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Conductance and addition spectrum of a 232 quantum-dot array
in the extended Hubbard model
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We have studied the conductance and addition spectrum of a 232 quantum-dot array in the extended
Hubbard model, i.e., when the dots are coupled to each other by both interdot tunneling and an interdot
Coulomb interaction. Under parameters appropriate for experiment, both the addition spectrum and the con-
ductance show a dramaticqualitativedifference between a situation dominated by interdot Coulomb interac-
tion and the pure Hubbard model. We calculate how, in the general case, these different contributions influence
the spectra. The effects of various types of disorder are discussed.@S0163-1829~97!07520-6#
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Collections of coupled quantum dots might serve a
controllable experimental system for the largely unexplo
physics of strongly correlated electrons.1–7 Quantum dot ar-
rays have been fabricated in the Ga@Al #As two-dimensional
electron gas, defined by etching,8 or surface gates.9–14Other
realizations based on molecular nanostructures15 or semicon-
ductor nanoclusters16 may emerge soon. Recent theoretic
work has discussed potential applications of such arrays17

An isolated quantum dot can be characterized by an
site electron-electron interaction energyU and a set of dis-
crete energy levels$« l%. When quantum dots are nea
enough to couple to one another, two new energy sc
emerge. The first is an interdot charging energyW. Here we
assume thatU andW are described by a set of classic
capacitances between the quantum dots and between
quantum dot and electrical ground. The second energy,
scribing the formation of a ‘‘chemical bond’’ between qua
tum dot ‘‘artificial atoms,’’18,19 is related to the tunnel matrix
elementt between equivalent single-particle states on nei
boring dots. Both interactions have a profound effect on
array’s electron addition spectrum and conductance.

Theoretical work on the ‘‘charging model,’’ whereU and
W are the dominant energies and the discreteness of the
energy levels is ignored, has been verified in arrays of m
islands coupled by tunnel junctions.20 An intermediate re-
gime, where the dot discrete energy level structure is sign
cant, but tunneling between dots is incoherent, has been
cessed in experiment.11

Experiments attempting to probe the ‘‘Hubbard mode
regime (U@t@W), where self-charging and coherent tu
neling are critical, have remained difficult to interpret.21,22

Theory predicts that for linear arrays of quantum dots b
the charging model and the Hubbard model lead to sim
fine structure in the addition spectrum and conductance
fact, for an array of two quantum dots in series, the pred
tions of the two theories are identical.23 In order to distin-
guish between the two pictures, assumptions must be m
about the relative strengths of interdot capacitances c
pared to interdot coupling constants,9–14,24both of which are
difficult to measure directly. Furthermore, the interdot tu
550163-1829/97/55~20!/13697~5!/$10.00
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neling and the interdot capacitance cannot be tuned inde
dently in experiments performed so far: changing the volta
applied to a gate that controls the tunneling between the
influences the separation of the dots, and hence the cap
tance they form, as well.

It would thus be very desirable to study a dot array g
ometry showing aqualitative difference between coheren
tunneling and charging in the conductance or in the addit
spectrum, experimentally accessible via transport and cap
tance measurements, respectively. In the present paper
show that a 232 quantum-dot array is such a system.

After introducing the model used to calculate the cond
tance and the addition spectrum as a function of the chem
potential, we consider two limiting cases, the pure Hubb
model and the classical Coulomb interaction model. In
regime of weak interdot tunneling, the Hubbard model p
duces a triplet structure in both the conductance and the
dition spectrum, i.e., our results for the addition spectr
reduce to those of Ref. 3. The interdot Coulomb interacti
however, generates a characteristic doublet structure, im
ing that the two regimes can be distinguished in experime
We proceed by studying the general case, for parame
adapted to state-of-the-art fabrication techniques and exp
mentally achievable temperatures. Finally we discuss the
fects of different types of disorder, namely in the dot ener
levels, the interdot tunneling rates, and the interdot and
site Coulomb interactions.

A schematic view of the dot array is shown in the inset
Fig. 1~a!. Four identical quantum dots are arranged in
square lattice. They couple to each other via near
neighbor interdot capacitancesC and interdot tunneling ma
trix elementst. We ignore tunneling and capacitances b
tween dots diagonally opposite to each other. Two of
dots also couple to nearby leads, and each dot has a ca
tanceCg to a backgate, whose voltage tunes the chem
potential of the system. This geometry can be realized ea
in experiments.9,10,12Calculations for other schemes of co
pling to the leads are straightforward, and give qualitativ
similar results. In the extended Hubbard model, the Ham
tonian reads
13 697 © 1997 The American Physical Society
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Ĥ5(
i ,a

« iaĉia
1 ĉia1

1

2 (
i
Ui n̂i~ n̂i21!1(

i, j
Wi j n̂i n̂ j

1 (
i, j ,a

t i j ,a~ ĉia
1 ĉ ja1 ĉ ja

1 ĉia!. ~1!

The first term describes the discrete energy levels of the
dividual quantum dots. The indexi is the site, anda enu-
merates the energy levels.« ia is the energy of this particula
state, andĉia

1 and ĉia are the creation and annihilation op
erators, respectively. Our calculations include two ene
levels in each dot. The second term describes the on
Coulomb interaction, whereUi is the Coulomb repulsion on
the i th dot, andn̂i5(aĉia

1 ĉia is the number operator. Th
third term gives the Coulomb interaction between electr
in dots i and j . Wij is the Coulomb repulsion between d
i and dotj . By calculating the electrostatic energy of the d
array in a classical capacitance matrix approach, we ob
the Ui and the interdot charging energies,Wnn for nearest-
neighbor dots andWdiag for dots diagonally opposite to eac
other.25 The fourth term describes the electron tunneling
tween dots, wheret i j ,a is the tunneling matrix element be
tween thea states on doti and dotj . We neglect tunneling
between nonresonant states by only allowing tunneling
tween identical states in different dots, and we only all
tunneling between neighboring dots. Spin degeneracy is
included in Eq.~1!. This degeneracy can be removed by
magnetic field, applied perpendicular to the plane of the
ray.

FIG. 1. ~a! Conductance as a function of the chemical poten
of the quantum dot array in the Hubbard model. The parameters
kBT550meV, single dot charging energye2/Cg52 meV, and en-
ergy level spacing in each dotD«50.5 meV. ~b! Conductance for
the charging model consists of a pair of doublets. Temperature
energy level spacing are as in~a!; we take C/Cg50.5, so U
51.17 meV,Wnn50.33 meV, andWdiag50.17 meV. Inset: 232
array geometry.
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The eigenvalues and the eigenfunctions of the resul
2563256 Hamiltonian matrix@Eq. ~2!# are obtained by using
Lanzco’s technique.26,27We calculate both the addition spe
trum and the conductance of the dot array. The addit
spectrum]^n&/]m5kBT]2(lnZ)/]m2 is calculated by deter-
mining the grand partition functionZ5(n,i exp@2(En,i
2nm)/kBT#. Here,En,i is the energy eigenvalue of thei th
many-body state withn electrons in the array, andm denotes
the chemical potential. Since]^n&/]m5]Q/e2]V, the addi-
tion spectrum can be obtained experimentally by measu
the differential capacitance as a function of the voltageV
applied to the backgate. This formula for the addition sp
trum is appropriate for very weak coupling between the ar
and a particle reservoir~i.e., the backgate!, which is the re-
gime usually accessed in experiment.28,29

To calculate the conductance, we add the tunnel
Hamiltonian (

ia
kPL,R Vkia( ĉia

1 ĉka1 ĉka
1 ĉia)1(ka«kaĉka

1 ĉka

to the Hamiltonian~1!, and treat it in first-order perturbatio
theory. The first term describes the tunneling between staa
in dot i and leadk @left (L) or right (R)#, with tunneling
matrix Vkia . We choose a coupling scheme of the dot arr
to leads as indicated in Fig. 1~a!, i.e., we setVL1a5VR2a
510meV; all other coefficients are set to zero. The seco
term gives the energy in the leads, where«ka is the energy of
statea in leadk, andĉka

1 ( ĉka) is the creation~annihilation!
operator for electrons in the leads. As discuss
elsewhere,30,31 we obtain for the conductanceG of the dot
array

G5
e2

kBT
(
n51

Nmax

(
i j

Gni j
L Gni j

R

Gni j
L 1Gni j

R Pn,i
eq

3@12 f ~En,i2En21,j2m!#. ~2!

Here,Nmax is the maximum possible number of electrons
the dot array.Gni j

L,R is the transmission matrix from thei th
n-particle state to thej th (n21)-particle state via tunneling
to the left or right reservior, given by Gni j

L,R

52p(az^n,i uVk1aĉ1a
1 un21,j & z2. Pn,i

eq is the equilibrium
probability for occupying the eigenstate (n,i ) with eigen-
valueEn,i , given byPn,i

eq5(1/Z) exp@2(En,i2nm)/kBT#, and
f (En,i2En21,i2m) is the Fermi-Dirac distribution function
Equation~2! applies when the coupling of the dot array
the leads is weak, i.e.,Vka!d«, kBT. This calculated con-
ductance can be measured in a two-terminal transport c
figuration.

Throughout the whole paper, we sete2/Cg52 meV. This
corresponds to the charging energy of a single dot forC
50. The temperature is set toT5550 mK (kBT550meV),
easily realized in a3He/4He dilution refrigerator. We choose
an energy splitting between discrete levelsd« i50.5 meV.
The interdot charging energyWij is determined by the inter
dot capacitanceC, andt i j ,a by the wave-function overlap.

First, we consider, in the absence of disorder, two limiti
cases, namely the Hubbard model and the situation do
nated by the interdot Coulomb blockade~Fig. 1!. For the
Hubbard model, the addition spectrum has already been t
oughly studied by Stafford and das Sarma.3 At low tunneling
matrix elements, the authors find a triplet structure with
twofold degenerate center peak and two satellite peaks, s
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rated by 2t from the center peak. Basically, this structu
corresponds to the onset of a discretized energy band.t
increases, these minibands spread out in energy and fin
start to overlap. The separation of the two miniband cen
is e2/Cg1d«. In the absence of disorder, the conductan
shows exactly the same structure@Fig. 1~a!#. An interdot
Coulomb interaction, on the other hand, produces a very
ferent structure@Fig. 1~b!#. The conductance~as well as the
addition spectrum, not shown here! shows characteristic dou
blets, with the peak splittings being determined byWij . As
in the Hubbard limit, the separation of the minibands is d
termined bye2/Cg1d«.

We can understand this structure in terms of class
electrostatics. Consider adding four electrons to an em
array. WhenC50, the dots are independent of each oth
An electron is added to each dot at the same chemical
tential, so the spectrum is a single fourfold degenerate p
In contrast, whenC!Cg the degeneracy is lifted. The firs
electron will randomly occupy one of the four sites, and t
second electron will occupy the site diagonally opposite
the first. It feels, however, the presence of the first electr
and hence the addition of the second electron requ
Wdiagmore energy than the first. The third electron random
occupies one of the two remaining empty sites. Two el
trons are sitting in its neighbor dots, thus adding this elect
requires the additional energy of 2Wnn2Wdiag. Similar to the
second electron, the fourth electron feels the presence o
third electron, and an additional energy ofWdiag is needed to
add it to the last unoccupied site. Under increasingC, this
modulation of the peak separation is reduced, leading
equidistant peaks inside one miniband forC@Cg , which
corresponds to the formation of one large conducting reg

We proceed by studying the more general situation,
extended Hubbard model~Fig. 2!. The evolution of the ad-
dition spectrum as a function of the ratioC/Cg , for constant
t, is shown in Fig. 2~a!. At C50, the addition spectrum ha
the typical triplet structure of Fig. 1~a!. As C increases, the
degenerate states that make up the center peak split, an
energy splitting of the satellite peaks increases, as expe
from the discussion of Fig. 1~b!. The wide gap between th
triplets is reduced, and asC/Cg becomes much larger than 1
the addition spectrum evolves in a set of nearly equa
spaced, nondegenerate peaks. Their separation is give
the effective charging energy of one dot, plus contributio
due to the energy level spacing and the interdot tunnel
For any value ofC/Cg , the spectrum is symmetric with
respect to the center of the two sets of peaks, due to elec
hole symmetry.

Figure 2~b! shows the addition spectrum as a function
t for fixed C/Cg . For t50, the spectrum shows the chara
teristic doublet structure of Fig. 1~b!. An increasingt leads to
a spreading of the doublets, due to the onset of minib
formation. At t50.24 meV, the narrowing of the miniban
gap stops and a pronounced anticrossing between the
minibands occurs, with a gap ofU-t, similar to the anticross-
ing gap width in the linear 1D Hubbard model.32 The mini-
band wings at the far side of the gap continue to spread
This effect, however, has little experimental significance,
in reality, there are more than two energy levels in each
For largert, the addition spectrum in the vicinity of the ga
is only very weakly dependent upont. In the limit of very
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larget, the charge in the array is completely delocalized, a
the addition of one electron to the array effectively adds 0
electrons to each dot. In contrast to Fig. 2~a!, the spectrum
shows an overall mirror symmetry with respect to the cen
of the gap between the two minibands, again due to elect
hole symmetry. Experimentally, the presence of an anticro
ing would thus be a strong indication thatt is tuned predomi-
nantly under a sweep of the back gate voltage.

Finally, we discuss the effects of disorder on the cond
tance and addition spectrum in the extended Hubbard m
~Fig. 3!. We have calculated the conductance of arrays wh
U1 , t12, «1a , orW12 is increased by 10%, while the othe
array parameters are kept constant. We find that the cha
teristic structure of the peak positions is maintained, and
peaks are only slightly shifted. The peak conductance, h
ever, can be strongly influenced by disorder, particularly
disorder inU and« ia @Figs. 3~b! and 3~c!#. The peak ampli-
tude can increase or decrease. Disorder in the energy le
of the dots tends to localize the charge, resulting in a str
modification of the wave-function overlap between the ar
and the leads. Furthermore, each type of disorder produc
typical modulation of the peak positions, which could
used to identify the dominant disorder in an experiment@Fig.

FIG. 2. ~a! Evolution of the addition spectrum asC/Cg varies
from 0 ~back! to 1 ~front!. t50.15 meV.~b! Addition spectrum as
t varies from 0~back! to 0.6 meV ~front!. C/Cg50.5. In both
plots kBT550meV, andD«50.5 meV.
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FIG. 3. Effect of disorder on
the conductance. The peak pos
tions are shifted only slightly,
while the peak conductance ca
be strongly modified.~a! No dis-
order, C/Cg50.5, t50.15 meV,
D«50.5 meV, and kBT
550meV. ~b! 10% disorder in
Ui . ~c! 10% disorder in« ia . ~d!
Peak positions for each of th
three cases.
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3~d!#. However, the peak shifts generated by disorder inUi
and « ia differ qualitatively only in the lowest miniband. In
our model the disorder inU has no effect at all, since there
not more than one electron in each cell.

In summary, we have calculated the addition spectr
and the conductance of a 232 quantum dot array in the
extended Hubbard model. We find that, in contrast to ar
geometries studied experimentally so far, the addition sp
trum of this array in the Hubbard model is distinctly differe
from that obtained in a classical charging model. We ha
developed an intuitive picture for these spectral structure
these limiting cases. To allow direct comparison with expe
ments, we have studied the general case, when both coh
tunneling between dots and interdot charging are pres
Characteristic differences in the evolution of the spectra
der a variation ofC, compared to a variation oft, are found.
~1994!.
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An experimental study of this geometry should be able
clarify the origin of the observed peak splittings in sm
quantum-dot arrays. We have also shown that the array c
ductance is strongly affected by small amounts of disord
in contrast to the more robust addition spectrum peak se
rations. Whether or not a general condition can be found
the Hubbard model and the charging model to produce qu
tatively different addition spectra will be the subject of fu
ther work.33
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