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Excitons in superlattices: Absorption asymmetry, dimensionality transition,
and exciton localization

Norbert Linder
Institut für Technische Physik I, Universita¨t Erlangen-Nu¨rnberg, Erwin-Rommel-Strabe 1, 91058 Erlangen, Germany

~Received 6 November 1996!

We calculate the field-dependent excitonic absorption spectra of semiconductor superlattices by diagonaliz-
ing the full Hamiltonian of the problem. Our model therefore includes both bound and continuum states of the
excitons. The theoretical results are compared with experiments. We first show that the Coulomb interaction
does not destroy the field-induced transition from the Franz-Keldysh to the Wannier-Stark regime, but causes
an absorption asymmetry in the spectra, i.e., a dominance of Wannier-Stark transitions with negative indices.
This effect, which has been observed before, is explained by a Coulomb-induced shift of oscillator strength
from higher to lower energies in a simple model involving an effective Coulomb potential. We further address
the problem of the transformation of the quasi-two-dimensional excitons of the Wannier-Stark levels to the
three-dimensional miniband excitons obtained for zero field. For finite electric fields the quasibound miniband
exciton states are explained as resonant states of the various Wannier-Stark excitons. We show that in contra-
diction to previous assumptions the Wannier-Stark ladder transitions are never suppressed by exciton local-
ization. Theobservabilityof the transitions only depends on the relation between the zero-field miniband width
and the linewidth of the transitions, but not on the ratio between miniband width and exciton binding energy.
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I. INTRODUCTION

For years, strongly coupled semiconductor superlatti
have been investigated extensively, as they provide ins
into certain new areas of solid-state physics which canno
accessed in conventional crystals. The reason for this is
the precise control of layer thickness and material comp
tion in epitaxial growth facilities allows one to fabricate a
tificial crystals with one-dimensional bands~minibands!, the
widths of which are tunable in a nearly arbitrary range. A
ditionally, well-established and sufficiently simple theore
cal models allow for a comprehensive description of
electronic and optical properties of such structures, makin
detailed comparison with experiment possible.

The first observation of the Wannier-Stark~WS! ladder in
optical-absorption spectra1,2 of semiconductor superlattice
finished a long-lasting discussion about the formation of d
crete ~more exactly, quasidiscrete! energy levels when an
electric fieldF is applied to an insulating crystal. This effe
was proposed in the early days of solid-state physics,3–5 but
there has been no reliable observation in bulk crystals.
semiclassical picture the finite widths of the bands force
electrons to fulfill coherent oscillations~Bloch oscillations!
between the lower and upper band edges if tunneling
tween different bands and scattering processes can be
glected. The quantum-mechanical counterpart of this mo
is a set of levels with a constant energy spacingeFd (d is
the superlattice period! @Fig. 1~a!#. In the absorption spectr
a corresponding series of equidistant transitions with qu
two-dimensional character is obtained@Fig. 1~b!#. It is strik-
ingly different from the Franz-Keldysh~FK! effect, which is
well known for the field-dependent optical properties of bu
crystals.6,7 The latter assumes infinitely extended ener
bands, and leads to a continuous spectrum of eigenstate
550163-1829/97/55~20!/13664~13!/$10.00
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transition energies, the oscillator strength of which yie
characteristic oscillations in the absorption spectra. The
effect was also expected to be obtained for low fields in
absorption spectra of superlattices, and was observe
1991.8,9 Later, the coexistence of both effects in the sa
structure was demonstrated,10 and a consistent explanation o
both effects was given, showing that the FK effect basica
consists of an intensity modulation of the WS transitions11

In the single-particle picture of Ref. 11, the transitio
from the WS to FK regimes is governed by the relation b
tween the energetic distance and the linewidth of the W
transitions: For a decreasing field, WS transitions can o
be observed as long as their spacing still exceeds the
width. Below, only the FK-type modulation of the WS tran
sitions remains, which usually varies more slowly with t
photon energy. The presence of the Coulomb interact
however, adds a further physical quantity to the system,
relevant Coulomb energies, which can roughly be estima
in magnitude by the exciton binding energy. If the miniba
widths are much larger, one expects the Coulomb effect
be relatively weak, affecting the structures in the absorpt
spectra only slightly. As the miniband widths become co
parable to or even less than the exciton binding energy, h
ever, significant changes in the spectra may occur. Spe
cally, the question arises as to how the Coulomb forces af
the transition from the WS to the FK regimes, and the f
mation of FK oscillations and the miniband exciton as t
field decreases.

This problem can also be seen from a different point
view. The single-particle WS wave functions are spatia
localized within a distance that is roughly equal to the se
classical Bloch oscillation widthL, i.e.,L5D/(eF), where
D is the miniband width. Thus a fieldF transforms the zero-
field Bloch states, which are ‘‘infinitely’’ extended~in an
13 664 © 1997 The American Physical Society



n,
e
in
-
c
n
ol
a
ea
ol
th
ha
s
b
et
ts
u
to

s
gl
to
to

ic
th

ci-
ci-
it
tter

dis-

ory
in
tion
en-
he
si-
son
for a
e-
ed
s
Fi-

tice
tial

n

th

s

ted
ole
ss
n-
be-

e-
-

-
a
l t
cti

55 13 665EXCITONS IN SUPERLATTICES: ABSORPTION . . .
ideal superlattice! both in superlattice and in-plane directio
to the eigenstates of the WS ladder, which have ev
decreasing extension in the superlattice direction with
creasing field.12 In this way a transition from three
dimensional to quasi-two-dimensional behavior takes pla
This kind of localization effect competes with an excito
localization mechanism, tending to move electrons and h
as close to each other as possible. One has to be aw
however, that the former is a single-particle effect, wher
the latter affects the two-particle system of electron and h
The question is whether there is a turnover from one to
other effect as the field is decreased. This would imply t
there might be a Coulomb-induced rearrangement of the
quence of WS transitions for low fields, accompanied
level anticrossings for increasing field. Actually, the theor
ical results of Dignam and Sipe,13,14 and the measuremen
of Fox et al.,15 seem to indicate such a kind of behavior, b
we will show below that a different interpretation appears
be more appropriate.

There have been a couple of theoretical approache
calculate the excitonic absorption properties of stron
coupled superlattices. A large part of these were devoted
discussion of exciton binding energies and oscilla
strengths in the zero-field case,16–18mostly focusing on the
change of dimensionality as a function of the superlatt
period. Another topic has been the field dependence of
exciton energies and oscillator strengths,19 which has been
most extensively discussed by Dignam and Sipe.13,14 These

FIG. 1. Schematic drawing of~a! potential profile and a selec
tion of WS states and~b! single-particle absorption spectra of
semiconductor superlattice with an electric field applied paralle
the growth direction. The shaded areas show the lowest condu
~c1! and uppermost heavy hole~hh1! miniband. Possible light-
induced transitions are indicated by arrows in~a!.
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calculations, however, only took into account localized ex
ton states, and did not include the interaction with the ex
tonic continuum, which is essential for the low-field lim
and a correct description of absorption spectra. The la
was achieved by Chu and Chang,20,21 Whittaker,22–24 and
Glutsch, Chemla, and Bechstedt,25 but their results were fo-
cused more on other aspects of the problem than those
cussed here.

Our approach is based on Ref. 26. We outline the the
and the modifications necessary to deal with our problem
Sec. II. In Sec. III we discuss basic aspects of the absorp
spectra, and give some interpretation of previous experim
tal results. In Sec. IV we develop a simple picture for t
excitonic absorption asymmetry of WS transitions with po
tive and negative indices. Section V contains a compari
between calculated and experimental absorption spectra
wide-miniband superlattice, focusing on the transition b
tween FK and WS regimes. The details of the field-induc
three-dimensional~3D!-to-2D transition of the exciton state
and the exciton localization will be discussed in Sec. V.
nally, we summarize our results.

II. THEORY

For the calculations we assume an infinite superlat
with an ideal rectangular shape of the coupled poten
wells. In the effective-mass approximation~EMA! the Wan-
nier equation for the two-particle envelope functio
Cex(rWe ,rWh) reads

S He~rWe!1Hh~rWh!2
e2

4pe0e r urWe2rWhu
D Cex~rWe ,rWh!

5~ex2Eg!C
ex~rWe ,rWh!, ~1!

where

He/h~rWe/h!52
\2

2mz,e/h*
]2

]ze/h
2 2

\2

2mi ,e/h*
]2

]rW i ,e/h
2

1V~ze/h!

~2!

are the single-particle parts of the Hamiltonian, wi
V(ze/h) the superlattice potential andmz,e/h* andmi ,e/h* the
effective masses in thez and in-plane directions for electron
and holes, respectively.

For the in-plane direction the problem can be separa
into center-of-mass and relative coordinates. In the dip
approximation, only excitons with vanishing center-of-ma
momentum are optically active, and we will restrict our co
siderations to these states. The total Hamiltonian then
comes

Heh~rW ,ze ,zh!52
\2

2m i

]2

]rW 2
2

\2

2mz,e*
]2

]ze
2 2

\2

2mz,h*
]2

]zh
2

1V~ze!1V~zh!2
e2

4pe0e rA~ze2zh!
21r2

.

~3!

In the one-miniband approximation, neglecting tunneling b
tween different minibands, thez-dependent part of the elec

o
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13 666 55NORBERT LINDER
tron and hole eigenfunctions can be calculated using
crystal momentum representation.4 One obtains

jnn~ze/h!5
Ad
2pE2p/d

1p/d

expH i

eFE0
kz

@En~kz8!2En0#dkz8J
3exp$ ikz~ze/h2neFd!%unkz~z!dkz . ~4!

Here,jnn is thenth WS ladder state of minibandn, En(kz8)
the miniband dispersion, andEnn the energy of the WS level
given by

Enn5En01neFd, ~5!

where

En05
d

2pE2p/d

1p/d

En~kz8!dkz8 . ~6!

unkz(z) is the part of the miniband Bloch functions,

fnkz
~z!5eikzzunkz~z!, ~7!

which is periodic with the superlattice. We have calcula
them using a Kronig-Penney model.27 Below, we restrict
ourselves to one pair of minibands and writen5c/n5v for
the respective conduction and valence miniband. The t
Hamiltonian is then expanded in single-particle wave fu
tions. The discrete translation invariance of the system in
z direction allows us to write the electron-hole product fun
tion in Bloch form,

xKz ,h
~ze ,zh!5

1

AN(
n

einKzdjc,n1h* ~ze!jv,n~zh!, ~8!

whereN→` is the number of superlattice periods.
The total exciton envelope function now reads

C«x~rWe ,rWh!

5
AA

~2p!2 (Kz ,h E k dk df FKz ,h
«x ~k!e2 ikWrWxKz ,h

~ze ,zh!.

~9!
e

d

al
-
e
-

Equations~8! and ~9! are equivalent to a transformation i
center-of-mass and relative coordinates on the scale of
superlattice period. In this sense,xKz ,h

is the function for the
relative motion andhd is its ~quasicontinuous! argument,
sincehd describes the relative offset of electron and ho
wave functions.Kz represents the exciton center-of-ma
momentum, and can have the usual values between2p/d
and1p/d with a spacing of 2p/Nd.

The expansion coefficientsFKz ,h
«x (k) are assumed to be

independent of the in-plane angle of thekW vector, since only
states withs-like in-plane symmetry contribute to the optic
absorption in the EMA.26 It should be mentioned that thi
result is also obtained for the total angular dependence of
exciton wave functions resulting from a fullkW•pW
calculation.28

One major advantage of our basis is that the exci
Hamiltonian becomes diagonal with respect toKz . Further-
more, in the dipole approximation, only states withKz50
are optically active, i.e., thek-conservation rule is obtaine
similarly as in bulk material~as long as the superlattice pe
riod is small compared to the wavelength of the incide
light!. This can easily be seen from a calculation of the o
tical matrix element, which contains the overlap integral
electron and hole basis states:

(
n

einKzdE jc,n1h* ~ze!jv,n~zh! dz

5(
n

einKzdE jc,h* ~ze!jv,0~zh! dz

5NdKz,0E jc,h* ~ze!jv,0~zh! dz. ~10!

In the first line, the translation invariance of the Kane fun
tions has been used. Hence, for the calculation of opti
absorption spectra, only the (Kz50) states have to be take
into account, which amounts to a reduction of the probl
from three to two independent dimensions.

The evaluation of the Hamilton matrix elements
straightforward. One finally finds a system of integral equ

tions for the coefficientsF0,h
«x (k),
ns made
ns. After
SEc
02Ev

01h8eFd1
\2k82

2mcv,i
2«xDF0,h8

«x
~k8!2

e2

8p2e0e r
(
h

E k dkF0,h
«x ~k! E df E dzedzh

e2ukW82kW uuze2zhu

ukW82kW u

3(
n

jc,h8~ze! jv,0* ~zh! jc,h1n* ~ze! jv,n~zh!50, ~11!

which can be discretized and transformed to an eigenvalue equation in matrix form. Since there are no presumptio
about the shape of the wave functions, the approach contains both bound and continuum states of the excito

diagonalization, the absorption is obtained from the eigenvalues«x and the coefficientsF0,h
«x (k) according to

a~v!5
pe2

e0m0
2cnoptL

1

~2p!2
ueŴ•pW cvu2(

«x
U(

h
E k dk F0,h

«x ~k! E dz jc,h* ~z!jv,0~z!U2dG~\v2«x!. ~12!
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55 13 667EXCITONS IN SUPERLATTICES: ABSORPTION . . .
Here L is the length of the sample,nopt the refractive

index, dG a broadenedd function, and ueŴ•pW cvu2 the
polarization-dependent square of the bulk momentum ma
element given by

ueŴ•pW cvu255
P2~ex

21ey
2!, v5hh

1

3
P2~ex

21ey
2!1

4

3
P2ez

2 , v5 lh

2

3
P2, v5so,

~13!

with P2 taken from Ref. 29.
The numerical evaluation of the Eqs.~11! and ~12! has

been performed according to Ref. 26. The summation o
the indexn in Eq. ~11! terminates by itself, since the W
wave functions are well localized inside a range ofz values,
which is approximately given by

En02En
l

eFd
1nd*z*

En02En
u

eFd
1nd, ~14!

whereEn
l andEn

u are the lower and upper miniband edge
For the same reason, the infinite integrals overze andzh

can be restricted to a well-defined finite range. Finally, o
a finite set of statesh has to be used in the expansion. T
spatial extension of the WS wave functions, however,
creases, as the field decreases. Consequently, a larger
ber of basis states has to be taken into account, which p
tically imposes a lower bound on the fields, for which prec
results can be obtained. In particular, for the zero-field lim
a different approach has to be used.

Rather than the superlattice Bloch functions, which wo
be obtained in the zero-field limit, but are infinitely extende
the Wannier functionsan,p(z), defined by

an,p~z!5
1

AN(
kz

e2 ikzpdfnkz
~z!, ~15!

provide a more convenient basis for an expansion of
zero-field Hamiltonian, since they are strongly localize
Furthermore, they have the same symmetry properties a
Kane states, i.e.,

an,p~z!5an,0~z2pd!. ~16!

Thus, if the envelope function is written in the form of th
Eqs. ~8! and ~9!, but with the Kane states replaced by ele
tron and hole Wannier functions,

xKz ,h
0 ~ze ,zh!5

1

AN(
n

einKzdac,n1h* ~ze!av,n~zh!, ~17!

the situation is analogous to the above case of a non
field. The single-particle part of the exciton Hamiltonia
however, is no longer diagonal inh, but becomes equal to

(
h

F d

2pE2 p/d

1 p/d

Ecv~kz!e
ikz~h2h8!ddkz

1S \2k82

2mcv
2«xD dhh8GF0,h

«x ~k8!, ~18!
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i.e., it contains the Fourier components of the combin
miniband dispersion. In the case of tight-binding miniban
the only off-diagonal terms are obtained foruh2h8u51
~which are equal to one half of the combined miniba
width, DEcv

B /2), but for a more realistic dispersion, highe
order terms occur as well. Using Eq.~18! and the Coulomb
matrix elements defined as before, the Hamilton matrix c
be calculated, and the further procedure is complet
equivalent to the case of a nonvanishing field.

In a superlattice structure satisfying inversion symme
for zero field, a further reduction of the complexity of th
problem can be achieved, if the latter symmetry is exploit
For this reason, completely symmetric and antisymmetric
sis states can be formed by

x0,h
6 55

1

A2
@x0,h

0 ~ze ,zh!6x0,2h
0 ~ze ,zh!#, hÞ0

x0,0
0 ~ze ,zh!, h50,‘‘ 1 ’ ’

0, h50,‘‘ 2 ’ ’ .

~19!

The exciton Hamiltonian, which is invariant under the inve
sion, does not mix symmetric~‘‘ 1’’ ! and antisymmetric
~‘‘–’’ ! states. Using the properties of the Wannier functio
it is easy to show that only the symmetric states hav
nonvanishing optical matrix element, i.e., are responsible
the optical absorption. The exciton Hamiltonian can, the
fore, be expanded in terms of the symmetric eigensta
which allows us to reduce the order of the correspond
matrix to its half plus one without any loss of relevant info
mation.

III. BASIC ABSORPTION CHARACTERISTICS

Below we restrict ourselves to the lowest pair of heav
hole~hh! and conduction~c! minibands. The most interestin
case is, when the combined hh1-c1 miniband width is of
order of the exciton binding energies. Then, the system
between the quasi-2D limit of a multiple quantum we
~MQW! structure, where the exciton energies are larger t
the miniband widths, and the 3D wide-band limit of bu
material. For this reason, a superlattice structure, consis
of 12-ML GaAs wells and 6-ML AlAs barriers has bee
chosen as a theoretical example, since the combined hh
miniband widthDEhh1,c1

B 522.8 meV is both beyond the 3D
(«0

x'4 meV) and the exactly 2D («0
x'16 meV) binding

energies of GaAs, but not too far.
Figure 2~a! shows a set of calculated excitonic absorpti

spectra over a wide range of the electric field. In the cal
lations, a finite Gaussian broadening with a full width at h
maximum~FWHM! of 3 meV has been used. For compa
son, the corresponding spectra of the derivative]a/]v of
the absorption without the Coulomb interaction is plotted
Fig. 2~b!.

For high fields WS transitions can clearly be resolved
excitonic peaks in Fig. 2~a! @marked with (x)#, accompanied
by the onset of the corresponding absorption continuum,
cluding the dense quasicontinuum of higher bound sta
(c) on the high-energy side. Similar peaks are obtained
the single-particle differential absorption spectra of Fig. 2~b!,
resulting from the differentiation of the WS absorption ste
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13 668 55NORBERT LINDER
In this field range the transitions are clearly 2D in charac
For decreasing field, however, the energetic distance
tween the WS transitions falls below the value of the bro
ening parameter and individual peaks can no longer be
solved. At this point (F&10 kV/cm, intermediate fields! the
interplay of bound and continuum exciton states combin

FIG. 2. ~a! Excitonic absorption spectra and~b! single-particle
spectra of the differential absorption of the 12/6-ML GaAs/AlA
superlattice atT577 K for a wide range of electric fields. Th
dash-dotted lines indicate the positions of the FK oscillat
minima.
r.
e-
-
e-

d

with varying oscillator strengths makes an unambiguo
identification of individual structures impossible. Gradual
however, the structures in the spectra transform to a pat
which is characteristic for FK oscillations~low fields!. In
particular, for energies in the range of the combined mi
band, regular structures of maxima and minima are form
which move toward the miniband edges~indicated by dash-
dotted lines in Fig. 2!. This generalized FK behavior ha
been described in detail for the single-particle absorptio11

Remarkably, it is not destroyed by the presence of the C
lomb interaction, even if the distance between neighbor
FK maxima is much less than the exciton binding energy.
structures as a whole, however, are shifted to lower energ
due to the attractive character of the Coulomb interaction
this field and energy range the absorption spectra are do
nated by the properties of the single-particle states, and
Coulomb interaction mainly adds a smooth modulation,
least for the continuum states. This is also reflected in
strong resemblance between the spectra of Figs. 2~a! and
2~b!.

In the zero-field limit, the spectrum consists of an excit
peak and a broad plateau, rising at the lower single-part
miniband gap. Some meV below the upper combined m
band edge, the absorption drops off, has a slight dip,
reaches a mostly constant value at the energy of the u
miniband edge. These are the characteristics of a 3D abs
tion spectrum, consisting ofM0 andM1 critical points. The
exciton state near the lower miniband edge has a bind
energy of 6.25 meV, which is larger than that of bulk Ga
(«x'4.1 meV!, because the electron-hole dispersion
strongly anisotropic. At the upper miniband edge, the we
absorption maximum, followed by the dip, is the signature
the lowest bound-state resonance of theM1 exciton. This
kind of structure was predicted by Kane30 and Balslev.31 The
finite numerical discretization prevents a finer resolution
the spectra in our calculations, but similar structures h
been extensively discussed by Whittaker24 and Glutsch,
Chemla, and Bechstedt.25

The preceding discussion has shown that at least in
intermediate-to-low-field range a detailed analysis of the
sorption spectra requires a series of consecutive spectr
make a definite identification of the structures possible.
order to illustrate this, we investigate experimental results
Agulló-Ruedaet al.,32 and restrict ourselves to the hh1-c
transitions as before. In Fig. 1 of their paper, these auth
plotted photocurrent spectra of a~40 Å/40 Å! GaAs/
Al 0.35Ga0.65As superlattice for two different values of th
electric field. The lower spectrum is in the high-field lim
(F'40 kV/cm!, where only the (h50) transition can be
observed, whereas the upper spectrum corresponds t
intermediate-field situation (F'10 kV/cm!, since two WS
peaks can clearly be identified (h521 and 0!. In this spec-
trum, however, an additional small hump can be seen
slightly higher energies, which was attributed to the onse
the continuum above the (h50) exciton peak. The authors
however, could not explain the peak shape of this struct
since they expected to find a shoulder as usual for quas
exciton spectra, and as observed in the high-field spectr
In Fig. 3, a set of calculated spectra for the same sampl
shown. One recognizes that atF510 kV/cm a similar shape
of the absorption is obtained, exhibiting, in particular,
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55 13 669EXCITONS IN SUPERLATTICES: ABSORPTION . . .
small high-energy peak above the~21! and~0! exciton tran-
sitions. Now it is possible to trace the field dependence
this structure. One realizes that it becomes broader first,
finally splits into a pair of structures: a low-energy should
marking the onset of the continuum, and a small peak, wh
is identified as the~11! exciton transition owing to its field
dependence. Obviously, the hump at 10 kV/cm contains b
of these, being the reason for its unusual shape. The fur
development to lower fields shows that the spectral res
tion is not enough to decompose this structure into excito
peaks again, but that it transforms gradually to the up
edge of the zero-field absorption continuum.

IV. EXCITON ASYMMETRY

In Fig. 2 a strong asymmetry between2h and1h tran-
sitions can be observed in the excitonic spectra. This
nearly completely absent in the single-particle spectra, wh
would be exactly symmetric with respect to the (h50) tran-
sition in the case of a symmetric~i.e., tight-binding-like!
miniband dispersion. This excitonic asymmetry has been
tained before by Dignam and Sipe.14 Their calculations,
however, were based on a consideration of bound exc
states only, using a variational principle. We obtain simi
results, demonstrating that the Coulomb forces generally
distribute oscillator strength from states of higher energy
states of lower energy. This effect can be explained i
rather intuitive picture.

For simplicity, we assume a superlattice with a quasic
tinuous translation symmetry, which allows us to separ
the center-of-mass motion from the relative motion of t
electron-hole pair. Then the kinetic part of the relati
electron-hole motion is determined by the combined m

FIG. 3. Calculated excitonic electroabsorption spectra of a~40
Å/40 Å! GaAs/Al0.35Ga0.65As superlattice at 5 K as discussed in
Ref. 33.
f
nd
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band dispersionEc1,hh1(kz)5Ec1(kz)2Ehh1(kz) for the z di-
rection, and the reduced effective mass for the direction p
allel to the layers. The potential energy is given by t
electric-field term eFz and the Coulomb term
e2/4pe0e rAr21z2, where z5ze2zh and rW 5rWe,i2rWh,i are
the relative coordinates. Next we want to consider the low
bound exciton states of the electron-hole WS ladder,
assume that the exciton envelope functionCh

x (rW ,z) can be
separated in a partf h

x (z) for the z direction and a part par
allel to the layers, which has the form of the lowest bou
state of a 2D exciton,33 gh

x (rW )5(4/ax) exp(22r/ax), yield-
ing

Ch
x ~rW ,z!5 f h

x ~z!gh
x ~rW !5

4

ax
e22r/axf h

x ~z!, ~20!

with an effective Bohr radiusax for the in-plane wave func-
tion. The effective Bohr radius is, in principle, a function
the WS ladder indexh, but we will assume this dependenc
to be negligible. Calculating the expectation value with
spect to the in-plane motion leads to a positive energy c
stant« i contributing to the kinetic energy. The electric-fie
term eFz remains unaffected, and the Coulomb term is
placed by

VCoul
eff ~z!5

16

ax
2E e2

4pe0e rAz21r2
e24r /axd2rW . ~21!

The integral can be transformed to

VCoul
eff ~z!5

4e2

axe0e r
H 2E

0

`

e22x Fx21S 2zax D
2G1/2dx2U 2zax UJ ,

~22!

and is now expressed in terms of the reducedz coordinate
2z/ax .

The relative motion of the exciton in thez direction is
now determined by the combined miniband width and
effective potentialeFz1VCoul

eff (z). This is shown schemati
cally in Fig. 4, where the effective combined miniband stru
ture with ~shaded areas! and without ~area between the

FIG. 4. Effective miniband structure for the relative electro
hole motion, with~shaded area! and without~dashed lines! the ef-
fective Coulomb potential. For both cases, three electron-hole~ex-
citon! WS levels are plotted schematically.
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13 670 55NORBERT LINDER
dashed lines! the Coulomb interaction is drawn. The sing
larity of the Coulomb potential has disappeared due to
2D integration over the in-plane part of the wave functio
but a kink atz50 remains.

Now it is possible to discuss the behavior of the z part
the exciton wave functions. An example of three~equidis-
tant! WS levelsh521, 0, and11 without the Coulomb
interaction is drawn schematically as the horizontal das
lines in Fig. 4. The corresponding exciton levels are plot
as solid lines, where it is assumed that the exciton bind
energy is the same forh511 and 21, and larger for
h50. The striking point, now, is that the exciton probabili
density is mostly confined within the spatial range inside
combined miniband, i.e., the shaded area. The exciton o
lator strength, however, is proportional to the probabil
density atz50. Thus it is obvious that theh521 state~and
any stateh,0 slightly belowEc1,h1

l ) has a higher absorptio
probability than theh511 state, since the spatial extensio
of the h521 exciton wave function covers the poin
z50, whereas theh511 wave function only has a sma
tail at z50, resulting from tunneling into the energy ga
above the upper combined miniband edge.

The above considerations do not rely on the exact sh
of the effective Coulomb potentialVCoul

eff . Obviously, it is
sufficient to have a potential which is symmetric with resp
to z50, and has a distinct minimum there. Both propert
remain fulfilled in a more realistic description of the pro
lem.

V. FK AND WS EFFECTS: COMPARISON
WITH EXPERIMENT

In Fig. 2, it has been shown that, in spite of the Coulom
forces tending to localize the electron and hole close to e
other, the interplay between WS transitions and FK osci
tions is not suppressed, although the width of the FK os
lations can become less than the exciton binding energy.
wide-miniband superlattice, which is closer to a 3D syste
the FK effect has been observed experimentally, and it
been shown that a single-particle theory accounts well for
basic structures.11 The line shapes and the intensity of th
structures, however, were found to be different, and we w
show in this section that this is due to the excitonic effec

In Fig. 5, experimental absorption spectra obtained from
photocurrent measurement for a 11/1-ML GaAs/AlAs sup
lattice are compared with calculated spectra with and with
the Coulomb interaction. The structure and the experime
details were described in detail in Ref. 11. For the calcu
tions, only the hh1-c1 transitions have been taken into
count, an approximation, whose validity was also discus
in Ref. 11. An energy- and field-dependent Gaussian bro
ening function has been used with a base value of
FWHM equal to 20 meV atF50 and\v51.5 eV, which
increases by a factor of 2 both between 1.5 and 2.1 eV,
from F50 to 250 kV/cm ~hence, atF5250 kV/cm and
\v52.1 eV the value of the FWHM is 80 meV!, and is
kept constant above these values. The field and energy
pendence of the broadening are used to give agreement
the experimental values. The complexity of the numeri
calculations comes to the limits of the available comput
capacities; for the lowest displayed field value (F533 kV/
e
,
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cm!, a matrix larger than 5000 by 5000 had to be diagon
ized, and the further increase of the number of WS sta
which would be necessary to calculate for lower field valu
prevents us from closing the gap betweenF533 kV/cm
(Upn510.85 V! andF50 (Upn511.75 V!.

FIG. 5. Field-dependent experimental~a! and theoretical exci-
tonic ~b! and single-particle~c! absorption spectra for a 11/1-ML
GaAs/AlAs superlattice atT577 K. The dashed lines indicate th
region of coexistence of the WS and FK effects for the c1-h
transitions.
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Nevertheless, the agreement between theory and ex
ment is nearly perfect. As in experiment, the smooth incre
of the single-particle absorption@Fig. 5~c!# at the fundamen-
tal gap is replaced by a steplike structure. The slope is o
determined by the line broadening, which also shifts the
sorption feature of theM0 exciton to a value slightly above
the band-gap energy. A high-resolution calculation, howev
shows that actually a bound exciton state with a bind
energy of about 5 meV exists. For higher energies, b
theory and experiment yield a slightly increasing absorpt
plateau between theM0 andM1 points of the combined den
sity of states. Near the saddle point, the theoretical spe
drop off, but they do not exhibit the absorption dip expec
for the M1 exciton, due to the large line broadening. T
experimental spectra seem to have an even more pronou
saddle-point feature, but it is more likely that the appar
decrease of the absorption, which actually is a decreas
the measured photocurrent, results from the onset of the
sorption in an Al0.45Ga0.55As cladding layer, grown on top o
the superlattice structure, which does not contribute to
photocurrent.

Both FK oscillations and WS transitions can clearly
identified, and the line shapes agree very well. The verte
the triangular section of coexistence of FK and WS effe
~dashed lines! appears at a higher field value in the theor
ical spectra, indicating that the actual combined miniba
width is somewhat smaller than calculated. Figure 6 sho
the results of doubly differential photocurrent~DDPC! spec-
tra, and the corresponding calculated spectra of]2a/]F]v.
Since the constant part of the photocurrent~absorption! is
suppressed in these spectra, the field- and wavelen
dependent structures can be observed much more cle
than in Fig. 5. Here the interplay of FK and WS effects in t
triangular section can clearly be identified. In comparis
with a plot of similar spectra without the Coulom
interaction11 the predicted Coulomb enhancement of t
structures in the lower half of the miniband becomes pro
nent.

VI. FIELD-INDUCED TRANSITION FROM 3D
TO 2D ABSORPTION CHARACTER

An electric field provides an excellent tool to study t
transition from 3D to 2D character in a superlattice, since
can shrink the electronic wave functions from a quasi-infin
extension to values of the order of one superlattice per
The situation in the presence of excitonic effects becom
more difficult. The problem is that one is used to thinking
an exciton as a quasiparticle. In this picture, there exis
hydrogenlike 3D two-particle system in the zero-field lim
which has a series of bound states with finite spatial ex
sion, and a continuum of infinitely extended quasifree sta
~Fig. 7!. As a weak electric field is applied, the bound sta
are ionized into the continuum with a certain transition pro
ability. As a consequence, the lifetime of the bound state
reduced, and the corresponding absorption peaks gain a
tional width, as soon as the ionization time falls below t
‘‘natural’’ lifetime. Yet the character of the particle does n
change, and remains 3D. This is also the situation for b
material, where an electric field leads to suppression of
excitonic absorption peak and eventually even to the dis
ri-
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pearance of quasibound exciton levels, resulting in the
mation of the FK absorption tail and FK oscillations.

In the superlattice, however, the high-field situation
characterized by the existence of a series of exciton sta
each belonging to one pair of electron and hole WS lev
At this point, we have to emphasize the results of the p
ceding sections and Ref. 11, where it was proved that th
states do not evolve from FK oscillations, being the hig
field signature of a 3D system. Instead, these states are 2
character, each having its own series of bound and c
tinuum exciton states, part of which could be seen, e.g.
Fig. 2. The corresponding excitons can be considered
quasi-2D particles, having a certain probability distributi
in the third dimension~the superlattice direction!. The latter,
however, is the same for all states of the exciton, and thi
the property that establishes the 2D character. Of cou
there is a gradual transition from the 2D~high-field! limit to
the 3D ~zero-field! limit, as the calculations plotted in Fig

FIG. 6. ~a! Gray scale plot of DDPC spectra and~b! calculated
excitonic ]a2/]v]F spectra for the 11/1 GaAs/AlAs superlattic
In both plots the theoretical fan of single-particle WS transitio
~solid lines! and FK oscillations~dashed lines!, and the combined
miniband edges~dotted lines! are included.
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13 672 55NORBERT LINDER
2~a! clearly prove. The question is to find a physical pictu
of the mechanisms involved and their consequences.

There is a variety of aspects to approaching this probl
From the view of mathematical formalism, there are tw
effects which influence the way the transition takes pla
One is the Coulomb-induced mixing of the bound quasi-
exciton states, in particular the mixing of the ground sta
which was discussed in Ref. 14. The other consists of
interaction of the bound WS exciton states with the co
tinuum of lower WS transitions. The latter leads to the fo
mation of a Fano resonance for each exciton absorp
peak. The width of the resonance depends on the Coul
coupling between the discrete exciton levels and the un
lying absorption continua, and increases as the field
creases. At the same time, the spacing of the WS levels
creases, and, as soon as it falls below the resona
broadening, the peaks of the WS excitons overlap and, e
tually, become indistinguishable. This effect is mostly
stricted to the energy range of the combined miniband, si
both the WS absorption peaks and the absorption cont
have large values in this range only, due to the localizat
of the single-particle states. In this way, the formation of
zero-field absorption plateau can be interpreted as the z
field limit of superimposed resonance-broadened WS lev
and the absorption dip of the 3D saddle-point exciton as
result of the superimposed dips on the high-energy side
the Fano resonances. The resonance widths, however
given immediately by the Coulomb matrix elements betwe
the bound states and the continua,34 an upper limit of which
is certainly the exciton binding energy. Hence, to observe
proposed transition behavior experimentally, a spectral re
lution far below this value will be necessary. This has not
been achieved in actual experiments, where the trans
behavior has always been governed by different broade
mechanisms.

The Fano resonance picture is not able to account for
formation of the bound states of the 3D miniband exciton.
obtain an idea of the physics behind this process, the fi
dependence of the absorption near the position of the
exciton ground state shall be investigated in some more
tail. Figure 8 shows absorption spectra calculated for
12/6-ML GaAs/AlAs superlattice betweenF51.25 and 10
kV/cm. In Fig. 8~a! the broadening is the same as in F
2~a!, in Fig. 8~b! it is reduced to a FWHM equal to 2 meV. I

FIG. 7. 3D and 2D series of bound exciton states and exc
continua, corresponding to the zero- and the high-field limits o
superlattice. The line thickness of the bound levels gives an ind
tion for the oscillator strength.
.
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both plots, the structure due to the ground state of the
miniband exciton is clearly visible in the low-field limit, an
remains nearly unaffected in its shape with increasing fie
unless the field reaches a certain threshold value. At
point the 3D exciton decouples into the exciton resonan
of the WS transitions. The threshold field obviously depen
on the line broadening, since, as it is reduced, the linewi
is reduced. Therefore, in Fig. 8~b! the observation of WS
peaks down toh525 is possible, whereas only levels dow
to h523 can clearly be identified in Fig. 8~a!. Of course,
the lower-index levels are also present in the more stron
broadened spectra of Fig. 8~a!, but they cannot be resolve
and thus merge together, forming the structure observe
the 3D miniband exciton. Obviously, the miniband abso
tion peak at small, but finite electric fields can be interpre
as being composed of low-order WS exciton peaks, wh
experience an absorption resonance when they cross th
ergetic position of the zero-field miniband exciton.

This behavior can be explained easily. The field-free
citon system has a discrete exciton ground state for a ce
energy~for higher bound states, the same considerations
be used!, which has a high probability density atz50. As
soon as an electric field is applied, the Coulomb poten
becomes tilted, and the bound states transform to~possible!
resonances of the system. The situation, however, is diffe
from the bulk case~which leads to the excitonic FK effect!,
as the boundary conditions imposed by the finite bandwid
only allow for discrete states rather than an energy c
tinuum with respect to thez direction. Therefore, an absorp
tion resonance is only possible, if a~allowed! WS exciton

n
a
a-

FIG. 8. Calculated field-dependent excitonic absorption spe
in the vicinity of the band-gap energy for the 12/6-ML GaAs/AlA
superlattice for two different values of the broadening paramete
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level crosses the position of the zero-field ground state of
miniband exciton. This effect leads to a peak in the abso
tion at the position of the 3D miniband exciton for each W
level. The peaks merge together, when the distance betw
the WS levels becomes too small to be resolved, and
resonance of the 3D miniband exciton is formed. Similar
the single-particle case, this transition isnot governed by an
intrinsic property of the excitonic WS effect, such as t
relation between WS level distance and exciton binding
ergy, but only by the external mechanisms leading to
broadening of the energy levels. Of course, the resona
effects become weaker as soon as the applied field exc
the ionization field, given by

F ion5
Rx

eax
5

~m* !2e5

128p3e0
3e r

3\4'4.3 kV/cm ~23!

~the explicit value is calculated for the 3Dhh excitons of
GaAs! so that the low-field limit may not be reachable
many experiments. This is the situation in our measurem
plotted in Fig. 5~a!, which start with a field value of
F527 kV/cm. Nevertheless, the decoupling of the mi
band exciton feature into WS excitons is clearly visible, bo
in theory and experiment.

The resonance phenomenon also manifests itself in
binding energy of the WS excitons. In Fig. 9 the energies
the absorption peaks of the 12/6-ML GaAs/AlAs sample
tracted from the calculated spectra of Fig. 2 are plotted
dots, and the single-particle WS transition energies as s
lines. In the high-field range, one clearly recognizes
ground-state exciton peaks for the negative WS transitio
and, for some of them, even the first excited states. From
positive transitions, only theh511 peak can be identified
the others are too weak or are obscured by the nume
discretization ‘‘noise.’’ In the low-field regime, rather tha
individual WS peaks the maxima of the FK oscillations a
observed. It is interesting to note that in the intermedia
field (3.5–6 kV/cm! and -energy (1.735–1.745 eV! range,
an indication of exciton anticrossings occurs, which was
scribed by Dignam and Sipe.14 These structures cannot un
ambiguously be identified, but in view of our above resu

FIG. 9. Field dependence of the exciton absorption peak e
gies~dots! and single-particle WS transition~lines! for the 12/6-ML
GaAs/AlAs superlattice.
e
-

en
e
o

-
e
ce
ds

ts

h

e
f
-
s
lid
e
s,
he

al

-

-

s

and the results of Ref. 11 we tend to ascribe them to
interplay between WS transitions and FK oscillations, i.e.
effects of the varying oscillator strength rather than an
crossings between exciton levels.

We are interested now in the characteristic field dep
dence of the negative WS absorption peaks in the ene
range below the single-particle miniband gap (,1.7324 eV!.
For this range, a serpentine shape of the peak positions in
vicinity of the miniband exciton energy is obtained, whic
corresponds to a strong enhancement of the WS exc
binding energy at the respective field values. This is a cl
consequence of resonance with the zero-field exciton le
and results from the fact that a high exciton probability de
sity atz50 also yields a large expectation value of the Co
lomb energy.

There is, however, a further interesting aspect. Consi
as an example, the (h523) transition. As it approaches th
zero-field exciton position from low energies~high fields!, it
changes its energy with23eFd, as expected from its tran
sition index. After crossing the zero-field resonance, ho
ever, it continues according to24eFd. Obviously, the reso-
nant coupling with the zero-field exciton is accompanied
a change of the dipole moment of the electron-hole p
Thus it actually causes a transformation between each
neighboring WS transitions. In another picture, this situat
can be seen as follows~Fig. 10!. When the (h524) transi-
tion approaches the zero-field exciton level from higher
ergies~low fields!, it is ‘‘captured’’ by the zero-field exciton
at its resonance position. At this point the WS exciton wa
function receives a strong contribution from the zero-fie
exciton state, and, since the latter has a zero dipole mom
the mixed state loses part of its dipole moment and the fi
dependence of its energy is strongly weakened. Then, h
ever, the (h523) WS exciton approaches from above,
anticrossing between the two excitons occurs, and
(h523) exciton replaces the (h524) exciton. During this
process, the (h524) exciton loses one ‘‘quantum’’ of di-
pole moment and continues as the (h523) exciton. This
situation is repeated for any negative WS transition. In t
way the absorption resonance of the 3D miniband excito
formed by a repeated anticrossing between the 2D WS e
tons approaching its energetic position.

This behavior is completely independent of the actual v
ues of the bandwidth and the exciton binding energies. Th

r-

FIG. 10. Schematic picture of the exciton anticrossing behav
near the position of the zero-field miniband exciton in a super
tice.



t
a

n’
r
th
In
ct
,

e
ta
s
th
e
le-
ef
’’
m
ty

te
th
su
/3
-
th

ed
he
ti-

gy
e

n

u
s

c1
t
r
in

u
te
ta
w

h

f
th
ce
es
cu

he

g. A
on
hs
rgy
iton
the
nly

the
and
nt
re-
, we
si-
lts
cle
nite
ox
de-
ell
o
op-
d
es

ab-
rlat-
ns
ary
tra,
ers
its
n

the

d-
ults.

13 674 55NORBERT LINDER
we disagree with the conclusion of Foxet al.,15 who pro-
posed the ratio between the exciton binding energy and
miniband width to be a criterion for the distinction between
‘‘multiple quantum well structure’’ and a ‘‘superlattice’’ in
electroabsorption experiments. The ‘‘exciton localizatio
effect, tending to move the electron and the hole close
each other, can clearly alter the oscillator strengths of
WS transitions, but will not be able to suppress them.
stead, the relevant condition is the ratio between the spe
resolution ~linewidth! and the combined miniband width
since the oscillator strengths of the WS transitions~excitons!
decay rapidly, as soon as the transition lies outside the
ergy range of the combined miniband. If the experimen
linewidth exceeds the combined miniband width, WS tran
tions other than the zero transition will be obscured by
spectral tails of the zero transition. This, however, is an
fect which is entirely due to the behavior of the sing
particle wave functions, and is not related to excitonic
fects. Furthermore, it depends only on an ‘‘extrinsic
property of the system, the linewidth, which results fro
scattering processes and disorder, but not from a proper
the WS ladder itself.35

To prove these conclusions, the results of Foxet al.will
be analyzed. We choose the case for which the grea
amount of exciton localization effect is expected, i.e.,
hh1-c1 miniband transitions of the most weakly coupled
perlattice in their experiments. The sample is a 95 Å
Å GaAs/Al0.3Ga0.7As superlattice with a calculated com
bined miniband width of 5.5 meV, which is less than bo
the 2D («2D

x '8.3 meV) and 3D («3D
x '6.4 meV) exciton

binding energies. In the experimental results of Foxet al.
~Fig. 5 of Ref. 15! an anticrossing-type behavior is observ
both for hh and lh transitions, which is attributed to t
(h50) and (h51) WS excitons by the authors. The an
crossing is explained by the suggestion that the~spatially
indirect! (h521) WS exciton has a smaller binding ener
than the (h50) WS exciton. For small fields, this differenc
exceeds the electric-field energyeFd, and the (h521) ex-
citon state has a higher energy than the (h50) exciton,
whereas, for high fields, the situation is reversed. The a
crossing should occur at the field value whereeFd is just
equal to the difference of the exciton binding energies. F
ther WS transitions are not observed, due to the propo
exciton localization mechanism.

In Fig. 11, the results of our calculations for the hh1-
transition are shown. The field values and the linewid
broadening~the FWHM is 3 meV! are chosen to be simila
to the experimental values. As in experiment an anticross
line shape aroundF'4 kV/cm is obtained, and further WS
transitions are not observed. According to the above disc
sion, however, the anticrossing behavior should be in
preted as taking place between the zero-field exciton s
and the (h521) WS transition when approaching from lo
fields, and leading to (h521) and (h50) WS excitons for
higher fields. This conclusion is confirmed by the hig
resolution calculations@Fig. 12~a!#, which can resolve the
ground state and, partly, also the first excited state o
couple of further WS excitons. The field dependence and
multiple anticrossings are exactly as described above, ex
for the fact that they also occur for excited exciton stat
which were excluded from the above discussion. In parti
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lar, the transition from the miniband exciton feature to t
WS excitons now takes place as soon as for the (h523)
WS transition, due to the decreased spectral broadenin
comparison with the single-particle differential absorpti
spectra@Fig. 12~b!# further shows that the transition strengt
in both plots decay within approximately the same ene
range; i.e., the field and energy dependence of the exc
oscillator strengths is mainly due to the properties of
corresponding single-particle wave functions and o
slightly affected by excitonic effects.

Thus, our conclusions deviate from those of Foxet al. in
two aspects: First, we have shown that the anticrossing of
exciton peaks occurs between the 3D miniband exciton
the (h521) WS exciton rather than between two differe
WS excitons. In particular, there is no Coulomb-induced
versal of the natural sequence of WS transitions. Second
demonstrated that the unobservability of higher WS tran
tions is not due to an exciton localization effect, but resu
from a combination of the fast decay of the single-parti
transition strengths outside the miniband range, and the fi
linewidth of the transitions. The other conclusions of F
et al. are unaffected by these results. In particular, the
scription of the experiments in terms of a coupled two-w
(n-well! model is correct, as long as a maximum of tw
(n) WS transitions can be resolved. Furthermore, the pr
erties of thezero-fieldexciton itself, of course, tend towar
those of a quasi-2D exciton, if the miniband width becom
smaller than the exciton binding energy.

VII. CONCLUSIONS

We computed the properties of excitons in the electro
sorption spectra of strongly coupled semiconductor supe
tices, and compared them with single-particle calculatio
and experimental results. An excitonic theory is necess
for a correct description and interpretation of the spec
since the electron-hole Coulomb interaction strongly alt
the line shapes, but it is also an interesting problem on
own in view of the field-induced dimensionality transitio

FIG. 11. Calculated excitonic electroabsorption spectra of
~95 Å/35 Å! GaAs/Al0.3Ga0.7As superlattice discussed by Foxet al.
~Ref. 15!. The values of the electric field and the linewidth broa
ening have been chosen in agreement with the experimental res
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55 13 675EXCITONS IN SUPERLATTICES: ABSORPTION . . .
~from 3D to 2D! of the system.
We used an approach leading to a system of integral e

tions for the eigenenergies and wave functions of the
exciton Hamiltonian in the effective-mass approximatio
After discretization, the problem could be diagonalized n
merically. In contrast to many previous approaches our
culations contain both bound and continuum states of
excitons, treated on an equal footing. Therefore, interac
between different bound states as well as between bo
states and continua could be investigated.

An analysis of the absorption spectra over a wide rang
fields has shown that, for samples with wide to moder

FIG. 12. High-resolution excitonic absorption spectra~a! and
differential absorption spectra ~b! for the 95-Å/35-Å
GaAs/Al0.3Ga0.7As superlattice. Dashed lines: combined miniba
edges; dotted line: (h50) single-particle transition.
tt.

A

a-
ll
.
-
l-
e
n
nd

of
e

miniband widths, three different field regimes can be dist
guished as in the single-particle picture: In the high-fie
regime one obtains a series of bound exciton states an
excitonic continuum for each WS transition. The binding e
ergies and the shape of the absorption continuum reflect
2D character of the excitons. For zero field, 3DM0 and
M1 exciton absorption features are observed at the lower
the upper combined miniband edge, enclosing a flat abs
tion plateau in between. As the field is increased, miniba
FK oscillations evolve at both miniband edges. In t
intermediate-field regime an interference between WS tr
sitions and FK oscillations occurs, consisting of FK-ty
modulations of the WS excitons, similar to the same eff
obtained in the single-particle spectra. Remarkably, the pr
erties of the absorption spectra are mostly determined by
properties of the single-particle states. In particular, the f
mation of FK oscillations is not suppressed by Coulomb
fects, even if the oscillation width is much less than t
exciton binding energy. The Coulomb forces, however,
distribute oscillator strength from higher to lower energie
leading to a strong asymmetry of the intensity of the str
tures between the lower and upper halves of the combi
miniband.

Particular interest was devoted to a study of the fie
induced dimensionality transition of the exciton states. O
calculations show that the bound states of the miniband
citon for small fields can be understood as resonances o
various WS excitons when crossing the respective ene
position. The value of the field, where the decay of the mi
band exciton into the WS excitons can be observed, depe
on the linewidth of the transitions only, but not on the ex
ton binding energy. In no relevant case has an exciton lo
ization mechanism, competing with the field-induced loc
ization of the single-particle states, been found to be able
suppress WS transitions or to change their order. Even if
exciton binding energy exceeds the combined miniba
width, a number of WS excitons in their natural sequence
obtained in high-resolution calculations, although lowe
resolution calculations in agreement with experimental
sults seem to give evidence of the existence of a pair of
excitons only. Therefore, we conclude that, in contradict
to previous assumptions, the ratio of miniband width a
exciton binding energy is not an appropriate criterion for t
distinction between a superlattice and a MQW structure
absorption experiments. In contrast, the relevant propert
only the relation between the miniband width and the lin
width of the transitions.
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