonian
Considering the noncommutability of several terms of a
Hamiltonian in this temperature region the ST formula seems
to be a better approximation than the BCH formula or Feyn-
man identity. However, the main point is that it is much
more intuitively obvious in which way one should construct describes the classical system with a two-Ising-spin column
the RSRG transformation for the effective classical systenassociated with each site of the triangular latti€ég. 1).
than for an original quantum one. Now we apply to this model the NvL RSRG defined by the
We consider an ITF model defined by transformation:

Heir= Kx<2> (sisf+sis)+K.2 sis?, (10
1]
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FIG. 1. Two cells-to-two sites transformation on the triangular

lattice.
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FIG. 2. The field dependence of the critical temperature for ITF

whereP(o,s) denotes the weight operator which couples themodel on the triangular lattice. The dashed and solid lines denote

cell (o) and site §) spins. The mapping to the effective
classical system and the character of the phase transition

the ITF model connected with the appearance of the magne-

tization(s?) allows us to use a simple and intuitively obvious
generalization of the NvL majority rule. Namely, we can
formulate the NvL majority rule for each layer indepen-

dently, it means we transform three two-spin columns into

one two-cell-spin columrtFig. 1), with the weight function
in the form

P= PZI_PZv

where

1
P, 3 [1+0"sgr(s]+s]+sp)]. (12)

We may now use the standard cumulant expansion for

classical spind.In the first-order calculation an interaction

Kp>, (s's?+s?s)) (13)
(ii)

comes into play and the only fixed point is located at
K% =K;~0.084, K,=x.

Now we are able to find the critical line of the ITF model
separating two regions in th&(h) plane which correspond
to a low-temperature, ordered phage{# 0) with the flow
of the coupling constants under the RSRG transformatio
toward theT=0 fixed point and a high-temperature, disor-
dered phase(6*)=0) with the flow toward thel =« fixed
point. It is easy to see that fdf,=« the two interactions

Ky andK, are identical and as one would expect we revea

the NvL fixed-point value of the interaction
K* =2K% + 2K} ~0.3356.

In the outlined procedure we make two approximations

the results for the Trotter numb&F=2 and 3, respectively, in the
stt- (upper curvesand second-order cumulant expansions.

model is composed of three layers and the RSRG transforms
three columns of three spins into one column of the three cell
spins. Now in the first order calculation three new interac-
tions arise:

3

Kp sf, (14)

a#B,a,=1 (i j)

Ks2, [(sM+57+8))ss’s? +sls?s(s!+ 57 +5%)],
(i)
(15
Ke2, (s's?s’ss’s?), (16)
(i.J)
and the fixed-point values of the interactions are

Ki=Kp=Ks=Kg~ 75 0.3356, K=o 17

It is seen in Fig. 2 that for a small enough field in the first-
order calculation the results fd&f=3 are only slightly dif-
ferent from that folN=2.

In the second-order calculation 14 and 36 various interac-
tions come into play foN=2 andN=3, respectively. The
appropriate results for the variation of the critical tempera-

jure with strength of the transverse field are shown in Fig. 2

(upper curves Because of a slightly different truncation of
the cumulant expansion, we have used for the studied model
the zero-field value of the critical temperature that is not
gxactly the same as in the NvL approximation. Namely, we
find K;,(h=0)=0.2620 and 0.2735 fdl=2 and 3, respec-
tively, while the NvL result is 0.2575,and the exact value

K.=In3~0.2744.

’ IV. CONCLUSIONS

The first one is connected with using small Trotter number

N and the second one with truncation of the cumulant expan- The quantum versions of the RSRG method suffer from

sion. In order to examine the quality of these approximationghe difficulties of choosing an optimal weight operator and

we have performed the calculations fér=3 in the first- and  suitable approximation. On the other hand, as we have
second-order cumulant expansion. In this case the classicahown in the Introduction, the methods based on the simple
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FIG. 3. The temperature dependence of the
transverse component of the magnetization for
v/J=3 (solid line); 2 (dashed ling and 1 (dot-
dashed ling

generalization of the NvL majority rule for one of the spin tion is expected to be valid for the temperature range close to
components violate the symmetry of the spin space. Fothe zero-field critical point which has allowed us to draw the
these reasons we have used the Suzuki-Trotter transformaritical line K (h) vs h for small enough values of the ex-
tion to map the original quantum model onto the correspondternal field(Fig. 2). As shown in Fig. 4 the critical line found
ing classical one and then applied the intuitively obviousin this paper forN=3 in the second-order calculaticfull
extension of the NvL majority rule. Unfortunately, similarly jine) essentially differs from that obtained by Stella and
as a choice of the weight operator the ST transformation ig4igo5 (dashed ling Unfortunately, we have not found any
not unique and one can find several classical models corgsiner results for the ITF model on the triangular lattice to
sponding to an original quantum one. However, in the case,mpare with ours. For this reason we have performed the
of the ITF model, decomposition proposed by S‘_‘ﬂ'k', calculation for the same model on the square lattice using the
seems to be the most natural and leads to the effective Ising,e_gpin cells in the first order of the cumulant expansion to
system with the order paramets), which corresponds di-  compare with the results of the high-temperature series ex-
rectly with the quantum model order paramefsf). Such a  nansions(HTSE’s).2® The appropriate critical lines are pre-
simple relation between physical quantities of the quantunyented also in Fig. 4. Of course, the results of the RSRG in
model and its classical counterpart is not generally true, anghe |owest approximatioftop curve are as usual not very
for example, the transverse component of the ITF magnetizccrate and rather far from the HTSE residot-dashed

zation(s*) can be expressed by the correlation of the effecqing) However, the slopes of both curves are close to each
tive Ising spins of the same column

1 hh hh
+§ tan N—COI N

thh+ thh
anN co N

1
()=75
X(ss?). (18) -

The temperature dependence of the magnetization transverse  ggL__ _ _ _— =~ -
component for several values BfJ=h/K is shown in Fig. _//’
3. /‘/

Of course, the critical singularities of the ITF model are 0.5} e .
the same as those appropriate to the free-field Ising model T e
(h=0). As one has expected the transverse field is an irrel- .
evant parameter of the RSRG transformafidtiowever, the : -
purpose of the present paper has been to show how com- B
bined ST decomposition and NvL RSRG techniques can be 0.3 -
applied to study the spin-1/2 Ising model with transverse
field at finite temperature and find for this model the depen-
dence of the transition temperature on the field strength. 0.2 ' ! ! L L
Such a procedure seems to be reasonable because both meth- 0-25 0.75 125 h
ods, as it was shown in many cases, lead to qualitatively and
quantitatively good results. FIG. 4. The critical temperature as a function of field strength

Our approximation is only reliable for small valuesf  for the ITF model: on the triangular lattice, solid lihis papey,
andh and for this reason we are not able to find the criticaldashed line(Stella-Toigo, Ref. § on the square lattice, upper

value of the external strength far— 0. But the approxima- dashed lingthis pape), dot-dashed lingElliot-Wood, Ref. 13.
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other and the dependence of the critical temperature on th@gher values of spin with nondiagonal single ion telieg.,
field strength is much weaker than that obtained by Stellahe Blume-Capel model in a transverse fjeltHowever,
and Toigc$ similarly as the dependence found in the presenthere are no general rules how to decompose a Hamiltonian
paper. of the original quantum model and then how to choose an
One can fit the critical line found in this paper to the form gppropriate RSRG scheme. So we are not able to find an
Kc(h) —Kc(0)~h®. The fit for the field range €h<0.2is  effective classical Hamiltonian corresponding to quantum
very good and gives only small deviation from the parabolicx y or Heisenberg models suitable for the NvL RSRG pro-
dependencay=2.03. Of course, this deviation increases for cedure. The point is that in the effective models that we can
higher field strength. We have also obtained the temperatunghg by applying the ST procedure to tbeY or Heisenberg
dependence of the transverse magnetization compds&nt models, some of the spin configurations are forbidtett.
(Fig. 3 which may be compared with the molecular field means that in these cases it is impossible to construct appro-

approximation results! However, in this latter case we have priate spin Hamiltonians with finite interaction parameters.
had to confine ourselves to the first-order cumulant expan-

sion and results are much less accurate than that for the criti-
cal line. o ACKNOWLEDGMENT
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