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Why phantom nuclei must be considered in the Johnson-Mehl-Avrami-Kolmogoroff kinetics
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In the Johnson-Mehl-Avrami-Kolmogoroff theory, the concepts of phantom nuclei and extended space,
which caused not a little confusion among investigators, is anunavoidableaccident of the theory. A straight-
forward mathematical derivation of that is presented. Besides, some interesting and important physical conse-
quences related to phantom nuclei have been investigated.@S0163-1829~97!07717-5#
nd
n
ff
th
el
to
re
-

g

he
ua
d

a
en
n

ch
Fu

a
ve

a

-

-
and

of a
a

at

ich
r
han-
-
of
ed
as a
, the
ts
gle
e
not
s
in-
on-
d in
been

cal
e of
it
ter,
1,
First-order phase transitions implying nucleation a
growth are often interpreted on the basis of a phenome
logical model known as Johnson-Mehl-Avrami-Kolmogoro
~JMAK! theory.1–3 Recently, some papers appeared in
literature in which the suitability of employing that mod
was put under criticism. In particular, it was claimed that
take into account the phantom nucleation leads to an ove
timation of the transformed phase.4 Even though this conclu
sion has been demonstrated to be incorrect,5,6 it induced Van
Siclen to find a derivation of the JMAK formula bypassin
the concept of extended volume and phantom nuclei.7 Once
definitely established that the JMAK formula is correct, t
thorough examination and clarification of some concept
points seem to be necessary so as to better understan
theory and the limits of its applicability.

In this paper we would like to close some gaps that V
Siclen’s work leaves open. Particularly, we focus our att
tion on the unavoidable role played by the so-called ‘‘pha
tom nuclei’’ in the kinetic expression. For the sake of sim
plicity, in the following, two-dimensional ~2D! phase
changes will be considered.

Let us consider an infinite surface whereN0 points per
unit area, which play the role of nucleation sites from whi
a 2D phase transition can start, are marked at random.
thermore, let us assume the nucleation kinetics

dN

dt
5N1d~ t2z1!1N2d~ t2z2!, ~1!

d being Dirac’s function,z2.z1 , andN05N11N2 . It goes
without saying that both site populations are distributed
random throughout the entire space. The growth law is gi
in the form r5r (t2zi) ~i51,2!, r being the island radius
due to unimpeded growth,t the actual time, andzi the birth
time of the cluster. According to Poisson’s distribution
time t.z2 , the probability a generical pointc will not be
transformed is equal to

P05e2~N1pr1
2
1N2pr2

2
!, ~2!

where r i5r (t2zi) (t.z2). This is also equal to the prob
ability that for t,z1 ~i.e., when all nuclei are turned off!, the
circles centered atc and having radiusr 1 and r 2 do not
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contain any of theN1 and N2 marked points, respectively
~Fig. 1!.8 The probability that the pointc belongs to the
transformed phase is

S512P0512e2~N1pr1
2
1N2pr2

2
!512e2Se, ~3!

Se being the ‘‘extended’’ surface.
It can happen that a growing cluster oftype 1captures one

nucleation site oftype 2before the latter starts growing. Un
der this circumstances the distance between the type-1
type-2 nucleation sites is lower thanr (z22z1). By defini-
tion, such an event can be regarded as the creation
phantom nucleation site. Let us calculate the probability
phantom cluster be created. Let the generical pointc be a
nucleation site of type 2. As usual, the probability that
least one point of type 1 lay in a circle of radiusr (z22z1),
centered at the type-2-selected site is

Qph512e2N1p@r ~z22z1!#2. ~4!

Incidentally, we note thatQph5S(z2). Equation~4! allows
one to evaluate the number density of phantom grains, wh
is Nph5N2Qph. Thus, once the nucleation law is given fo
the entire space where the phase transition takes place, p
toms are,in principle, unavoidable. To get rid of the phan
tom clusters, one can attempt to work out the computation
S by considering nucleation occurring only in the uncover
portion of the surface, as actually happens. Nevertheless,
result of the presence of borders between the two phases
probability the pointc will be transformed depends upon i
location on the uncovered surface and, therefore, a sin
distribution of probability does not exist for all points. Th
straightforward aforementioned statistical argument can
be applied any longer.9 The easiest way to solve the kinetic
is to restore the complete randomness of the system by
troducing phantoms. As a matter of fact, even in the dem
stration proposed in Ref. 7, phantoms have been include
the nucleation rate, because the Poisson distribution has
used.

The very importance of phantoms, in the mathemati
expression of the kinetics, is emphasized by the existenc
a constraint for the growth law of the clusters. Indeed,
happens that, for peculiar growth laws, a phantom clus
necessarily of type 2, might overtake the cluster of type
14 071 © 1997 The American Physical Society
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which covers it. For this to occur the growth law must satis
the conditionṙ (t2z1), ṙ (t2z2) that is met, for example, by
growth laws for which] ṙ /]t,0 holds.10 A kinetics that in-
cludes such events cannot be described through the JM
formula, for the above-reported statistical argument wo
be no longer applicable. To make the point clearer, let
rewrite Eq.~3! (t.z2) as

S5q1~12q2!1q2~12q1!1q1q2 , ~5!

whereqi512e2Nipr i
2

~i51,2! is the probability that at leas
one of the marked points~type i ! falls in a circle, centered a
c, of radiusr i . The first two terms@Eq. ~5!# are related to
cluster configurations wherec has been transformed eithe
by type-1 or type-2 clusters, while the last term includ
configurations where both type of islands coverc. The sec-
ond term on the right-hand side of Eq.~5! indicates that point
c could be transformed just because of the overgrowth
phantom clusters, that is, because of the ‘‘occurrence’’
unphysical events~Fig. 2!. It is worth noting that without the
concept of phantom clusters it would have been imposs
to find the limit of applicability of the kinetics, as far as th
growth law is concerned. A good discussion of this po
appeared recently in the literature.11

Finally, consider a 2D phase transition in which nuc
ation does not take place at preexisting nucleation sites. S
a situation is commonly encountered in the formation of t
films on solid surfaces, where clustering of adatoms occ
randomly in the uncovered surface.12 Again, we assume the
actual nucleation rate, per unit surface, to be in the form

dNa

dt
5N1,ad~ t2z1!1N2,ad~ t2z2!, ~6!

FIG. 1. Configuration for which thec point results untrans-
formed at timet.z2 . In fact, no solid symbols~type-1 nuclei! are
inside the circle of radiusr (t2z1) and no open symbols~type-2
nuclei! are inside the circle of radiusr (t2z2).
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whereNi ,a are surface densities andz1,z2 . By definition
theN2,a nuclei are distributed at random only on the unco
ered surface; consequently, the stationary condition to ha
Poisson process is not met. To apply Poisson’s distribu
the randomness on the whole surface must be restored
other words, not only has the nucleation to occur in the
covered surface, but even in the covered portion of the s
face att5z2 . This is done by using what one may define
local density of type-2 nuclei att5z2 : N2,a/[12S(z2)].
Therefore, Eq.~1! becomes

dN

dt
5N1,ad~ t2z1!1

N2,a

@12S~z2!#
d~ t2z2!, ~7!

with S(z1)50.
Now we can apply Poisson’s probability to obtain th

kinetics

S512expH 2pFN1,ar 1
21

N2,a

@12S~z2!#
r 2
2G J , ~8!

where the limit on the growth law, obviously, remains.
In conclusion, we showed that phantom clusters in JMA

kinetics not only are unavoidable, but, as a result of the
the limit of the theory can be easily found.

FIG. 2. Overgrowth of a phantom nucleus (t,z2) ~a! can give
rise to unphysical events in which thec point results transformed a
t.z2 ~b!.
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