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Double transitions in the fully frustrated XY model
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The fully frustratedX'Y model is studied via the position-space renormalization group approach. The model
is mapped into two coupledY models, for which the scaling equations are derived. By integrating directly the
scaling equations, we observe that there exists a narrow temperature range in which both the vortex and
coupling charge fugacities grow large, suggesting double transitions in the system. While the transition at
lower temperature is identified to be of the Kosterlitz-Thouless type, the higher-temperature one appears not to
be of the Ising universality clasgS0163-182¢07)03331-4

The two-dimensional2D) fully frustrated XY (FFXY) double transitions in the Coulomb gas system of half-integer
model, which was originally proposed as X version of  charges?**®which is believed to be in the same universal-
the magnetic systems possessing frustration withouity class as the ERY model. In particular, the higher-
disorder is now well known to describe the superconduct-temperature transition has been found to be of the different
ing array under an external transverse magnetic field with theniversality class from the pure Ising otesuggesting that
magnetic flux per plaquette given by half a flux quantum.  the non-Ising exponents of the Ising-like order parameter
this model there exists a discredg symmetry in addition to may not be regarded as evidence for the single transition.
the continuoudJ(1) symmetry. The latter is inherent in the High-precision Monte Carlo simulations of the X¥
XY model, related to the global rotation of the spinsmodel* has also led to two transitions at slightly different
(phasey the former, introduced by the external magnetictemperatures. Further, the chirality-lattice melting transition
field, describes the twofold degeneracy associated with that the higher transition temperature was suggested to belong
two types of the chirality ordering. Naturally, th®, sym-  to a new universality class rather than to the Ising one. On
metry together with the (1) symmetry leads to the interest- the other hand, the recent argument that the previously ob-
ing possibility of the two kinds of phase transitions: a tained non-Ising exponents are artifacts of the invalid scaling
Kosterlitz-Thouless(KT) type transition and an Ising-like assumptiof? has raised another controver<y.
one. Here we investigate the phase transition of the 2D

Since the observation of the KT-like and the Ising-like FFXY model on a square lattice via the position-space RG
transitions at very close, if not equal, temperatiresten-  study. We use the decomposition of theX’F model into
sive work$~*°have been performed to investigate the phaséwo coupledXY models, for which the Kosterlitz-like RG
transition in this system. Still the nature of the phase transiprocedure yields the scaling equations. We integrate the scal-
tion is rather inconclusive, and in particular, there exists coning equations directly from the parameters corresponding to
troversy as to whether the two kinds of transitions occur athe original FEXY model, and reexamine in detail the renor-
the same temperature or separately at two different temperanalization procedure. In particular, we observe the renormal-
tures. Renormalization groufRG) approacheshave given ization behavior of the vortex fugacity which diverges above
results consistent with a single transition which is a combithe KT-type vortex unbinding transition temperature and that
nation of a KT-like one for spins and an Ising-like one for of the coupling charge fugacity which diverges below the
chirality. In the generalized uniformly frustrate@Y model, Ising-like transition temperature. It is found that there exists
where the frustration is varied by changing the negative bon@d narrow temperature range where both fugacities grow
strength it has been concluded that the two transitionslarge. This reveals that the two transitions occur at slightly
merge into a single transition in the fully frustrated case.different temperatures, which is consistent with the existing
Similar conclusion was reached in the Monte Carlo study ohumerical result$?~*°
another generalized mod®While the FFXY model was also The uniformly frustratedXY model is described by the
argued to be equivalent to a superconformal field theory oHamiltonian
central charg§ec:=3/2,6 subsequent Monte Carlo transfer-
matrix studie$ appear to yield larger values of the central _
charge and critical exponents which differ significantly from AHo= K°<§‘,> COL = s = A1), @)
those of a pure Ising model. These exponents are in agree- o _ _
ment with those on the single transition line of the coupledWhereKo=pBJ=J/kgT with J being the coupling strength,
XY-Ising modef which suggests a single transition of a new ¢ is the angle of th&X'¥ spin at siter, andA,,, is the bond
universality class in the BFY model. This single-transition angle such that the plaquette sum is constant over the whole
scenario has also been favored by Monte Carlo simulationkttice:
of the FFXY modef'°and of the couple& Y-Ising model**

In contrast to this single-transition scenario, finite-size 2 A, =2mf,
scaling analysis of Monte Carlo results has demonstrated P
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with f=1/2 in the fully frustrated case. The Hamiltonian in D D 2 A2
Eq. (1) also describes the Josephson junction array under a —BH=K > [cog 6"~ 6;)) +cog 67~ 6,7)]

transverse magnetic field in the high-capacitance limit, ()
where ¢, corresponds to the phase of the condensate wave D o2
function at siter and the bond angla,, . is given by the line +h2r cog2(6,7 = 6;7) ], 2

integral of the vector potentia:
where the effective interactiok and the mode-coupling
field h depend on the original coupling, in Eq. (1) via the
relations K=K,/\2 and h=2Kj. Note that the mode-

B r’ coupling term in Eq(2) leads to twofold degenerate ground
A1 = %fr A-dl. states, in addition to the continuous degeneracy due to the

global rotation, according to the parallel or antiparallel ar-
rangement of¢™ and ®). We thus expect an Ising-like
transition associated with the coupling betweef? and

By constructing the corresponding Landau-Ginzburg-Wilsong(?), as well as the KT-type transition yielding quasi-long-

Hamiltonians, one can demonstrate that theX®¥Fmodel range order for bott#*) and 62

may be decomposed into two couplEd models described The dual transformation allows us to write E@) in the

by the Hamiltoniarf form of a Coulomb gas Hamiltonidn®
—BH=7K S | m(R)In[——|m(R")+n(R)In|———|n(R") | +2m(K-K) S m(R)In|——|n(R")
R#R’ R#R’
2 r—r’ ~
= 2 q(nlnl——a(r)+2i 2, gnO(r=RIMR)—n(R)]+Iny %, [M*(R)+n*(R)]+Iny 2 (),
re#r’ r r

3

wherey andy denote the vortex fugacity and the coupling repeated here. The resulting scaling equations to the lowest
charge fugacity, respectively, aikl represents the position order in the vortex fugacity and the coupling charge fugac-
of the dual lattice site. The functio®(r) is given by ity ¥ read®

= 1 = dK ~
O(r)=tan “(y/x) for r=(x,y), m=—4773[K2+(K—K)2]y2+47-r'372,
and the vortex chargas(R) andn(R) as well as the cou-
pling chargeq(r) satisfy the charge neutrality conditions:

dK ~ -
ar = 4T KAy +8ay?,
2 mR)=2 n(R)=2, q(r)=0.
d
d_>|/ =(2—7wK)y,
In this dual representation, the Hamiltonian has been gener-
alized to include the off-diagonal coupling—K between
the two modes since such off-diagonal coupling is in general
generated during the process of renormalization. The original dy _ . —2:,)? @
model described by Edq2) corresponds to the case=K. dl wK |7’

From the Hamiltonian in Eq(3) one can derive the RG
equations by means of the position-space RG technique. Thehere the physical line corresponding to the originaKKF
procedure is entirely similar to that in Ref. 3, and will not be model is given by
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with 1,(x) being thenth modified Bessel function of the first
kind. As is well known, the KT-type transition temperature

Tr is given by the minimum temperature above WhIChcoupling charge fugacity at temperaturd =1.2860(in units of

the vortex fugacityy reno_rmahzes o infinity. Ab.OVé-KT' J/kg). The solid line and the dashed line represent the renormaliza-
consequently, free vortices condensate, which destroy:

quasi-long-range order in the system. Similarly, the Ising-t?On behaviors ofy andy, respectively.
like transition temperaturd . may be identified with the
maximum temperature below which the coupling chargewhich has been missed in the previous RG studliaspar-
fugacityy grows large as the renormalization proceeds. Herently suggests double transitions in the XSF system, in
large fugacity’y corresponds to strong coupling betweengood agreement with the recent numerical stutfe®
6 and 6'®, which results in the long-range order for chiral- ~ The lower-temperature transition is expected to be of the
ity. KT type since this transition concerns the breaking of the
The direct integration of the scaling equatidd$ shows quasi-long-range order in the phases, driven by vortex pair
that at temperatures beloWy; the vortex fugacityy de-  dissociation. It is, however, not exactly the same as the stan-
creases to zero while the coupling charge fugagitgrows dard KT transition. In the absence of the mode-coupling
large with the renormalization process; this indicates that thé&erm, each mode would undergo a KT transition with the
system possesses both the quasi-long-range order for phageyversal jump in the helicity modulus. This implies that the
and the long-range order for chirality. On the other hand, ajump in the original FKKY model is greater than the univer-
temperatures abovE,, the system is found to flow into a Sal one since the coupling in the original model is given by
fixed point of the large vortex fugacity and the zero couplingthe relationk ,= \2K. Here the coupling field tends to sup-
charge fugacity, which corresponds to the absence of botpress the jump, decreasing its value toward the universal
phase ordering and chirality ordering. Here it should bevalue. Notwithstanding this, the jump is not restored to the
noted that the scaling equatiof® are accurate only up to universal one, resulting in the nonuniversal jump greater than
the lowest orders in the fugacities and that they cannot dethe universal one. This nonuniversal jump was widely
scribe exact renormalization behavior as the fugacities bepointed out in existing work3?*?~4Interestingly, the nature
come large. Further, it is practically impossible to prove nu-of the intermediate phase in the two coupk¥ model also
merically divergence of the fugacity. As a criterion for suggests the possibility that the higher-temperature transition
divergence, a cutoff for the fugacities is thus introduced andissociated with the chirality ordering may not be of the
the fugacity is regarded as divergent if it grows steadily topure Ising type. In the intermediate phase, the mode-
the cutoff with the renormalization. Setting the cutoff equalcoupling field arranges the two modés? and 6 to be
to unity, we obtain 1.285%Ty;<<1.2858 and 1.2864 parallel or antiparallel to each other; still there is no
<T,<1.2865 in units ofl/kg . These values of the transition phase ordering in each mode. Accordingly, the parallel or
temperatures depend rather insensitively on the values of thentiparallel arrangement of the phase at one site is more
cutoff. In particular, it has been confirmed that the nature obr less independent of the arrangement at other sites.
the phase transition does not depend on the precise value This phase is clearly different from the ordered phase in the
the cutoff. usual Ising model, which appears to suggest non-Ising be-
It is thus concluded that the RFY model exhibits the havior of the higher-temperature transition in the X/F
ordered phase beloWy; and the disordered phase above model.
T.. Note thatTgr is lower thanT, which raises a question In summary, we have studied the phase transition of the
as to the nature of the phase at temperatures betWgen fully frustrated XY model through the use of the position-
andT,. Figure 1 displays the renormalization behaviors ofspace renormalization group technigque. We have used the
the vortex fugacity and of the coupling charge fugacity atdecomposition of the fully frustrateXXY model into two
temperatureT=1.2860. It is evident that both fugacities coupledXY models, which may be justified by constructing
grow large in a steady manner, indicating that in spite of thehe Landau-Ginzburg-Wilson Hamiltonians. The direct inte-
absence of phase ordering, chirality ordering still persists. Igration of the scaling equations derived for the two coupled
is found that these behaviors of the fugacities are ubiquitouXY models has shown that a Kosterlitz-Thouless type tran-
at all temperatures betwedry and T.. This observation, sition and an Ising-like one occur at different transition tem-

FIG. 1. Renormalization curves of the vortex fugagitgnd the
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peratures. The intermediate phase, which exists in a narromodulus while the higher-temperature one displays non-
temperature range between the two transition temperaturetsing critical behaviors.

is characterized by the absence of the gpimase order and
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