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Calculation of linear and second-order optical response in wurtzite GaN and AlN

James L. P. Hughes, Y. Wang, and J. E. Sipe
Department of Physics, University of Toronto, Toronto, Ontario, Canada M5S 1A7

~Received 6 December 1996; revised manuscript received 3 February 1997!

We calculate the linear and nonlinear optical response of GaN and AlN in the wurtzite structure. The
dielectric function e(v), the second harmonic generation susceptibilityx (2)(22v;v,v), and the linear
electro-optic susceptibilityx (2)(2v;v,0) are all evaluated over a broad frequency range. These results are
based on a first principles electronic structure calculation using the full-potential linearized augmented plane-
wave method within the local density approximation. Corrections to the underestimation of the band gaps are
included at the level of the scissors approximation, which is carefully incorporated within our susceptibility
formalism. All independent components for the response functions are calculated; the results for GaN and AlN
are very different, and those of AlN are in strong disagreement with predictions of the bond charge model.
Results for all response functions at zero frequency are underestimated with respect to the available experi-
mental values. A comparison of the calculated response functions for nonzero frequencies is made with the
limited experimental data. We confirm both analytically and numerically that the calculated second-order
susceptibilities obey various symmetry constraints below the band gap.@S0163-1829~97!04019-8#
ri
e
ea
th
es
ig

s-
tie

le
ll
ica
n

ca
f
.
iv
e
n

o

n
te
is
uc
ne
n
th

ro
le
a

e
are

of
ero
tial
s

ua-
ss
he
and
We
nse
y,

-
is-
ap-
ues
y
rk,
of

ab-
ve
re-
nc-
s
e
onic

la-
lue
be-
ar
I. INTRODUCTION

GaN and AlN are considered promising materials for va
ous technological applications. The wide band gaps for th
materials makes them candidates for use in the n
ultraviolet and ultraviolet regions. It has been suggested
GaN and AlN could be employed in nonlinear waveguid
short wavelength electroluminescent devices, and in h
temperature diodes and transistors;1–4 AlN has also been
suggested as a frequency doubler for GaxAl12xAs laser
diodes.5,6 The high thermal conductivity and low compres
ibility of these materials are attractive mechanical proper
for a range of device applications.7

There have been several experimental studies of the e
tronic and structural properties of these materials, as we
a number of investigations of the linear and nonlinear opt
response.1,4–6,8–11 Theoretical efforts, however, have bee
primarily concerned with ground state properties.2,12–16

While there has been some work on linear opti
response,3,17,18 the only full band structure calculation o
nonlinear response has been restricted to zero frequency19 In
this context, it would be useful to have a comprehens
analysis of the optical properties of GaN and AlN, as det
mined from first principles, over a broad range of freque
cies.

We have recently presented results on the linear and n
linear optical properties of zinc-blende GaAs and GaP.20 The
goal of this work is to apply the analytic expressions a
computational method employed there to the wurtzite ma
rials GaN and AlN. Our evaluation of optical response
based on a first principles calculation of the electronic str
ture using the full-potential linearized augmented pla
wave~FLAPW! method.21,22We address the underestimatio
of the band gap by including self-energy corrections at
level of the scissors approximation.20,23 This correction rig-
idly shifts the conduction states upward in energy and p
duces a corresponding change in the velocity matrix e
ments; the scissors correction is incorporated in a simple
550163-1829/97/55~20!/13630~11!/$10.00
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straightforward way within our susceptibility formalism. Th
analytic expressions for the optical response functions
derived from the formalism of Sipe and Ghahramani24 and
Aversa and Sipe.25 These expressions have the advantage
being inherently free of any unphysical divergences at z
frequency. Thus, we believe this constitutes a good ini
approach to theab initio determination of optical propertie
across a broad frequency range.

The calculational method and relevant susceptibility eq
tions are briefly presented in Sec. II. In Sec. III we discu
and present the results of our first principles calculation. T
band structures for these materials, as well as the linear
second-order optical response, are given in this section.
also identify the symmetries that the second-order respo
function satisfy, both analytically and numerically. Finall
in Sec. IV we present our conclusions.

II. CALCULATIONAL METHOD

In a previous paper20 we detailed our method for calcu
lating optical response in semiconductors. There we d
cussed the susceptibility notation and definitions, scissors
proximation, electronic structure method, and the techniq
employed in the Brillouin zone~BZ! integrations necessar
for calculating the response functions. In the present wo
our emphasis is on the results for the optical properties
GaN and AlN; we use the notation and definitions est
lished in earlier work.20 We seek the optical response abo
and below the band gap for these materials. For linear
sponse, we evaluate the imaginary part of the dielectric fu
tion, e2(v), and then employ the Kramers-Kronig relation
to obtain the real part of this function. Similarly, we hav
chosen to evaluate the imaginary part of the second harm
generation~SHG! susceptibility, Im$xabc(22v;v,v)%, and
again obtain the real part using the Kramers-Kronig re
tions. This allows for the determination of the absolute va
of this susceptibility over an energy spectrum above and
low the band gap. We restrict our evaluation of the line
13 630 © 1997 The American Physical Society
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55 13 631CALCULATION OF LINEAR AND SECOND-ORDER . . .
electro-optic~LEO! susceptibility to the region strictly below
the band gap. As this function is purely real in this regio
we calculate it directly. The LEO susceptibility we consid
here is in the clamped-lattice approximation.

In the calculation of the susceptibilities it is convenient
reduce the integration over the BZ to one over the irreduc
segment of the BZ~IBZ!. This is accomplished by applyin
the operatorsPR of the group elementsR of the hexagonal
symmetry group 6mm, appropriate for GaN and AlN, to th
expansion dyadics of the response tensor. In the case o
ear response, the dielectric tensor is given by

eJ~v!5(
ab

âb̂eab~v!, ~1!

and after applying the operatorsPR we obtain

(
R

PR~ x̂x̂!5(
R

PR~ ŷŷ!561I,

(
R

PR~ ẑẑ!5121I,

(
R

PR~ âb̂!50, aÞb, ~2!

where 1I is the identity tensor. Thus only the diagonal e
ments survive; contrary to what one obtains for mater
with the cubic structure, all of these components are
equal. We can identify two independent components for
linear susceptibility,exx5eyy, andezz.

For second-order optical response we proceed in the s
way. We can write the LEO susceptibility as

xJ~2v;v,0!5(
abc

âb̂ĉxabc~2v;v,0!, ~3!

and applying the operatorsPR we find

(
R

PR~ ẑẑẑ!512~ ẑẑẑ!,

(
R

PR~ x̂x̂ẑ!56~ x̂x̂ẑ1 ŷŷẑ!,

(
R

PR~ x̂ẑx̂!56~ x̂ẑx̂1 ŷẑŷ!,

(
R

PR~ ẑx̂x̂!56~ ẑx̂x̂1 ẑŷŷ!,

(
R

PR~ âb̂ĉ!50, all other a,b,c. ~4!

We can identify four independent components for t
second-order tensor, which we take to bexzzz, xxxz, xxzx,
andxzxx. The same result follows for the SHG susceptibil
with one exception: The SHG tensor possesses intrinsic
mutation symmetry, or a symmetry in the permutation of
,
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last two indices. This reduces the number of independ
components to three, which for this tensor we take to
xzzz, xxzx, andxzxx.

To calculate the optical response functions it is necess
to perform an integration over the IBZ. Our approach
wards this integration is to use a hybrid sampling-tetrahed
method. The essence of this method is to partition the I
into a large number of tetrahedra, at the vertices of which
calculate the eigenvalues and velocity matrix elements us
the FLAPW method. We then sample a large number
points within each of these tetrahedra, linearizing quanti
that appear in the integrand based on this vertex informat
This approach is computationally efficient and provides
accurate integration over the entire IBZ; consequently, ac
racy is maintained for energies above and below the b
gap.

For the calculation of GaN and AlN we have partitione
the IBZ into 5184 tetrahedra, requiring a determination
the eigenvalues and velocity matrix elements at 1365k
points. In the case of GaN, we have further partitioned
region immediately near theG point into 3993 tetrahedra
This demands a further calculation of the eigenvalues
velocity matrix elements at an additional 1092k points in
this region. This is done for GaN only, as we present res
on the anisotropy of the linear optical response function
the proximity of the band edge. To be confident in the ac
racy of the calculation in this narrow energy region, the fin
mesh ofk points near theG point is required.

III. RESULTS AND DISCUSSION

A. Band structures

In Fig. 1 we present the band structures for GaN and A
In both cases the band gaps have been adjusted, via the
sors shift, to coincide with the experimental values. The
band structures are in good agreement with other theore
results based on various electronic structure methods wi
the local density approximation~LDA !.2,3,14,17Agreement is
somewhat less striking in a comparison of the eigenvalue
symmetry points from our band structure with existing qu
siparticle calculations;2 differences tend to be smaller tha
0.4 eV for bands in proximity to the gap, and larger f
bands further from the gap. We note that for these calcu
tions, and all those discussed below, we have used the
perimental values for the lattice constants;26 for the crystal
coordinate system, we have used the convention of Ko
yashi and co-workers.13

In the all-electron calculation employed in this work, th
3d states in Ga have been explicitly included as valen
states. These states encroach on the lowest valence stat
can be seen in the band structure between210 and215 eV.
The inclusion of these states as part of the fully relaxed
lence states in the calculation effects the appearance of t
states in the band structure itself, and also affects the sh
and position of the upper valence and lower conduct
states. On this basis, we believe it is important to inclu
these states in a full band structure calculation of the opt
properties of GaN.
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13 632 55JAMES L. P. HUGHES, Y. WANG, AND J. E. SIPE
B. Linear optical response

The results for linear optical response are presented
Fig. 2 and Fig. 3, again for GaN and AlN. In both figures w
give our results for the two independent components of
imaginary part of the dielectric function,e2

xx(v) and
e2
zz(v). The corresponding components of the two mater
exhibit a general similarity, although the relative magnitud
of the peaks in the spectra of GaN differ significantly fro
those of AlN.

The general similarity of thee2(v) of these materials
reflects the underlying similarity in the shapes of their ba
structures; the structural features in thee2(v) spectra are
associated with regions in the band structure for which p
of bands are nearly parallel and the joint density of state
high. In the column IV semiconductors and the III-V cub
semiconductors, it is usually possible to identify each pe
with a parallel joint density of states in a specific band str
ture region. In contrast, for GaN and AlN we have on
managed to construct a preliminary assignment of the dif
ent peaks. Similar efforts have previously been presente
other researchers.3,27

FIG. 1. FLAPW band structures for GaN~upper plot! and AlN
~lower plot!. The fundamental band gaps have been adjusted to
and 6.3 eV, respectively, within the scissors approximation.
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We begin with GaN. The first peak in bothe2
xx ~at 7.2 eV!

ande2
zz ~at 7.3 eV! is clearly due to the region betweenG and

M in the Brillouin zone. The next two peaks ine2
xx , one at

8.1 eV and one at 9.5 eV, arise, respectively, from contribu
tions fromA to L andL to M , and from contributions from
G to M and fromA to H. In the place of these two peaks
there is only one ine2

zz ~at 9.5 eV!, and it seems to arise from
different regions in the Brillouin zone: Its main contributions
come from the regions fromH to K and fromK to G. The
next peak in each component~at 10.6 eV fore2

xx and at 10.8
eV for e2

zz) arises from contributions fromG to A, from A to
H, and fromA to L; although obviously not well localized in
the Brillouin zone, at least here there appears to be commo
sources for the strength ine2

xx and e2
zz. The sources of the

remaining higher energy peaks are difficult to identify.
In AlN, where there are more peaks in each spectrum tha

in GaN, the identification of their origins is less clear. Here
even the first peaks in the two components — at 8.7 eV in

.5 FIG. 2. Plot of the imaginary part of the dielectric function for
GaN. Both independent components are plotted:e2

xx(v) ~upper
plot! ande2

zz(v) ~lower plot!.
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55 13 633CALCULATION OF LINEAR AND SECOND-ORDER . . .
e2
xx and at 8.5 eV ine2

zz— appear to have somewhat differ-
ent origins. While the lowest energy peak ine2

zz arises from
both the region fromG to M that leads to the first peaks in
the GaN spectra, and the regionL to M , the lowest energy
peak ine2

xx gains strength as well from the regions fromG to
A andA to L. The next four peaks ine2

xx ~at 9.0 eV, coming
from G to K; at 9.6 eV, coming fromG to A, from A to
H, and fromL to A; at 9.8 eV coming fromG to M ; at 11.2
eV, the source of which we cannot identify! have only one
counterpart ine2

zz, at 9.3 eV, with origins in the regions from
G to K, fromH to K, and fromG toM . The two components
both display a peak at 12.2 eV; ine2

zz this has its origins in
the regions fromG to A and fromA to H, while in e2

xx there
is as well a contribution from the region fromL to H. We
have not been able to identify well-defined regions in th
Brillouin zone responsible for the other peaks.

Compared to the column IV elemental semiconducto
and the III-V cubic semiconductors, the structure ine2(v) in

FIG. 3. Plot of the imaginary part of the dielectric function for
AlN. Both independent components are plotted:e2

xx(v) ~upper plot!
ande2

zz(v) ~lower plot!.
e

s

GaN and AlN is considerably more complicated. This a
pears to arise in the large part because of the lower symm
of the wurtzite structure, leading to a more complicated jo
density of states than in the cubic materials and a resul
difficulty in assigning peaks to different regions in the Br
louin zone. Support for this comes from our calculation
the II-VI compound semiconductors, many of which can o
cur in both cubic and wurtzite form. Comparinge2(v) for
the two structural forms of the same compound, we con
tently find a more complicated spectrum for the wurtz
structure.28

Despite the complicated spectrum ofe2(v) for GaN and
AlN, our results are in good agreement with those of Chr
tensen and Gorczyca3 throughout the energy spectrum. The
calculation was based on the linear muffin-tin orbi
~LMTO! method within the atomic-sphere approximatio
~ASA!. Although, as they point out, their results are sensit
to the use of the ASA, we found a strong similarity betwe
our results and theirs in the structure of the linear respo
function as well as in its value at zero frequency. These la
results will be subsequently discussed. Solankiet al.18 have
also calculated the dielectric function for AlN using th
LMTO-ASA method. These results show marked differenc
from our own. Their work illustrates the sensitivity of th
linear response function to the application of the LMTO
ASA approach as well as the number ofk points used in the
calculation. Our results differ substantially both qualitative
and quantitatively from those of Xu and Ching:17 Our struc-
ture ofe2(v) for both GaN and AlN is in disagreement wit
theirs in respect to both peak positions and relative p
magnitudes. In addition, they found anomalously large v
ues fore2(v) for GaN for energies in excess of 20 eV. W
found no such increase in the linear response in this reg

The only experimental data fore2(v) of which we are
aware is the spectroscopic ellipsometry measurements
GaN of Petalaset al.4 This data does not exhibit the degre
of structure that is present in our calculation, but does sh
general agreement in peak positions.

As there is interest in near band edge optical response
present in Fig. 4 the GaN results fore2(v) in the region near
the function onset. Both independent components are plo
so as to elucidate the anisotropy of the function in this
gion. Our calculation indicates a difference ine2(v) for the
two components of about 0.02 for energies within 0.05 eV
the band gap, increasing to a maximum difference of 0.2
to about 7 eV; the magnitude of the difference varies qu
strongly with energy throughout this range. It should
noted that our calculation does not take into account e
tonic effects which are known to affect the shape of t
linear response function near the band edge.

C. Second-order optical response

We present our results for the imaginary part of the SH
susceptibility in Fig. 5 for GaN and AlN. We have plotte
the three independent components of this function for e
material. A striking feature of the results, particularly
comparison with those for the zinc-blende semiconductor20

is how structured the frequency dependence is for all co
ponents of both materials. As ine2(v), this appears to be
due in large part to the lower wurtzite symmetry of the
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13 634 55JAMES L. P. HUGHES, Y. WANG, AND J. E. SIPE
compounds. It is difficult to interpret the structure inx (2) in
terms of the band structure of the material — especially
the wurtzite structure — because one must consider b
one- and two-photon resonances in various regions of
band structure, and the interference between these proce
An initial attempt is made at this below; it is clear, howev
that there is virtually no similarity between the results f
these two compounds. Particularly considering the simil
ties in the linear optical response of these two materials,
highlights the greater sensitivity of the second-order
sponse function to details of the band structure and mom
tum matrix elements of the material.

The imaginary part of the SHG susceptibility for GaN
initially very flat for all components in a region of approx
mately 1 eV near the half band gap. Beyond this region
structure of the response function, as well as the differen
between individual components, becomes dramatically m
pronounced. Our results show a strong similarity between
xxzx andxzxx components over the entire energy spectru
To a large degree, peak position and magnitude is appr
mately the same for both components. Thexzzz component
exhibits a similar general structure, but is opposite in s
and larger in magnitude than the other two components.
will address this relationship between the magnitudes of
components in a subsequent discussion of the prediction
the bond charge approach.

The spectrum of the imaginary part of the SHG susce
bility for AlN bears little resemblance to that of GaN. The
appears to be no definite relationship between the inde
dent components for this function. However, in general,
xzzz component is usually the largest of the three com
nents throughout the energy spectrum.

Turning now to the details of the peaks, for GaN we fi
consider thexzzz component. The broad peak between 3
and 4.6 eV seems to be attributable to a two photon re
nance associated with the first peak in thee2

xx spectrum, but
with an increasing contribution, at an increasing ener

FIG. 4. Results for the calculated imaginary part of the dielec
function in the energy region near the function onset:e2

xx(v) ~solid
line! ande2

zz(v) ~dotted line!.
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from a two photon resonance associated with the secon
peak in thee2

zz spectrum. The peaks at 6.2 and 6.7 eV are
most likely due to two photon resonances associated with the
fifth and sixth peaks in thee2

zz spectrum. For thexzxx com-
ponent, the first main peak at 4.7 eV is due to a two photon
resonance associated with the second peak in thee2

zz re-
sponse function. The peak at 5.7 eV is most likely from two
photon resonances associated with the fifth peak ine2

xx and
the fourth peak ine2

zz. Finally, the small peak at 7.2 eV is
attributable to one photon resonances associated with th
first peaks in bothe2

xx and e2
zz. The xxzx component is the

most difficult to interpret in terms of the band structure. We
can only loosely identify the peak at 4.8 eV with a two
photon resonance associated with the third peak ine2

xx , and

c

FIG. 5. Imaginary part of the SHG susceptibility
Im$xabc(22v;v,v)% for GaN ~upper plot! and AlN ~lower plot!.
The three independent components are plotted:xzzz ~solid line!,
xxzx ~dotted line!, and xzxx ~dashed line!. The energy bin size is
0.05 eV.
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55 13 635CALCULATION OF LINEAR AND SECOND-ORDER . . .
the peak at 6.7 eV with a two photon resonance associ
with the sixth peak in thee2

zz.
For AlN, the xzzz component has two peaks for whic

somewhat definitive statements can be made. The first is
peak at 4.3 eV, which is due to two photon resonances a
ciated with the first peaks in bothe2

xx and e2
zz. The peak at

5.9 eV is probably due to a two photon resonance associ
with the fourth peak ine2

zz. We note, however, that we wer
unable to specify a band structure region contributing to
peak. For thexzxx component the peak at 4.7 eV is due to
two photon resonance associated with the second pea
e2
zz. The peak at 5.9 eV again seems associated with
fourth peak ine2

zz, as for thexzzz component. Again, the
contributions to thexxzx component are very hard to dete
mine. We can only suggest that the peak at 4.3 eV is fr
two photon transitions associated with the first peak in b
e2
xx ande2

zz.
In Fig. 6 we plot the absolute value of the SHG susce

bility for both materials. Features of these results wh
merit noting are as follows: Thexzzz component dominate
in both spectra for virtually all energies. In GaN all thre
components are of comparable size for energies below
half band gap, whereas in AlN thexxzx andxzxx components
are substantially smaller than thexzzz component. GaN ex-
hibits significantly more structure for energies around
half band gap than does AlN.

The results presented in this paper are, to our knowled
the first for the SHG susceptibility beyond zero frequen
There are, however, experimental results with which we
compare. Considerable work has been done by Miragli
et al. on the nonlinear optical response of GaN. Results
xzxx(22v;v,v) have been presented for energies arou
the half band gap.11 We have plotted in Fig. 7 these exper
mental results along with our calculated results for the ab
lute value ofxzxx(22v;v,v). This data roughly exhibits
the same structure as our theoretical calculation in that
function decreases towards the half band gap and then
creases from there for higher energies. But the magnitud
the experimental data is approximately twice that of our c
culated values. For AlN the experimental data is somew
less complete. Over a range of energies, the only dat
which we are aware is that of Lundquistet al.5,6 on radio-
frequency sputter deposited AlN thin films. The experime
tal results exhibit a remarkably similar dispersion to our th
oretical predictions, but are about 40% smaller in magnitu
It has been suggested by this experimental group that
value of the measured SHG susceptibility can be expecte
increase with improved crystallinity of the AlN film; it is no
clear how much larger this response function might beco

The value of the SHG susceptibility at zero frequency w
the focus of the only other full band structure work on t
nonlinear optical properties of GaN and AlN.19 For this rea-
son, and the fact that some low frequency experimental d
has been presented in the literature, it is important that
place our work within this context. In Table I we present o
results for the dielectric function, and the SHG susceptibi
at zero frequency for GaN and AlN. We have also includ
the values from other theoretical calculations and exp
ments. We have only included two components for the S
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response function, as thexxzx andxzxx components are iden
tical in the limit that the frequency approaches zero.

The results of the current calculation for the linear optic
response at zero frequency are very close to those of
LMTO-ASA work of Christensen and Gorczyca3 as well as
the pseudopotential calculation of Chenet al.29 ~where they
have included the scissors approximation!. There is some
disagreement regarding the anisotropy of the dielectric fu
tion at zero frequency, although this anisotropy is not cal
lated to be large for either material. Our results as well as
other two calculations predict values fore2(0) smaller than
the available experimental results. This result is striking
that our previous calculation for GaAs and GaP obtain
values for the zero frequency linear response that were
cellent in comparison with experiment. This may point to

FIG. 6. Absolute value of the SHG susceptibility above a
below the band gap for GaN~upper plot! and AlN ~lower plot!. The
independent components arexzzz~solid line!, xxzx ~dotted line!, and
xzxx ~dashed line!.
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13 636 55JAMES L. P. HUGHES, Y. WANG, AND J. E. SIPE
limitation in the scissors approximation or, in the case of
LMTO method, to the use of ‘‘corrective’’ terms to adju
the LDA band gaps. It has been suggested that for wide b
gap materials the scissors approach may be inadequat
correctly predicting zero frequency response.30 The pseudo-
potential calculation of Chenet al.,19 which does not employ
the scissors correction, suffers from the usual LDA band
problem in that the band gap is underestimated. This n
rally leads to higher values for the dielectric function at ze
frequency. The only wildly anomalous results are those
Xu and Ching17 using the orthogonalized linear combinatio
of atomic orbitals~OLCAO! method. Their values are ex

FIG. 7. The absolute value ofxzxx(22v;v,v) ~solid line! plot-
ted with the experimental data from Miragliottaet al. ~Ref. 11!
~solid circles!.
e

nd
for

p
u-

f

ceedingly large for GaN, and predict a strong anisotropy.
AlN, the e2

xx(0) value is close to other calculations, but aga
a large anisotropy is predicted leading to a large value
e2
zz(0).
For the SHG susceptibility at zero frequency the theor

ical and experimental data is more scarce. We find that
results are very close to those of Chenet al.29 when they
have incorporated the scissors correction. Again, their res
without the scissors correction will be higher due to an u
derestimation of the band gap. The theoretical calculati
predict values for the SHG susceptibility lower than tho
measured experimentally for both GaN and AlN. The expe
mental data for GaN is opposite in sign to the calcula
values, but as Chenet al.19 point out, the overall sign was
not experimentally determined relative to the atomic coor
nates.

One of the values of full band structure calculations su
as ours is that they provide a check on simpler models
optical response that are often employed in the absenc
more detailed calculations. For example, the usual b
charge model forx (2) ~Ref. 31! predicts that thexzzz com-
ponent should be twice as large as thexxzx component, but
of opposite sign. It is based on the assumptions of per
tetrahedral bonding and an optical response consisting o
dependent electrons moving only along the direction of th
bonds. Our present work finds that the bond charge pre
tion for xzzz/xxzx holds only approximately for GaN; indeed
the bond charge prediction holds to a good approximat
not only at zero frequency, where the bond charge mode
usually applied, but as well for the ratio of the compone
of Im$x (2)(22v;v,v)% throughout a large energy range,
can be seen in Fig. 5. Yet the bond charge prediction f
completely for AlN. This result has already been found
Chenet al.,19 and is thus independently confirmed here.

The simplest possible reason for the difference betw
the two materials is that the lattice structure of AlN implies
the
. The
TABLE I. The dielectric function and the SHG susceptibility at zero frequency. Results of
present calculation~FLAPW! are compared with other theoretical calculations and experimental data
experimental data for SHG is extrapolated to zero frequency following Chenet al. ~Ref. 19!. The values for
x (2)(0) are in pm/V.

Material Method exx(0) ezz(0) xzzz(0) xxzx(0)

GaN FLAPW 4.82 4.80 6.03 -4.27
Pseudopot.~no scissors; LDA gap! 5.54a 5.60a 10.8b -6.4b

Pseudopot.~scissors!b 4.75 4.85 7.0 -4.2
LMTO-ASAc 4.71 4.62
OLCAOd 8.72 11.16
Experiment 5.2e -10.7f 5.3f

AlN FLAPW 3.91 3.97 -3.77 -0.25
Pseudopot.~no scissors; LDA gap! 4.42a 4.70a -8.4b -0.2b

Pseudopot.~scissors!b 3.78 3.94 -4.6 -0.2
LMTO-ASAc 3.91 3.77
OLCAOd 3.88 5.06
Experiment 4.68g -12.667h <u0.5uh

aReference 19. eReference 36.
bReference 29. fReference 1.
cReference 3. gReference 37.
dReference 17. hReference 9.
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bonding structure much further than that of GaN from t
perfect tetrahedral bonding usually assumed. This, howe
is clearly not the whole story: Relaxingonly the assumption
of perfect tetrahedral bonding and using the actual lat
parameters of GaN and AlN, the so-revised bond cha
model would predict axzzz/xxzx ratio of 22.053 for GaN,
and a ratio of22.208 for AlN. Clearly the correction fo
GaN is small and that for AlN is substantial; yet the d
agreement of our results for AlN with even this revised bo
charge model is poor. Obviously other assumptions of
bond charge model are in error. The results of Xu a
Ching17 for the ground state charge density contours in
cated bonding of considerably more covalent characte
GaN than in AlN; our results for density contours confir
this. While what is really of essence is the nature of
charge density response to applied fields, the nature of
ground states at least suggests that the model of directi
bonds is, in general, more appropriate for GaN than A
This is clearly a qualitative issue worthy of more study.

We present our results for the clamped-lattice LEO co
ficient in Fig. 8 for both materials. We have evaluated t
function strictly below the band gap. To our knowledge the
are the firstab initio calculations of the LEO susceptibilit
for these materials. We have plotted the four independ
components of this response function, but note that for e
gies below the gap thexxzx andxzxx components are identi
cal. This response function gradually increases in magnit
as the energy moves towards the band gap, where it ex
ences a resonance enhancement. For both materials thexzzz

component is the largest. In GaN the other components
approximately half as large and opposite in sign. In the c
of AlN the remaining components are very small in relati
to thexzzzcomponent. These results are not surprising giv
the data we have presented for the SHG susceptibility.

We are aware of only one experimental determination
the LEO coefficient for these materials. Longet al.32 have
measured this coefficient for GaN at 1.96 eV and obtain
xzzz53065.5 pm/V andxxzx5961.7 pm/V. They have no
determined the absolute sign of this response function.
calculated results at this energy for comparison arexzzz57
pm/V andxxzx56 pm/V. This comparison is however no
strict; we calculated the LEO susceptibility in the clampe
lattice approximation while the experimental data is for t
total LEO effect.

D. Symmetries ofx „2…

The nonlinear optical susceptibilities are required to s
isfy certain symmetry considerations and constraints.33 It is
the goal of this section to state some of these conditions
demonstrate how our calculation satisfies them.

We first consider intrinsic permutation symmetry in t
case of the SHG response function. As has been previo
presented,20 our susceptibility expression is written so as
explicitly satisfy this symmetry constraint. We have alrea
discussed this in Sec. II regarding the reduction of the in
pendent components for the SHG function from four
three, but for completeness mention it here.

For energies at which there is no absorption~below the
band gap!, full permutation symmetry holds. In terms of th
LEO susceptibility this demands that
r,
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xzxx~2v;v,0!5xxzx~2v;v,0!. ~5!

As indicated in Fig. 8 these two components have been nu
merically shown to be identical below the band gap. This
symmetry condition can also be shown to hold true analyti
cally within our susceptibility formalism.

We next consider Kleinman symmetry34 which holds for
very low frequencies. This symmetry could be written sche
matically as

lim
v→0

xxxz5 lim
v→0

xxzx5 lim
v→0

xzxx, ~6!

either for the LEO or SHG coefficient, and for them inter-
changeably. Again Fig. 8 illustrates how this symmetry has
been numerically satisfied by our calculation; three of the

FIG. 8. Plot of the LEO susceptibility below the band gap for
GaN ~upper plot! and AlN ~lower plot!. The four independent com-
ponents are plotted:xzzz~solid line!, xxzxandxzxx ~dotted line!, and
xxxz ~dashed line!. Note that two of the components are coincident
in this energy region.
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independent components for the LEO susceptibility are eq
in the limit of zero frequency. This symmetry constraint ca
also be shown to hold in Fig. 6 for the SHG susceptibility. I
this case two of the three independent components are
merically identical in the zero frequency limit; the expres
sions can also be shown to be equivalent analytically.

Finally, a condition that one would expect on physica
grounds is that as the frequency approaches zero, the sec
order response functions become equal. This can be writ
as

lim
v→0

xabc~22v;v,v!5 lim
v→0

xabc~2v;v,0!. ~7!

We have discussed and numerically demonstrated this c
dition in a previous paper in the case of GaAs and GaP. H

FIG. 9. Absolute value of the second-order optical respon
functions for GaN~upper plot! and AlN ~lower plot! below the band
gap. Thexzzzcomponent has been plotted for the SHG susceptib
ity ~solid line!, and the LEO susceptibility~dotted line!.
al

u-

l
nd-
en

n-
re

we can illustrate how this condition holds for GaN and AlN
in the wurtzite structure by plotting the SHG and LEO sus-
ceptibilities on the same graph. In Fig. 9 we have plotted th
xzzz component for each material. This figure clearly shows
how both of these susceptibilities are equal for vanishin
frequency; again, analytic equivalence can be demonstrate

The above susceptibility constraints should hold in any
calculational approach, and they provide a solid check of no
only our formalism but of our numerical method.

E. Miller’s d

We have previously calculated Miller’sd for GaAs and
GaP~Ref. 20! and there found reasonable support for som
of Miller’s original predictions about this function. It is use-
ful, therefore, to calculate Miller’sd for the semiconductors
in this work.

e

l-

FIG. 10. Plot of Miller’sDM(2v) below the half band gap for
GaN~upper plot! and AlN ~lower plot!. The three independent com-
ponents are plotted:Dzzz ~solid line!, Dxzx ~dotted line!, andDzxx

~dashed line!.
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A generalized form of Miller’sd for SHG can be written
as

DM
abc~2v!5

xabc~22v;v,v!

xaa~2v!xbb~v!xcc~v!
. ~8!

We plot in Fig. 10 the three independent components of
function for GaN and AlN, respectively. Our results indica
that the assumption of frequency independence of this fu
tion largely holds over a broad frequency range. We no
however, that there are obvious deviations from Miller’s a
sumption of material independence for the value of a giv
DM function. The values forDM

zzz differ by about 30% over
much of the frequency range. The other independent com
nents are very different for different materials. This la
result we might expect given that the ratios of the mag
tudes of independent components differ dramatically
GaN and AlN as has already been discussed. For compa
we note that the zero frequency values ofDM

xyz that we pre-
viously obtained for GaAs and GaP are 194 and 198 pm/V20

respectively. Levine35 has also calculatedDM
xyz for GaAs and

GaP and has obtained 347 and 310 pm/V, respectively.

IV. CONCLUSIONS

We have presented results for the optical response
wurtzite GaN and AlN for a broad range of energies. T
work has employed a first principles electronic structure c
culation in the FLAPW method, and a completely nondiv
gent formalism for the optical susceptibilities. The sciss
approximation has been incorporated in our calculation in
attempt to correct for the underestimated LDA band gap

Our results for linear optical response show striking sim
larities to those of Christensen and Gorczyca.3 We are, how-
ever, in strong disagreement with other theoretical calcu
tions. Our zero frequency results, in line with those of oth
workers, underestimate the experimental values. We pre
a very small anisotropy at zero frequency as well as a r
A.
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tively small anisotropy ine2(v) for GaN for energies within
3 eV of the band gap.

Our work on second-order optical response constitutes
first comprehensive calculation and analysis for GaN a
AlN over a broad energy range. We have calculated all
dependent components for the SHG and LEO susceptibil
and our results indicate strong dissimilarities between
materials considered in this work. The calculated spectr
of the SHG susceptibility for both materials is extremely ri
in structure with the general feature of a dominantxzzzcom-
ponent. For energies below the gap, the other indepen
components are very small by comparison in AlN, but are
comparable magnitude in GaN. The predictions of the bo
charge method seem to hold only approximately in GaN a
fail completely for AlN. This we can attribute, only in par
to the greater degree of tetrahedral bonding in GaN.

Our calculated values for the second-order susceptibili
are smaller than the available experimental data by appr
mately a factor of two. We note, however, that very litt
experimental data exists for a range of energies above
below the band gap, and for very low energies for which z
frequency results can be equated.

We have also detailed some of the symmetry proper
that the second-order susceptibilities must satisfy. Th
constraints have been demonstrated to be adhered to nu
cally and are satisfied analytically within our susceptibil
formalism.
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