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We have studied the conductance and addition spectrum ok2 guantum-dot array in the extended
Hubbard model, i.e., when the dots are coupled to each other by both interdot tunneling and an interdot
Coulomb interaction. Under parameters appropriate for experiment, both the addition spectrum and the con-
ductance show a dramatipialitative difference between a situation dominated by interdot Coulomb interac-
tion and the pure Hubbard model. We calculate how, in the general case, these different contributions influence
the spectra. The effects of various types of disorder are discUs3et63-1827)07520-9

Collections of coupled quantum dots might serve as aeling and the interdot capacitance cannot be tuned indepen-
controllable experimental system for the largely unexploreddently in experiments performed so far: changing the voltage
physics of strongly correlated electrolid.Quantum dot ar-  applied to a gate that controls the tunneling between the dots
rays have been fabricated in the [BHAs two-dimensional influences the separation of the dots, and hence the capaci-
electron gas, defined by etchifgr surface gate%:.**Other  tance they form, as well.
realizations based on molecular nanostructiressemicon- It would thus be very desirable to study a dot array ge-
ductor nanoclustet§ may emerge soon. Recent theoreticalometry showing aqualitative difference between coherent
work has discussed potential applications of such arfays. tunneling and charging in the conductance or in the addition

An isolated quantum dot can be characterized by an onspectrum, experimentally accessible via transport and capaci-
site electron-electron interaction energyand a set of dis- tance measurements, respectively. In the present paper, we
crete energy levelde }. When quantum dots are near show that a X2 quantum-dot array is such a system.
enough to couple to one another, two new energy scales After introducing the model used to calculate the conduc-
emerge. The first is an interdot charging enevdyHere we  tance and the addition spectrum as a function of the chemical
assume that) and W are described by a set of classical potential, we consider two limiting cases, the pure Hubbard
capacitances between the quantum dots and between eatiodel and the classical Coulomb interaction model. In the
guantum dot and electrical ground. The second energy, deegime of weak interdot tunneling, the Hubbard model pro-
scribing the formation of a “chemical bond” between quan- duces a triplet structure in both the conductance and the ad-
tum dot “artificial atoms,’81%s related to the tunnel matrix dition spectrum, i.e., our results for the addition spectrum
elementt between equivalent single-particle states on neighreduce to those of Ref. 3. The interdot Coulomb interaction,
boring dots. Both interactions have a profound effect on thehowever, generates a characteristic doublet structure, imply-
array’s electron addition spectrum and conductance. ing that the two regimes can be distinguished in experiment.

Theoretical work on the “charging model,” wheté and  We proceed by studying the general case, for parameters
W are the dominant energies and the discreteness of the datapted to state-of-the-art fabrication techniques and experi-
energy levels is ignored, has been verified in arrays of metahentally achievable temperatures. Finally we discuss the ef-
islands coupled by tunnel junctioR3.An intermediate re- fects of different types of disorder, namely in the dot energy
gime, where the dot discrete energy level structure is signifilevels, the interdot tunneling rates, and the interdot and on-
cant, but tunneling between dots is incoherent, has been asite Coulomb interactions.
cessed in experiment. A schematic view of the dot array is shown in the inset of

Experiments attempting to probe the “Hubbard model” Fig. 1(@). Four identical quantum dots are arranged in a
regime U>t>W), where self-charging and coherent tun- square lattice. They couple to each other via nearest-
neling are critical, have remained difficult to interpf&®>  neighbor interdot capacitanc€and interdot tunneling ma-
Theory predicts that for linear arrays of quantum dots botHrix elementst. We ignore tunneling and capacitances be-
the charging model and the Hubbard model lead to similatween dots diagonally opposite to each other. Two of the
fine structure in the addition spectrum and conductance. ldots also couple to nearby leads, and each dot has a capaci-
fact, for an array of two quantum dots in series, the predictanceCy to a backgate, whose voltage tunes the chemical
tions of the two theories are identicdlin order to distin-  potential of the system. This geometry can be realized easily
guish between the two pictures, assumptions must be made experiments:'®!?Calculations for other schemes of cou-
about the relative strengths of interdot capacitances conpling to the leads are straightforward, and give qualitatively
pared to interdot coupling constarits*?*both of which are  similar results. In the extended Hubbard model, the Hamil-
difficult to measure directly. Furthermore, the interdot tun-tonian reads
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The eigenvalues and the eigenfunctions of the resulting
256x 256 Hamiltonian matriXEq. (2)] are obtained by using

many-body state witin electrons in the array, angd denotes
] the chemical potential. Sinc&n)/du=dQ/e?sV, the addi-
. ] tion spectrum can be obtained experimentally by measuring
the differential capacitance as a function of the voltage
applied to the backgate. This formula for the addition spec-
trum is appropriate for very weak coupling between the array
and a particle reservoii.e., the backgaje which is the re-
gime usually accessed in experiméht®
To calculate the conductance, we add the tunneling
Hamiltonian  SkeLr ViialCit Crat CruCia) T ZkafkaCraCka
] to the Hamiltonian1), and treat it in first-order perturbation
theory. The first term describes the tunneling between state
in doti and leadk [left (L) or right (R)], with tunneling
5 matrix V,;, . We choose a coupling scheme of the dot array
Chemical Potential (meV) to leads as indicated in Fig.(d, i.e., we setV,;,=Vroa
=10 ueV; all other coefficients are set to zero. The second
FIG. 1. (a) Conductance as a function of the chemical potentialterm gives the energy in the leads, whefg is the energy of
of the quantum dot array in the Hubbard model. The parameters argtateq in leadk, andé;a (Cy,) is the creatior(annihilation
ksT=50 ueV, single dot charging energf/C,=2meV, and en-  gperator for electrons in the leads. As discussed

ergy level spacing in each ddte =0.5 meV. (b) Conductance for elsewheré,o'sl we obtain for the conductand®@ of the dot
the charging model consists of a pair of doublets. Temperature an&rray

energy level spacing are as i@); we take C/C4=0.5, soU

~
T

C%:: 1or 606 Lanzco’s techniqué®?’We calculate both the addition spec-
I ol ae trum and the conductance of the dot array. The addition
2 1CgHde %G spectruma({n)/du=KkgTd?*(InZ)/du? is calculated by deter-

8 4 ] mining the grand partition functionZ=2,; exgd—(E,;

g @) —nu)/ksT]. Here, E, ; is the energy eigenvalue of thi¢h
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Here, N, is the maximum possible number of electrons in
+ 2 t.a(EhE T EuCin). (1) the dot arrayI';;¥ is the transmission matrix from thigh
'<l.a n-particle state to thgth (n—1)-particle state via tunneling
The first term describes the discrete energy levels of the into  the left or right reservior, given by Fhi’jR
dividual quantum dots. The indeixis the site, andx enu- =272, J(n,i|Vy1,Ci In—1,j)% Pl is the equilibrium

merates the energy levels,, is the energy of this particular probability for occupying the eigenstatea,{) with eigen-
state, and;, andc;, are the creation and annihilation op- valueE,;, given byPsl=(1/Z) exd —(E,;—nu)/ksT], and
erators, respectively. Our calculations include two energy(E,;—E,_;;—u) is the Fermi-Dirac distribution function.
levels in each dot. The second term describes the on-sit€quation(2) applies when the coupling of the dot array to
Coulomb interaction, wherd; is the Coulomb repulsion on the leads is weak, i.eV,,<de, kgT. This calculated con-
the ith dot, andn;==,C/’ C;,, is the number operator. The ductance can be measured in a two-terminal transport con-
third term gives the Coulomb interaction between electrondiguration.

in dotsi andj. W;; is the Coulomb repulsion between dot  Throughout the whole paper, we 4 Cy=2meV. This

i and dotj. By calculating the electrostatic energy of the dotcorresponds to the charging energy of a single dotGor
array in a classical capacitance matrix approach, we obtair0. The temperature is set #o=550 mK (kgT=50 ueV),

the U; and the interdot charging energia#/,,, for nearest-  easily realized in @He/He dilution refrigerator. We choose
neighbor dots andlV,q for dots diagonally opposite to each an energy splitting between discrete levéls =0.5 meV.
other?® The fourth term describes the electron tunneling be-The interdot charging energy; is determined by the inter-
tween dots, where;; , is the tunneling matrix element be- dot capacitanc€, andt;; , by the wave-function overlap.
tween thea states on dot and dotj. We neglect tunneling First, we consider, in the absence of disorder, two limiting
between nonresonant states by only allowing tunneling beeases, namely the Hubbard model and the situation domi-
tween identical states in different dots, and we only allownated by the interdot Coulomb blockade€ig. 1). For the
tunneling between neighboring dots. Spin degeneracy is nddubbard model, the addition spectrum has already been thor-
included in Eq.(1). This degeneracy can be removed by aoughly studied by Stafford and das Sarfrt low tunneling
magnetic field, applied perpendicular to the plane of the armatrix elements, the authors find a triplet structure with a
ray. twofold degenerate center peak and two satellite peaks, sepa-
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rated by 2 from the center peak. Basically, this structure

72 _
corresponds to the onset of a discretized energy band. As o
increases, these minibands spread out in energy and finally i
start to overlap. The separation of the two miniband centers < 1 (a)
is e2/C9+ de. In the absence of disorder, the conductance o 6
shows exactly the same structur€ig. 1(@)]. An interdot £ ] ‘
Coulomb interaction, on the other hand, produces a very dif- < = \ i/
ferent structur¢Fig. 1(b)]. The conductancéas well as the s 77 \\\\
addition spectrum, not shown heéshows characteristic dou- o. \\\
blets, with the peak splittings being determinedWy . As \ v

in the Hubbard limit, the separation of the minibands is de-
termined bye?/ Cy+ Je. y.o0
We can understand this structure in terms of classical
electrostatics. Consider adding four electrons to an empty
array. WhenC=0, the dots are independent of each other.
An electron is added to each dot at the same chemical po-
tential, so the spectrum is a single fourfold degenerate peak.
In contrast, wherC<C, the degeneracy is lifted. The first
electron will randomly occupy one of the four sites, and the
second electron will occupy the site diagonally opposite to
the first. It feels, however, the presence of the first electron,
and hence the addition of the second electron requires
Wiiag more energy than the first. The third electron randomly
occupies one of the two remaining empty sites. Two elec-
trons are sitting in its neighbor dots, thus adding this electron
requires the additional energy o¥g,,— Wjj,q. Similar to the
second electron, the fourth electron feels the presence of the
third electron, and an additional energyWf;,4is needed to
add it to the last unoccupied site. Under increadihgthis
modulation of the peak separation is reduced, leading to
equidistant peaks inside one miniband 0B C,, which
corresponds to the formation of one large conducting region.
We proceed by studying the more general situation, the
extended Hubbard modéFig. 2). The evolution of the ad- FIG. 2. (&) Evolution of the addition spectrum &/C varies
dition spectrum as a function of the ra@C, for constant  from 0 (bacK to 1 (front). t=0.15 meV.(b) Addition spectrum as
t, is shown in Fig. 23). At C=0, the addition spectrum has t varies from O(back to 0.6 meV (front). C/Cy=0.5. In both
the typical triplet structure of Fig.(&). As C increases, the PlotskgT=50ueV, andAe=0.5 meV.
degenerate states that make up the center peak split, and the
energy splitting of the satellite peaks increases, as expectddrget, the charge in the array is completely delocalized, and
from the discussion of Fig.(). The wide gap between the the addition of one electron to the array effectively adds 0.25
triplets is reduced, and &/ C, becomes much larger than 1, electrons to each dot. In contrast to Figa)2 the spectrum
the addition spectrum evolves in a set of nearly equallyshows an overall mirror symmetry with respect to the center
spaced, nondegenerate peaks. Their separation is given bythe gap between the two minibands, again due to electron-
the effective charging energy of one dot, plus contributionshole symmetry. Experimentally, the presence of an anticross-
due to the energy level spacing and the interdot tunnelinging would thus be a strong indication that tuned predomi-
For any value ofC/Cy, the spectrum is symmetric with nantly under a sweep of the back gate voltage.
respect to the center of the two sets of peaks, due to electron- Finally, we discuss the effects of disorder on the conduc-
hole symmetry. tance and addition spectrum in the extended Hubbard model
Figure Zb) shows the addition spectrum as a function of (Fig. 3). We have calculated the conductance of arrays where
t for fixed C/C4. Fort=0, the spectrum shows the charac-U,, t;,, 1,, or Wy, is increased by 10%, while the other
teristic doublet structure of Fig(l). An increasing leads to  array parameters are kept constant. We find that the charac-
a spreading of the doublets, due to the onset of minibanteristic structure of the peak positions is maintained, and the
formation. Att=0.24 meV, the narrowing of the miniband peaks are only slightly shifted. The peak conductance, how-
gap stops and a pronounced anticrossing between the twaver, can be strongly influenced by disorder, particularly by
minibands occurs, with a gap bf-t, similar to the anticross- disorder inU ande;, [Figs. 3b) and 3c)]. The peak ampli-
ing gap width in the linear 1D Hubbard mod@IThe mini-  tude can increase or decrease. Disorder in the energy levels
band wings at the far side of the gap continue to spread outf the dots tends to localize the charge, resulting in a strong
This effect, however, has little experimental significance, formodification of the wave-function overlap between the array
in reality, there are more than two energy levels in each dotand the leads. Furthermore, each type of disorder produces a
For largert, the addition spectrum in the vicinity of the gap typical modulation of the peak positions, which could be
is only very weakly dependent updn In the limit of very  used to identify the dominant disorder in an experiméig.
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3(d)]. However, the peak shifts generated by disordedin  An experimental study of this geometry should be able to
and ¢;, differ qualitatively only in the lowest miniband. In clarify the origin of the observed peak splittings in small
our model the disorder i has no effect at all, since there is quantum-dot arrays. We have also shown that the array con-
not more than one electron in each cell. ductance is strongly affected by small amounts of disorder,
In summary, we have calculated the addition spectrumn contrast to the more robust addition spectrum peak sepa-
and the conductance of <2 quantum dot array in the rations. Whether or not a general condition can be found for
extended Hubbard model. We find that in contrast to arrayYhe Hubbard model and the Chargn’]g model to produce qua“-

geometries studied experimentally so far, the addition spegautively different addition spectra will be the subject of fur-
trum of this array in the Hubbard model is distinctly different ner \work33

from that obtained in a classical charging model. We have
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