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Optical spectra of hot alkali-metal clusters from the random-matrix model

V. M. Akulin,* C. Bréchignac, and A. Sarfati†
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We show that the experimentally observed spectra of optical absorption of sodium cluster ions can be
explained in the framework of the same random-matrix model, that has been employed earlier@Phys. Rev. Lett.
75, 220 ~1995!# for the ground-state properties of alkali-metal clusters. This approach reveals the effect of
cluster symmetry ‘‘on average’’ on the optical-absorption profiles, describes their temperature dependence, and
predicts the line shapes of two-photon absorption.@S0163-1829~96!06335-7#
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Traditional models of quantum chemistry and condens
matter physics work for metallic clusters ofN;10–1000
atoms are at the limits of their applicability. The central a
sumption of molecular physics, that is, adiabatic separa
of the electronic and nuclear degrees of freedom, fails
N*10, when a typical distance between neighboring el
tronic termsDE(a.u.);1/N becomes comparable or small
than a typical nonadiabatic interactionVna(a.u.);L, sug-
gested by the Born-Oppenheimer parame
L5(me /mat)

1/4;1/10. The concept of weakly interactin
quasiparticles central to solid-state physics fails, in turn,
small clusters ofN&1000 atoms, when the mean free path
the electronsl f(a.u.);L21;10 exceeds a typical cluster ra
dius R(a.u.);N1/3, and the electron-phonon interaction n
longer results in a homogeneous broadening of the exc
electronic states. In particular, the optical absorption profi
calculated in the frameworks of the standard molecular1 and
solid-state2 approaches for alkali-metal clusters ofN;20 at-
oms deviate considerably from the experimentally observ3

line shapes, and this difference increases when the clu
size moves off the limits of applicability of the models.

In the present paper we show that a conceptually sim
random-matrix model4 fills the gap between consistent m
lecular and solid-state descriptions of the optical-absorp
spectra for the alkali-metal clusters of 10,N,1000 atoms.
It not only yields the correct positions of the spectral line
but also allows one to simulate the line shapes, and the
reveal information about the structure of clusters hidden
the profiles of their optical absorption. Transformation of t
optical spectra with an increase of temperature5 finds its ex-
planation as well. Moreover, the model allows one to find
two-photon line shapes.

Our approach is applicable to ensembles of vibration
excited clusters including different possible isomeric mod
cations. It involves, considering the problem in a basis
separable electronic and vibrational states. At finite temp
tures each of the clusters has an individual electronic Ha
tonian Ĥ which depends on the particular vibrational sta
due to the electron-vibrational interaction. The model rel
on the average HamiltonianĤ0 of the ensemble and trea
nonadiabatic deviationsV̂ of the individual HamiltoniansĤ
from Ĥ0 as a random perturbation. We therefore consider
problem in two steps. For an ensemble of clusters of a gi
sizeN we first find the average Hamiltonian in framework
550163-1829/97/55~3!/1372~4!/$10.00
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a reasonable model, and than we calculate the photoabs
tion spectrum of the ensemble with the help of the transf
mation rule6 for the spectra of quantum systems perturbed
a random matrix.

We take as an example the Na21
1 cluster ion, which has

closed electronic shell structure, and therefore in the gro
state it does not experience the spontaneous deformatio
sulting from the Jahn-Teller instability7 of electronic clouds.
In Fig. 1 we show the spectrum of exited one-electron–o
hole states calculated8 with the help of the local-density
method for a spherical jellium model in the random-pha
approximation. This model suits our goal to find a
ensemble-average Hamiltonian, since it ignores individ
positions of atoms and considers the ionic cores ‘‘on av
age’’ as a positively charged background. It also provides
dipole matrix elements for the transitions among the sta
For spherically symmetric clusters the representation

FIG. 1. Energy levels of Na21
1 cluster calculated in the loca

density and random phase approximation for the spherically s
metric jellium model with Wigner-Seitz radiusr S53.93 a.u. Only
the states corresponding to a single exited electron and a single
have been taken into account. The number of the one-electron s
chosen for the basis set ensures the convergency at the energ
gion essential for the optical absorption.
1372 © 1997 The American Physical Society
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55 1373BRIEF REPORTS
terms of the total angular momentumL and the correspon
dent magnetic quantum numberM is the most convenient.

We note however, that even for the closed-shell clus
the mean Hamiltonian of the ensemble is not necess
spherically symmetric.9 A residual molecular structure or
precursor of the crystalline planes of the bulk metal m
affect the ‘‘symmetry on average.’’ This perturbation c
originate both from the nonspherical shape of the cluster
from the Bragg scattering of electrons at the crystalline str
ture, which is also unisotropic. It mixes up the states w
differentL andM and lifts up the selection rules for optica
transitions. We allow for these phenomena by adding
corrections

Vun~u,f!5(
LM

~acLM
~el! 1bcLM

~th!1gcLM
~cu!1dcLM

~ic! !YLM~u,f!

~1!

to the mean Hamiltonian of the spherical jellium mod
HerecLM

(el) , cLM
(th) , cLM

(cu) , andcLM
( ic) are the expansion coeffi

cients of ellipsoid, tetrahedron, cube, and icosahedron o
the spherical harmonicsYLM(u,f), respectively.

10 The coef-
ficientsa,b,g, andd determine the size of each of the pe
turbations. They have to be found from the experimen
profiles of the spectral lines by comparing them with the l
shapes calculated with the allowance of the temperature
fect. We vary only one of these parameters and keep th
other equal to zero; that enables us to determine the clu
symmetry ‘‘on average.’’

The effect of temperature transforms considerably
profiles of optical lines such that the positions and the os
lator forces of the individual transitions corresponding to
average Hamiltonian of a given symmetry cannot be
solved. However, they can be found from the line shapes
we describe the thermal perturbation with the help of
random-matrix model. We start with the expression

s~v!5
E2

p K ImK 0U d̂ 1

\v2Ĥ02V̂2 i0
d̂U0L L

V̂

~2!

for the ensemble averaged^•••& V̂ probability of optical ab-
sorption from the ground electronic stateu0&, whered̂ is the
operator of dipole moment along the direction of electri
componentE of the optical field.

The transformation rule6 for the spectra of quantum sys
tems perturbed by a random matrix suggests a simple, p
tical way to find the ensemble average Eq.~2!,

s~v!5
E2

p
ImK 0U d̂ 1

Ẽ~\v!2Ĥ02 i0
d̂U0L , ~3!

by replacing the energy of quantumE5\v by the renormal-
ized energyẼ(E), which is the continuous fromE52` to
E5` solution of the nonlinear complex-valued equation

E5Ẽ1^V2&Tr
1

Ẽ2Ĥ02 i0
. ~4!

Apart from the discrete eigenstates, the trace operator
includes the second ionization continuum of the Na21 cluster.
The lowest second continuum starts atEii;5.6 eV.
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By ^V2& we denote in Eq.~3! the mean-squared random
coupling of electron terms. Earlier,4 considering the proper
ties of alkali-metal clusters in the ground electronic term,
have found the similar valuê V2&5(9\4/4r S

4me
2N)lT,

which gives the mean-squared coupling of one-elect
states in terms of the cluster temperatureT, with
l50.7431025(K21) for sodium. Now, dealing with ran-
dom coupling of excited terms, we have to take into acco
that each excited one-electron state corresponds toN22
possible locations of the hole in theN-atomic cluster ion, and
therefore according to the sum rule the mean-squared m
element of random coupling isN22 times smaller for
the electron terms as compared to that for the one-elec
states. It immediately suggests the relati
^V2&5(9\4/4r S

4me
2N)lT/(N22) between the random cou

pling and the temperature.
In Fig. 2~a! we depict the absorption profiles of Na21

1

clusters—at temperatureT5130 K calculated for the icosa
hedral on-average perturbation, Eq.~1!, with d50.12 eV and
the cubic on-average perturbation withg50.18 eV—that
have also been averaged over all possible orientations o
cluster with respect to the optical field polarization. Wi
circles we show the experimentally observed11 spectrum.
The tetrahedral and elliptic perturbations move the abso
tion profile off the experimentally observed one. One can

FIG. 2. ~a! Experimental profile of the absorption line in Na21
1 at

T5130 K from Ref. 11~circles! and the profiles calculated for th
same temperature for the of spherical ‘‘on-average’’ clusters~solid
line!, the cubic perturbationg50.18 eV~dotted line! and the icosa-
hedral perturbationd50.12 eV~dashed line!. By ticks we show the
positions of eigenstates and by vertical lines the correspon
cross-sections of photo absorption~not to scale! for the mean
Hamiltonian Ĥ0(cube) with a5b5d50; g50.18 eV. ~b! The
profile for evaporating ensemble at estimated temperatureT5360
K of Ref. 11 ~squares!, and Ref. 12~filled circles!, and the simu-
lated spectrum for the spherical jellium with cubic perturbati
g50.18 eV ~solid line!. Photo absorption~not to scale! from the
first electronically excited state suggested by the mean Hamilto
Ĥ0(cube) is shown for T550 K ~dotted line! and T5150 K
~dashed line!.
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that the icosahedral and cubic perturbations yield alm
equally good agreement with the experimental data of R
11 for the linear absorption in an ensemble of clusters at
temperatureT5130 K. We note that the cubic symmetr
corresponds to the crystalline structure of the bulk sodiu
and the icosahedral symmetry might be favored by the liq
phase, where each atom has, on-average, five neighbor13

In Fig. 2~b! we show the absorption profile of clusters
T5360 K calculated for the cubic perturbation and the sp
trum of Na21

1 observed11,12 in an evaporative ensemble wit
the estimated typical temperatureT5360 K. One sees tha
the position and the width of the theoretical profile coincid
with the experimental contour. However, a noticeable d
crepancy among the theoretical profile and the experime
data obtained in slightly different experimental conditions
Refs. 11 and 12 still remains: As compared to the calcula
line shape, both experimental profiles show additional
sorption maxima, although the positions and the width
these maxima are different.

The mean Hamiltonian with cubic perturbation sugge
an explanation of this additional absorption: it correspond
the transitions from the lowest electronically excited sta
This state originates from the sevenfold degenerate le
with L53 andE;0.4 eV of the spherical cluster~see Fig.
1!, split by the cubic perturbation. The lowest splitting com
ponent locates atE;0.11 eV, and therefore it can be eas
populated either as a result of thermal motion or in
course of accommodation of the laser-induced electronic
citation employed in the experiments for cluster heating.
the last case clusters cascade down over the electronic
cited states and might be retained at the lowest one. In
2~b! we show the optical absorption from the lowest excit
state calculated for two different temperatures. The diff
ence in the experimental data may therefore be explaine
the difference in temperature of the electronically exci
species. It suggests an explanation of the difference,
served in two experiments Refs. 11 and 12, different pre
ration of the cluster ensembles results in different tempe
tures of the electrically excited clusters. Motivated by su
good agreement between the theoretical and the experim
profiles of the linear absorption, we now consider tw
photon absorption, since observation of such spectra c
confirm or refute the theoretical assumptions and the num
cal values of the constantsa,b,g,d employed for our calcu-
lations. Moreover, it may also provide a possibility to disti
guish between the cubic and icosahedral symmetry
average, of the Na21

1 cluster ensemble.
Two-photon resonances in clusters can be of two differ

types. They can result in the creation of one electron-h
pair or yield two such elementary excitations. We conc
trate here only on the two-photon absorption of the first ty
Corresponding cross sections can be found from the ma
of dipole moments and the levels scheme, Fig. 1, of the m
Hamiltonian with the allowance of the correction of Eq.~1!,
provided one neglects the correlations of state densitie
the ensemble of clusters. In this case we apply the trans
mation rule of Eq.~3! independently to each of the resonan
denominators in the standard expression14 for the two-photon
transition probability, and obtain
st
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~2!~v!5

E4

\3p
ImK 0U d̂ 1

Ẽ~\v!2Ĥ02 i0
d̂

1

Ẽ~2\v!2Ĥ02 i0

3d̂
1

Ẽ* ~\v!2Ĥ01 i0
d̂U0L . ~5!

The main argument in favor of this approximation is a lar
difference between typical detunings from the resonance
intermediate levels contributing to the two-photon transiti
amplitudes and an energy distance at which the correlatio
state densities becomes important: The last is of the orde
the inverse density of states, whereas the first is of the o
of the spectral width of the linear absorption.

In Fig. 3 we show the line shapes of two-photon res
nances calculated for the icosahedral and cubic perturbati
We also show the two-photon resonance curve for the c
ters that are spherically symmetric on average. The m
contribution to the cross section results from the two-pho
transitions to the states withL50 andL52 near the energy
E54 eV ~see Fig. 1! that pass via the intermediate sta
L51; E;2 eV and the transitions to the statesL50,2 in the
energy intervalE5526 eV that have an intermediate res
nance at the plasmon frequency.

We conclude by summarizing the main results. T
random-matrix model allows one to calculate the optic
absorption profiles of hot metallic clusters ofN;10–1000
atoms at different temperatures, for which the nonadiab
interactions of vibrational and electronic motions cannot
adequately taken into account by the standard method
quantum chemistry and solid-state physics. It also sugges
way to extract the information hidden in this profile abo
the average symmetry of clusters originating from the
sidual molecular structure or the precursor of crystall
structure of metals. Comparison of the calculated two-pho
line shapes with the results of the future femtosecond la
experiments will give an additional possibility to investiga
the average symmetry of clusters and refine the models
ployed for the calculation of the ‘‘average’’ spectrum.

FIG. 3. Two-photon absorption atT5130 K corresponding to
excitation of one electron-hole pair in the cubic~solid line!, the
icosahedral~dashed line!, and the spherical ‘‘on average’’ cluste
Na21

1 Absorption probabilitys (2)(v)@sec21# is normalized to the
square of laser field intensityI @MW/cm2#.
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