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Localized-magnetic-moment theory of Fe-Ni Invar
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A Green’s function technique for localized magnetic moments coupled to lattice degrees of freedom is used
to study the moment-volume instability in Invar alloys. We present calculations of the total energy as function
of volume, magnetic moment, and alloy concentration incorporating both longitudinal and transverse spin
fluctuations. For ordered Fe3Ni, the total energy as function of volume consists of two separate but crossing
branches corresponding to the low-spin~LS! and high-spin~HS! states, with a discontinuous magnetic moment
at the crossing. With increasing temperature we find that the LS and HS states come closer and finally merge
at a critical temperature. In addition, the temperature dependence of the magnetic contribution to the relative
volume changevm has been calculated in the presence of an external magnetic field. We have extended the
calculations to off-stoichiometric concentrations of the alloy system FexNi12x and present results for the
temperature and concentration variation of the thermal expansion coefficientam and of the energy difference
between the LS and the HS state. Theoretical results compare fairly well with experimental data in spite of
using a nonitinerant electron model.@S0163-1829~97!02914-7#
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I. INTRODUCTION

During the past years there has been consider
progress in the understanding of moment-volume instab
ties in a certain group of fcc 3d transition-metal alloys show
ing a broad spectrum of anomalies often being referred t
Invar anomalies~for recent review articles see Refs. 1 and!.
Most investigated alloys are probably FexNi12x and
FexPt12x which for certain concentrationsx have approxi-
mately invariant thermal expansion coefficients over a c
siderable range of temperatures. Another interesting aspe
that for the Fe-rich alloys, FexNi12x and other Invar alloys
change their crystal structure from fcc to bcc with decreas
temperature~for a detailed discussion of the close relatio
ship of Invar properties and martensitic phase transfor
tions we refer to Ref. 3!.

A number of theoretical models have been proposed
describing the Invar effect.4–7 Moruzzi has given a qualita
tive explanation of the Invar effect and of a number of oth
properties of Invar alloys which is based on first-princip
calculations of model Invar systems like Fe3Ni, Fe3Pt, etc.,
in the fcc structure.6,8,9According to this picture, in pure fcc
Fe a low-spin~or paramagnetic-antiferromagnetic! state with
a relatively low equilibrium volume is the locally stab
state, while at expanded volumes the high-spin state is sta
The resulting binding energy curve as a function of volu
consists of two crossing branches corresponding to the l
spin ~LS! and the high-spin~HS! state, respectively. As th
Ni concentration increases, the difference in energy betw
LS and HS states decreases, and at a certain concentr
the HS state becomes more stable. While this theory~which,
in fact, closely resembles the older two-stateg model of
Weiss4! certainly reproduces basic experimental findings,
treatment of magnetic and lattice degrees of freedom rem
on a too qualitative level at finite temperatures. Froz
550163-1829/97/55~21!/14311~7!/$10.00
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phonon calculations have shown that very small thermal
pansion is very likely due to many-body scattering effe
with phonon-assisted resonant electronic transitions fr
strongly antibonding majority-spint2g states~keeping the
atomic volume large due to enhanced partial pressure! into
nonbonding minority-spint2g andeg states~thereby lower-
ing the atomic volume due to decreasingd-electron partial
pressure!.3,7,10,11This opens a pseudogap in the minority sp
density of states hindering further substantial thermal exp
sion since electrons have to overcome this energy bar
Note that a similar pseudogap exists in the (s,p)-bonded
nonmagnetic Hume-Rothery alloys due to many-elect
scattering on the Bragg planes of the new crystal struc
close to the bcc-fcc phase transition.

This brief discussion shows that finite-temperature fir
principles calculations of Invar and Hume-Rothery allo
will be needed to further pursue in detail the physics of Inv
and structural transformations in magnetic and nonmagn
alloys. In addition, finite temperatures will involve the b
impact of multiphonon processes and of the electron-pho
interaction on itinerant magnetism in general12 and on the
thermal expansion in particular.3 Besides from tentative no
parameter-free molecular-dynamics calculations,13 these
kinds of calculations would require enormous computatio
efforts. Therefore, the extension ofab initio results to finite
temperatures has been achieved by less tedious calcula
using a Gaussian theory of spin and volume fluctuations
finite temperatures~as an extension of the mode-mode co
pling theory of Murata and Doniach14! based on a Ginzburg
Landau theory with zero-temperatureab initio data as
input.3,7,15–19 This phenomenological theory allows one
extend the zero-temperature binding surfaces to finite t
peratures and to explore the mutual influence of longitudi
and transverse spin fluctuations and of charge~volume! fluc-
tuations. It is found that transverse spin fluctuations cont
14 311 © 1997 The American Physical Society
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14 312 55J. M. WESSELINOWA, I. P. IVANOV, AND P. ENTEL
ute in an essential way to the Invar anomaly in Fe-Ni a
Fe-Pt in accordance with earlier work by Moriya and Usa
who used a more simplified scheme to discuss the expan
anomaly.20 In this context it should be mentioned that al
results of first-principles coherent-potential approximat
~CPA! calculations for the case of off-stoichiometr
alloys3,21,22 can be extended to finite temperatures allow
for a rough evaluation of temperature- and concentrati
dependent phase diagrams. In addition, the CPA calculat
allow for a detailed investigation of the competition betwe
the LS and the HS state as function of alloy concentrati
The theoretical results nearly agree quantitatively w
experiment.3 Also, this kind of continuingab initio zero-
temperature results to finite temperatures allows one to t
Invar and anti-Invar behavior on equal footing.

In this paper we extend the forgoing finite-temperatu
calculations by making use of a localized magnetic mom
model in which the magnetic moments are coupled in
same phenomenological way as previously to the lattice.
compensate for the neglect of the picture of itinerant mag
tism by a rather subtle decoupling of the spin Green’s fu
tion by using the technique of Tserkovnikov.23 This proce-
dure allows one in a nice way to deal with alloys yieldin
concentration dependent nonintegral values for the magn
zation. For Fe12xNix we present calculations of the total e
ergy as function of the volume, the magnetic moment, a
the Ni concentration by incorporating both longitudinal a
transverse spin fluctuations. The final aim of using a loc
ized magnetic moment model is to incorporate phonons
phenomenological way by allowing for Lennard-Jones ty
of interactions between the Fe and Ni atoms. The model
then be solved exactly by a Monte Carlo step simulat
technique for spin and phonons.24–25In particular, this model
allows for an investigation of the critical behavior~calcula-
tion of critical indices and scaling relations for the coupl
spin-phonon system!. This is beyond the scope of this pap
and will be published elsewhere.25

II. THE MODEL

The Hamiltonian of the system Fe3Ni can be written as~a
similar model was used by Dubeet al.26!

H5HM1HMV1HV . ~1!

HM is the Heisenberg Hamiltonian for Fe5f and Ni5n
and the interaction between them;

HM52gmBHAN~S0
f z1S0

nz!2
1

2 (
q
Jq
f fS2q

f
•Sq

f

2
1

2 (
q
Jq
nnS2q

n
•Sq

n2
1

2 (
q
Jq
f nS2q

f
•Sq

n . ~2!

The magnetovolume coupling is given by the second te
HMV ,

HMV52
1

2 (
q

@D0~q!v1D1~q!v2#S2q
f
•Sq

n , ~3!

wherev is the relative volume [V(T)2V0]/V0 with V0 be-
ing the volume of the hypothetical nonmagnetic ground st
d
i
on

-
ns

.

at

e
t
e
e
e-
-

ti-

d

l-
a
e
n
n

e.

Here we take for brevity only the quadratic terms in the s
density. Although this is reasonable for weak magnets,
can easily take account of higher-order terms if necessa

Finally, HV is the harmonic lattice term

HV5
B

2
v2. ~4!

The magnetic contribution to the thermal expansion
given by

vm5(
q

Dq

B
~^Sq

2&T2^Sq
2&0!, ~5!

whereB is the bulk modulus and̂•••&T means the statistica
average at temperatureT. In weakly ferromagnetic metals
where smallq components of spin fluctuations are predom
nant, we may approximateDq;D0 and get27

vm~T!5N0
2 D0

B
@SL

2~T!2SL
2~0!#, ~6!

whereN0 is the number of atoms in the crystal;SL
2 is the

mean-square local amplitude of spin fluctuations. A fair
terpolation betweenT50 andTc may be

vm~T!5
2

5

D0

B
@M2~T!2M2~0!#, ~7!

for T,Tc , M is the spontaneous magnetization. The relat
volume change due to an external magnetic field is th
given by

v~H,T!5
2

5

D0

B
@M2~H,T!2M2~0,T!#. ~8!

III. CALCULATION OF THE TOTAL ENERGY

In the following we will calculate the total energy wit
the help of the retarded Green’s function defined in ma
form as

G̃k~ t !5 iQ~ t !^@Bk~ t !,Bk
1#&. ~9!

The operatorBk stands symbolically for the setSk
f1 ,

Sk
n1 , Sk

f z . For the approximate calculation of the Green
function ~9! we use a method proposed by Tserkovnikov23

The energy in the generalized Hartree-Fock approximatio
given by

E~k!5^@@Bk ,H#,Bk
1#&/^@Bk ,Bk

1#& ~10!

Using Eq.~10! we obtain for the transverse and longitudin
spin-wave energy of Fe3Ni, respectively~taking into account
both longitudinal and transverse spin fluctuations!:

E~k!5 1
2 @e111e226A~e112e22!

214e12e21#, ~11!

El~k!5e33, ~12!

with the matrix elements
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e11~k!5gmBH1
1

2^Sfz& S 1N (
q
Jq
f n~^Sq

f2Sq
n1&12^Sq

fzS2q
nz &!1

1

N (
q

~Dq
0v1Dq

1v2!~^Sq
f2Sq

n1&12^Sq
fzS2q

nz &!

1
1

N (
q

~Jq
f f2Jk2q

f f !~2^Sq
fzS2q

f z &1^Sk2q
f2 Sk2q

f1 &! D , ~13!

e12~k!52
1

2^Snz& S 1N (
q
Jq
f n~^Sk2q

n2 Sk2q
f1 &12^Sk2q

f z Sq2k
nz &!1

1

N (
q

~Dq
0v1Dq

1v2!~^Sk2q
n2 Sk2q

f1 &12^Sk2q
f z Sq2k

nz &! D , ~14!

e21~k!52
1

2^Sfz& S 1N (
q
Jq
f n~^Sk2q

f2 Sk2q
n1 &12^Sk2q

f z Sq2k
nz &!1

1

N (
q

~Dq
0v1Dq

1v2!~^Sk2q
f2 Sk2q

n1 &12^Sk2q
f z Sq2k

nz &! D , ~15!

e22~k!5gmBH1
1

2^Snz& S 1N (
q
Jq
f n~^Sq

n2Sq
f1&12^Sq

fzS2q
nz &!1

1

N (
q

~Dq
0v1Dq

1v2!~^Sq
n2Sq

f1&12^Sq
fzS2q

nz &!

1
1

N (
q

~Jq
nn2Jk2q

nn !~2^Sq
nzS2q

nz &1^Sk2q
n2 Sk2q

n1 &! D , ~16!

e33~k!5
1

2^Sk
f zS2k

f z &N (
q

@~Jq
f f2Jk2q

f f !^Sq
f2Sq

f1&1~Jq
fn1Dq

0v1Dq
1v2!^Sq

f2Sq
n1&#. ~17!
,
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The correlation functions are calculated to

nq
f5^Sq

f2Sq
f1&5

^Sfz&
2vq

2 @~vq
22eq

13eq
31!~F11F2!

1vqeq
11~F12F2!#, ~18!

^Sq
f zS2q

f z &5
112n̄q

f 12n̄q
f2

113n̄q
f 13n̄q

f2 . ~19!

Further we have used the abbreviationsvq

5AEq
212eq

13eq
31, F15exp(vq/T)

21, F25@exp~2vq/T!
21#21. We obtain fore k

13 ande k
31 the following expressions

respectively:

ek
135

1

2^Sfz&N (
q

@~Jq
f f2Jq2k

f f !^Sq2k
f2 Sq2k

f z &

2~Jq
fn1Dq

0v1Dq
1v2!^Sq

n1S2q
f z &#, ~20!

ek
315

1

2^Sk
fzS2k

f z &N (
q

@~Jq
f f2Jk2q

f f !^Sk2q
f1 Sq2k

f z &

2~Jq
fn1Dq

0v1Dq
1v2!^Sq

f1S2q
nz &# ~21!

with the correlation function

^Sq
f1S2q

f z &5^Sq
fzSq

f2&5
^Sfz&2eq

31eq
13

vq
2 @vq~F12F2!

1~eq
112eq

12!~F11F2!#. ~22!

In the RPA we obtain for the matrix elementsei j

e11~k!5gmBH1^Snz&~J0
f n1D0v1D1v

2!

1^Sfz&~J0
f f2Jk

f f !, ~23!
e12~k!52^Sfz&~Jk
f n1D0v1D1v

2!, ~24!

e21~k!52^Snz&~Jk
f n1D0v1D1v

2!, ~25!

e22~k!5gmBH1^Sfz&~J0
f n1D0v1D1v

2!

1^Snz&~J0
nn2Jk

nn!, ~26!

e33~k!50. ~27!

There is a solution withe3350. It corresponds to the longi
tudinal mode, i.e., a relaxation of the spin components p
allel to the mean field.

^Sfz& and ^Snz& are the relative magnetization of Fe an
Ni, respectively:

FIG. 1. Temperature dependence of the relative magnetiza
of Ni ~solid line! and Fe~dashed line! in Fe3Ni.
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mf ,n5^Sf ,nz&5
1

N (
k

H SSf ,n1 1

2D cothF SSf ,n1 1

2DbEkG
2
1

2
cothS 12 bEkD J , ~28!

where Sf52 and Sn50.5. For the magnetization/atom w
obtain

M ~T!5 1
4 ~3mf1mn!. ~29!

IV. NUMERICAL RESULTS AND DISCUSSION

First we have calculated the temperature dependenc
the relative magnetization of Fe and Ni in Fe3Ni and of the
magnetization/atom of Fe3Ni with following parameters:
Jfn50.0316 eV, Jf f520.009 95 eV, Jnn50.0158 eV,
D050.017 eV,D150.3 eV which were obtained by fitting
the curves of Moruzzi.6 The results are shown in Figs. 1 an
2, respectively.

We will compare the longitudinal spin fluctuation
~LSF’s! and the spin-wave contribution to the magnetizat
M (T). M (T) is plotted in Fig. 3, where curve 1 is calculate
taking into account spin waves and LSF, whereas curve
calculated with spin waves only. One can see that LSF
spin waves equally influence the temperature dependenc
the magnetizationM (T). If we neglect the LSF, then we

FIG. 2. Temperature dependence of the magnetization/atom
Fe3Ni.

FIG. 3. Temperature dependence of the magnetizationM (T)/
M (0) taking into account~1! LSF and transverse spin waves~2!
only spin waves.
of

is
d
of

obtain curve 2, which decreases much more slowly than
perimentally obtained.28,29 The spin waves are therefore n
enough to account for the anomalous temperature varia
of the magnetization. The conventional explanation for
observed behavior is that there are additional ‘‘hidden’’ e
citations which participate in reducing the magnetizatio
One possibility is that the~transverse! spin-wave excitations
couple to the longitudinal spin-wave energies.M (T)/M (0)
increases againstT/Tc with increasing Ni concentration fo
Fe-Ni alloys, in agreement with the experimental data.30 In
Fe50Ni50, which has no Invar effect, we obtain good agre
ment with the experimental data taking into account only
influence of the spin waves. The contribution of these ‘‘h
den’’ excitations on the spin dynamics of Fe-Ni Invar allo
which may help to explain the Invar anomaly will be di
cussed elsewhere.31

A way of displaying pertinent phase information is
show total energies versus volume~or RWS!, or lines corre-
sponding to minimum energies for fixed volumes. Althou
the case of fcc Fe has received theoretical attention bef
we want to begin with this case. This will set the stage

of
FIG. 4. Zero-magnetic field total energy vs Wigner-Seitz rad

RWS for bcc and fcc Fe~T50! in different magnetic structures: NM
nonmagnetic; FM, ferromagnetic. In the fcc form, the NM phase
stable forRWS<2.65 a.u. and the HS phase is stable forRWS>2.67
a.u.

FIG. 5. Zero-magnetic field total-energy fixed-spin-moment
sults for Fe3Ni vs RWS~T50!. The instability is induced by the
crossing of the LS and HS total-energy branches. The dashed c
is an assumed antiferromagnetic branch, which is required to
plain the initial negative low-temperature expansion in Invar.
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55 14 315LOCALIZED-MAGNETIC-MOMENT THEORY OF Fe-Ni INVAR
our results concerning Fe3Ni which we will contrast with
those of fcc Fe. Figure 4 shows the zero-field total ene
Ek
f with Jq

f n5Jq
nn50 of bcc and fcc Fe in different magnet

structures~NM represents nonmagnetic and FM represe
ferromagnetic! as a function of the Wigner-Seitz radiusRWS,
which is used as a measure of the volumeV5(4p/3)RWS

3 .
The results are in agreement with those of Moruzzi.8,32 It
should be noted that Uhlet al.19 obtain for fcc Fe a lower
value ofE as compared to bcc Fe. This is known to be
LDA defect that disappears in Moruzzi32 and in our work. It
can be seen from Fig. 4 that the magnetic structure depe
sensitively on the volume. Our calculations give loca
stable configurations at 2.61,RWS,2.65 a.u. and at
2.67,RWS,2.72 a.u., which are in agreement with neutro
diffraction experiments ong-Fe precipitates in copper.33,34In
the fcc structure, the NM phase is stable forRWS<2.65 a.u.
and the HS phase is stable forRWS>2.67 a.u.

We will now consider stoichiometrically ordered Fe3Ni as
a ‘‘model’’ Invar system even though we know that tru
Invar is chemically disordered and has a slightly differe
stoichiometry. The calculation yields the zero-field results
Ek shown in Fig. 5 with increasing volume~or RWS!. We
find that the total energy must be represented as two sep
but crossing branches with a discontinous magnetic mom
at the crossing. The magnetic instability is indicated by
crossing of the LS and HS total-energy branches becaus
system can be in either magnetic state with no chang

FIG. 6. Thermal evolution of the two branches of the LS and
states for Invar: solid line,T5100 K points, 177 K dashed line, 20
K. The LS and HS states merge atT'177 K.

FIG. 7. The temperature dependence of the relative volu
change due to different magnetic field values dashed line,R50.945
mT; points, 0.63 mT; solid line, 1.26 mT.
y

s

ds

-
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e
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energy. The dashed curve is an assumed antiferromag
branch, as reported in the works of Moruzzi,6 which is re-
quired to explain the initial negative low-temperature th
mal expansion in Invar. The existence of such a spin stat
experimentally still not established. Therefore, it would
not considered by the investigation of the state behavio
different temperatures. The two branches are physically s
lar to the Weiss 2g-state Invar model.4 The resulting insta-
bility occurs at a volume below the absolute energy mi
mum which corresponds to the HS state. Because this
two-component system, the situation is more complica
than in elemental fcc Fe~Fig. 4!. For small volumes the
system is in a nonmagnetic state. At a Wigner-Seitz radiu
RWS52.46 a.u., the LS state starts and is found as a sin
minimum in the total energy versusRWS. The HS state ap-
pears atRWS52.52 a.u. In the volume rangeRWS52.52–2.58
a.u., we found coexistence of both the LS and HS states.
E(V) curve describing this two-phase region has two mini
at the respectiveRWS. ForRWS.2.58 a.u., the LS state dis
appears and only the HS solution remains. The equilibri
volume is found at aboutRWS52.6 a.u., where only the HS
state exists. Note that the difference in energy between
HS and the LS state is about 1.1 mRy, implying a charac
istic Invar temperature of about 170 K. Thus, with increas
temperature a plausible explanation for the Invar behav
results. Figure 5 shows zero-magnetic-field results for

e

FIG. 8. Dependence of the magnetization/atom on the Ni c
centration for different temperature values:~1! T5300 K, ~2! 350
K, ~3! 400 K, ~4! 450 K.

FIG. 9. The thermal expression coefficientam as a function of
the temperature for different Ni concentration values,x: ~1! x50.35
at. %, ~2! x50.40 at. %,~3! x50.45 at. %.
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total energy being in good agreement with other works.6,7,36

The FM ground state of Fe3Ni has a larger volume than th
NM state which lies slightly higher in energy.

With increasing temperature we find that the LS and
HS states come closer and finally merge atTc ~Fig. 6!. At
low temperatures the HS high-volume branch determines
ground state. At higher temperatures the LS low-volu
branch determines the ground state. A similar behavior
the free energy was found by Moruzzi.9 The minimum of the
HS state remains nearly at the sameRWS, whereas the mini-
mum of the LS state shifts to higherRWS values. It is clear
that the LS state is attended not only with variation of t
energy minimum, but with change of the equilibrium prim
tive cell volume, too, where the energy as a function of
relative volume atT5const has a minimum. At temperature
about 0.7Tc this volume occurs commensurable with t
equilibrium value of the HS state atT50. On the other hand
at this temperatureT there exists a maximum in the magne
contribution to the thermal expansion coefficientam ~see Fig.
9!. That is why we make a guess that the variation of
equilibrium parameter of the crystal lattice for LS in relatio
to this for HS is the reason for presence of peculiarity in
thermal behavior of the Invar alloy.

In Fig. 7 is shown the temperature dependence of
relative volume change due to different magnetic field v
ues. With increasingh the minimum shifts to higherT values
and smallervm values. The reason of such behavior is t
influence of the field onTc , on the one hand, and on th
magnetic moment value, on the other hand.

Finally we have made some calculations for the al
FexNi12x, too. Evidence for the magnetic origin of Inva
behavior is provided by Fig. 8 which shows the concent
tion dependence of the magnetization/atomM in Fe-Ni al-
loys. In agreement with Yamada and Nakai,35 and Williams
et al.36 Invar behaviour is confined to concentrations ne
'35%, where we see a dramatic deviation of the magnet
tion from the Slater-Pauling curve. The maximum shifts
smaller Ni concentrations with decreasing temperatureT.
With increasingT the magnetic moment decreases. Figur
shows the temperature dependence of the thermal expan
coefficientam , which is the derivative ofvm , for different
Ni-concentration values. These are in very good agreem
with the experimental data. The largest changes are at
peratures about 0.7Tc , which corroborates that mentione

FIG. 10. The energy for the LS state, with prime, and for the
state, without prime, as a function of the Ni concentration for d
ferentT values:~1! T5100 K, ~2! 177 K, ~3! 200 K, ~4! 230 K.
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above, that the magnetic volume effects of the conside
Invar alloy are important atT'0.7Tc ~see Fig. 6!. Obvi-
ously, the influence ofam at temperatures near and specia
above Tc is small. Therefore the Invar alloys show th
anomaly only forT,Tc . At higher Ni concentration, the
magnetic contribution to the thermal expansion decrea
The concentration dependence of the energy of the two
states LS and HS is plotted in Fig. 10. The curves show
maximum, whereas the LS states have, besides this, a m
mum in a small Ni concentration interval from'0.35 to 0.4
at. % Ni for temperatures aboveTHS→LS . This peculiarity
determines the magnetic ordered state of the system. In
11 is plotted the energy difference between LS and HS s
as a function of the alloy concentration for different tempe
ture values. At temperatures aboutT'0 K for all concentra-
tion values, HS is the only stable state. For higher tempe
tures a competition appears between LS and HS, and
temperature of the transition HS→LS is different for differ-
ent concentration values. For Ni concentration,x1'0.35
at. % of the alloy the temperature at whichEHS is equal to
ELS is aboutT'170 K.

V. CONCLUSIONS

Using a Green’s function technique for localized ma
netic moments coupled to the lattice degrees of freedom,
have studied the moment-volume instability in Invar alloy
The total energy is calculated as a function of volume, m
netic moment, and alloy concentration incorporating bo
longitudinal and transverse spin fluctuations. For orde
Fe3Ni the total energy as a function of volume consists
two separate but crossing branches corresponding to the
and HS states, with a discontinuous magnetic moment at
crossing. With increasing temperature we find that the
and the HS states come closer and finally merge at a cri
temperature. In addition, the temperature dependence o
relative volume changevm in the presence of an externa
magnetic field has been obtained. Furthermore we have ta
into account off-stoichiometric concentration of the allo
system FexNi12x. With increase of the Ni concentrationx,
vm increases too. The thermal expansion coefficientam and
the energy difference between the LS and the HS state
function ofT andx are discussed. The theoretical results a
in good agreement with experimental data.

-
FIG. 11. Energy difference between the LS and the HS sta

ELS2EHS, of the Fe-Ni alloy as a function of the Ni concentratio
for different temperatures:~1! T50 K, ~2! 130 K, ~3! 170 K.
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