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NMR spectra for a nested Fermi-liquid model

D. Djajaputra and J. Ruvalds
Department of Physics, University of Virginia, Charlottesville, Virginia 22903

~Received 18 December 1996!

The anomalous NMR relaxation rate and Knight shift in the YBa2Cu3O7 superconducting state contrast
notably with conventional BCS theory fors-wave energy gap models. Ad-wave energy gap on a nested Fermi
surface with a large gap ratio 2D0'11Tc fits the data and is explained by using atemperature-dependent
pairing interaction. A spin fluctuation pairing mechanism involves the susceptibility, which develops aT
variation from electron collision damping. A superconducting energy gap reduces the damping belowTc ,
enhances the susceptibility, and therefore strengthens the pairing at lowT. @S0163-1829~97!01422-7#
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The first indication of d-wave symmetry for high-
temperature superconductors came from the NMR relaxa
data on cuprates which is much different from the stand
BCS theory that explains conventional superconductors.
taokaet al.1 noted that the low-temperature relaxation ra
1/T1 follows aT

3 variation that is consistent with ad-wave
gap, in contrast to the exponential decrease associated
an isotropic BCS state. Near the transition temperatureTc ,
the cuprates do not show the Hebel-Slichter~HS! peak which
is a hallmark of isotropic pairing in ordinary supercondu
ors. Furthermore, a mysterious large energy gap r
2D0'11Tc is evident in various cuprate data, which far e
ceeds the traditional BCS formula 2D053.53Tc . These pri-
mary cuprate features are shown in Fig. 1 by the Cu NM
relaxation in YBa2Cu3O7 ~YBCO! measured by Martindale
et al.2

The present work explores the above anomalies wh
also differ from standardd-wave analyses of the NMR spec
tra of cuprates. We explain the cuprate gap anomaly and
T variation of the NMR relaxation and Knight shift in term
of a spin-fluctuation pairing interaction with a surprisingT
variation that is attributed to damping by electron collisio
on a nested Fermi surface.3 The susceptibility is reduced
aboveTc by damping, whereas it is resurrected at lowT by a
superconducting energy gap that depletes available elec
scattering states. We show that realistic collision strength
a nested Fermi surface yield an enhanced spin susceptib
at low temperature, which increasesd-wave pairing at
T50 in comparison to the coupling atTc .

The NMR relaxation rate is related to the spin susce
bility by4 (T1T)

21 5(1/N)(quFqu2x9(q,v0)/v0 whereFq
contains the hyperfine coupling andv0'10 MHz is a typical
low frequency used in NMR experiments. The lowest-ord
spin susceptibility is5,6

x~q,v!5 (
k,s1 ,s2

S s1As

N D th~Ek/2T!2sth~Ek1q/2T!

v1s1Ek1s2Ek1q1 id
,

~1!

wheres52s1s2 , with s1 ,s2561, and

As5
1

4H 11sS ekek1q1DkDk1q

EkEk1q
D J . ~2!
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The energy dispersionek is related to the superconductin
state energyEk51Aek

21Dk
2. The gap is obtained from the

BCS gap equation

Dp52E d2k

~2p!2
V~p2k!

th~Ek/2T!

2Ek
Dk , ~3!

whereV(p2k) is the electron pairing interaction. The lim
iting behavior of the gap asT→0 and T→Tc leads to a

FIG. 1. The Cu NMR relaxation rate of YBCO measured
Martindaleet al. ~triangles! displays the anomalous drop in the s
perconducting state that is far below conventional BCS theories
isotropic gap yields a large HS peak shown by the dotted cu
even for a density of states smeared by a dampingG50.2Tc ; the
anisotropics-wave gapDa}ucos(2f)u gives the dot-dashed curv
and the standardd-wave model for an anisotropic Fermi surfac
yields the dashed curve. The solid curve is calculated fo
d-wave gap on a nested Fermi surface usingm50.9, and56.3, and
bnd51.3.
14 148 © 1997 The American Physical Society
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55 14 149BRIEF REPORTS
phenomenological form for the temperature variation of
gapD0(T) 5 aiTcth(biATc /T21),7 which gives the stan-
dard coefficients for an isotropics-wave gap,as51.76 and
bs51.74, in this weak-coupling limit. The convention
d-wave analysis for an isotropic Fermi surface and a g
Dd5D0(T)cos(2f), wheref is the polar angle ink space,
yieldsad52.38 andbd51.65.

Assuming a constant form factor, the Cu NMR relaxati
rate follows from the small-v approximation of the suscep
tibility which gives

1

T1
5

pF2

4 E
2`

`

dE$N2~E!1M2~E!%sech2S E2TD , ~4!

where N(E)5(1/N)(kd(E2Wk) and M (E)
5(1/N)(k$d(E2Wk)(Dk /Wk)%. Here Wk5Ek$Q(ek)
2Q(2ek%.

The standard BCS isotropic gapD creates a square roo
singularity in the density of states which combines with t
coherence factors to generate a prominent HS peak in
NMR rate as shown by the dotted curve in Fig. 1. The c
ventionald-wave gapDd5D0cos(2f) analysis~dot-dashed
curve! is also higher than the experimental points, and yie
a logarithmic singularity in the density of states~DOS! that
produces a small peak belowTc . This peak persists eve
though the coherence factorM (E) vanishes because of th
sign change in the order parameter. An anisotropics state of
the simple formDa5D0ucos(2f)u ~dashed curve! has a non-
vanishingM (E) and consequently pushes the relaxation r
higher than the correspondingd-wave result.

The T2 variation of the (T1T)
21 data in Fig. 1 at low

temperature favors ad-wave gap with a surprisingly larg
magnitude. At lowT, the conventionald-wave analysis
yieldsT1(Tc)Tc /(T1T)'(p2/3)(T/D0)

2 which can be used
to extractD0 . Earlier fits to NMR data8–10,1 also require
large energy gap estimates. Evidence for a larged-wave en-
ergy gap in cuprates is provided by the break-junction t
neling spectra of Bi2212~Ref. 11! and Raman spectra.12

We consider a model energy bande(k)
5vF$ukxu1ukyu%, which gives a perfectly nested Fermi su
face. This dispersion is defined in the first Brillouin zone a
continued periodically to other zones. Nesting yields3 the
anomalous linear frequency variation of the quasipart
damping which characterizes most of the high-tempera
superconductors. Photoemission evidence for nesting in
prates has been discovered by Shenet al.13

Assuming a modeld-wave gapDd5D(ukxu2ukyu) we ob-
tain a superconducting density of states (v5p/a[1,m5
Fermi energy!

Nnd~E!5(
i51

5 uE2mu
Dp2 h iQ~E2Ei21!Q~Ei2E!, ~5!

where h15arccos(B1/D), h25h11arcsin(B2 /D), h3
5p/2, h45arcsin(DC1 /D), h55arcsin(DC2 /D), and

B65D2m6A~11D2!~E2m!22D2m2, ~6!

C15m1A~11D2!~E2m!22D2m2, ~7!
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C25~22m!2A~11D2!~E2m!22D2~22m!2, ~8!

D5~11D2!uE2mu. ~9!

The region limits are E050, E15m(12D), E2
5m$12AD2/(11D2)%, E35m(11D), E45m
1A(12m)21D2, andE552. As shown in the inset of Fig.
2, this density of states does not have a singular peak wh
is important for the HS peak structure. The finite peaks of
DOS are located atuE2mu 'mD, the effective gap, which is
the maximum value of the gap over the Fermi surface, a
not at D which is the maximum over the whole Brillouin
zone. At low T, this model gives T1(Tc)Tc /(T1T)
'(p4/12)(T/mD)2 and a fit to the YBCO data in Fig. 1
requires a large gapmD(T50)55.7Tc .

Independent evidence for a large gap in YBCO is ava
able from the Knight shift, which is given by

K~T!

K~Tc!
5

È2`

dENnd~E,D!sech2~E/2T!

4TcNnd~m,D50!
. ~10!

Using the same gap function as in the previous NMR
we compare the theoretical fit with the YBCO Knight shi
data of Barrettet al.14 in Fig. 2. The reasonable fit of the
nestedd-wave model using the sameand andbnd implies that
the gap variation is the dominant contributor to the expe
mental points, since the Knight shift measures the respo

FIG. 2. Knight shift data on YBCO exhibits a decrease belo
Tc that is lower than conventionald-wave models with isotropic
energy bands~dashed curve!. The solid curve is calculated for the
nesting model using the sameand andbnd gap parameters that fit the
NMR data. The different behavior of the densities of states in
two models is shown in the inset usingD50.08 ~solid! and
D50.04 ~dashed! for the nested and isotropic models, respective
The two curves are scaled so as to give the same normal densi
states at the Fermi energy.
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in the limit of long wavelengths and negligible frequenc
where self-energy and vertex corrections toK(T) cancel.6

The decrease inK(T) confirms singlet spin pairing in cu-
prates. The remarkable large gap is compared to the conv
tional forms derived by Grosset al.7 in Fig. 3: The triangles
are extracted from the NMR relaxation data and the squa
represent points estimated from the Knight shift.

The solid curve in Fig. 3 is the gap function that we use
fit the NMR data. We propose that the nested topology of t
Fermi surface can explain the large gap ratioD(0)/Tc within
the weak-coupling spin fluctuation exchange theory. Using
Hubbard model Hamiltonian, with the on-site Coulomb re
pulsion U, the lowest-order pairing interaction is obtaine
from the product of two spin susceptibility contributions i
the formVd(p2k)} U3$x8(p2k)%2. Berk and Schrieffer15

originally found that this mechanism opposesd-state pairing
in metals with a free electron dispersion. Scalapinoet al.16

obtained a weak attraction in thed-wave channel for a tight-
binding model in lowest-order and they argued that the ra
dom phase approximation~RPA! series for the susceptibility
will enhance x, and consequently elevate the pairin
strength when the system is close to an antiferromagne
instability defined byUx8'1. Nesting of the Fermi surface
enhances thed-wave pairing to the point that the leading
order spin-fluctuation terms can giveTc'100 K for an orbit
topology that resembles the Bi2212 superconductor.17 Pair
breaking due to the quasiparticle scattering lifetime has be
argued to suppress the superconductingTc.

18

Our analysis considers a temperature-dependent pair
interaction originating from the large self-energy contribu
tion to the renormalization of the spin susceptibility. Con

FIG. 3. Using the nesting model the energy gap in YBCO
estimated from the NMR data by triangles and the Knight shift da
by squares. Much smaller values of the gap are predicted b
standard BCS isotropic gap~dotted curve! and conventional
d-wave theories for isotropic energy bands~dashed curve!. The
present fit for the NMR data is shown by the solid curve.
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sider an effective interactionV(q)5U(T)( jd(q2Qj ),
whereQj56(m,6m) in the gap equation~4!. Assuming the
model band dispersion and gap function withd-wave sym-
metry as presented before, we can obtain an approxim
relation Dc(T50)/Tc'2U(T50)/U(Tc) if the system is
sufficiently removed from half-filling.Dc is the magnitude of
the d-wave gap at the corners of the Fermi surface. T
previous NMR analysis suggests a gap ratioDc'6Tc which
then requires that the pairing coupling atT50 be roughly 3
times greater than its value atTc . The spin susceptibility
therefore needs to increase at lowT to reach
x8(T50)'A3x8(Tc). This radical change is unexpected
previous calculations of susceptibilities for tight-bindin
models.

The nested property of the Fermi surface has been kn
to generate the anomalous dampingG5av which sup-
presses the susceptibility in the normal state.3 Thus elimina-
tion of scattering states by ad-wave superconducting energ
gap decreases the damping and thereby enhances the su
tibility at T50. We examine this idea for the nesting mod
which gives the lowest-order susceptibility

xnd9 ~Q,v!5
p

2
NndS v

2 D thS v

4TD . ~11!

We approximate the collision damping within the Born a
proximation, and obtain a model that represents the phys
ingredients caused by ad-wave gap; i.e., we take19

Gnd~v!5aH uvu3

9D2 Q~3D2uvu!1uvuQ~ uvu23D!J ,
~12!

wherea'1 is the magnitude estimated from optical spec
of cuprates. Including the self-energy contributions to t
susceptibility gives a renormalized real part

xnd8 ~Q,v,T!5ReE Nnd~v8!th~v8/2T!dv8

v12v81 iG~v,v8!
, ~13!

FIG. 4. Real part of the spin susceptibility for a nested Fer
surface shows the surprising increase belowTc that explains the
anomalous energy gap ratio estimated for YBCO from the NM
data when the damping coefficienta51 ~solid curve!. The dashed
curve shows the susceptibility for weaker damping witha50.5.
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with G(v,v8)5Gnd(v8)1Gnd(v1v8).
A numerical integration yields the susceptibility shown

Fig. 4 for the casev50. A value of a51 yields an en-
hanced susceptibility atT50 whose magnitude is quite sui
able for explaining the large gap value in cuprates by t
spin fluctuation mechanism. The sensitivity ofx8 to the
damping strength is illustrated fora50.5 in Fig. 4. Calcula-
tions for finite frequency support the general trends show
Fig. 4. Contributions from the real part of the self-energ
vertex corrections, and the dependence of the response o
Fermi energy will be examined in future work. It should b
noted that the RPA series will further enhance the susce
bility at T50 relative toTc .

Numerical computations for tight-binding models with
Hubbard interaction by Monthoux and Scalapino20 and Pao
and Bickers21 have generated a large energy gap whose
gin is attributed to the pair-breaking terms from their ele
tron self-energy model. These calculations use an effec
interaction with a RPA enhancement whose value is fix
very close to a spin density wave~SDW! instability. How-
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ever, their computed susceptibilities show only a small te
perature variation, in contrast to our results.

Several groups have proposed phenomenological form
the quasiparticle damping as another explanation for the s
pressed Hebel-Slichter peak as discussed by Tewari
Ruvalds.22 Tewari and Ruvalds have found that Fermi-liqu
damping with realistic magnitudes cannot remove the
peak for ans-wave gap, although a significant reduction
possible.

The association of the large gap value at zero tempera
with the quasiparticle damping shows how the electron c
lisions reduce the transition temperature to the 100 K reg
found in cuprates. Reduced damping could accordingly
expected to lead to a room-temperature superconductor,
viding that thed-wave pairing mechanism remains intact.
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