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Form of the quantum kinetic-energy operator with spatially varying effective mass
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Through a nonrelativistic limit of the Dirac Hamiltonian and considering the spatial dependence of the
particle mass in the Foldy-Wouthuysen transformation, it is shown that the quantum kinetic-energy operator
with spatially varying effective mass has the form14 { p̂@1/Am(r )# p̂@1/Am(r )#1@1/Am(r )# p̂@1/Am(r )# p̂}.
However, the transmission properties of an electron through a GaAs/AlxGa12xAs heterojunction calculated
both with this form and the BenDaniel and Duke operatorp̂@m(r )#21p̂/2, the most used kinetic-energy
operator, differ at most by 1% if the existence of interface regions as thin as two GaAs lattice units is taken into
account.@S0163-1829~97!02903-2#
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The effective-mass theory is very useful in condens
matter physics. Initially proposed to describe impurities
crystals,1–3 it is nowadays a key element in the study
semiconductor heterostructures.4,5 To take into account the
spatial variation of the semiconductor type, effective-m
Hamiltonians are constructed based on kinetic-energy op
tors ~KEO’s! with a position-dependent carrier effectiv
mass,m5m~r !. Several KEO’s were proposed,6–10 all of
them special cases of the most general von Roos for11

given by

1
4 @ma~r ! p̂mb~r ! p̂mg~r !1mg~r ! p̂mb~r ! p̂ma~r !#, ~1!

wherep̂5(\/ i )“ is the carrier momentum operator, the p
rametersa, b, andg satisfy the relationa1b1g521. The
hermiticity condition of the Hamiltonian, current-densi
conservation, comparison between experiments and theo
cal results,12–17 and condensed-matter first-princip
theories18,19 were unable to indicate conclusively a uniq
form for the KEO with a position-dependent effective ma
i.e., the exact values for the parametersa, b, andg in Eq.
~1!. The question of the exact form of the KEO is still a
open problem.

It was suggested that all KEO’s are equivalent if the s
tial variation of the semiconductor alloy in the interface r
gion is smooth.15–17,19 However, this suggestion does n
minimize the problem related with the KEO ambiguous de
nition. In fact, some results show that the influence of
KEO form on the properties of semiconductor heterostr
tures is important.12–15 In particular, a limit of the order of
100 Å for the GaAs/Al0.3Ga0.7As interface was obtained re
cently for the equivalence of several KEO’s with respect
electron transmission phenomena.20 This very large interface
width is of the order of the semiconductor dimensions t
Wolfe, Holonyak, and Stillmann21 have suggested for th
validity of the effective-mass approximation based on sim
arguments related to the Heisenberg uncertainty principl

The purpose of this paper is to present a scheme to ob
unambiguously the Schro¨dinger equation with spatially vary
ing particle mass. This is accomplished through the nonr
tivistic limit of the Dirac Hamiltonian performed by mean
of a Foldy-Wouthuysen transformation that considers
550163-1829/97/55~3!/1326~3!/$10.00
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spatial dependence of the particle mass. At this point, i
worth highlighting that the famous original publications
Schrödinger allow us to ponder the assumption of a parti
mass that is position dependent.22–24 This possible depen
dence seems never to be considered.

A way to solve the ambiguity in the KEO definition wa
proposed early by Liu.25 By considering the following time-
independent Lagrangian for a single band envelope w
function ~a Schro¨dinger-like field!,

L52
\2

2m~r !
“C* •“C2C*VC, ~2!

he obtained with the Euler-Lagrange equations
BenDaniel and Duke Hamiltonian~b521, g50!.6 Since
some other forms for the Lagrangian can be chosen
is argued here that the method proposed by Liu25 does
not allow an unambiguous KEO definition. In fact,
L52(\2/2)“@C* /Am(r )#•“@C/Am(r )#2C*VC, the
Zhu and Kroemer Hamiltonian~a521/2, b50! ~Ref.
7! is obtained; if L52(\2/4)$“C* •“C@1/m(r )#
1@1/m(r )#“C* •“C%2C*VC, the Gora and Williams8

and/or Bastard9 Hamiltonian ~a521, g50! is obtained;
if L52(\2/4)$@1/Am(r )#“@C* /Am(r )#•“C1“@C* /
Am(r )]“@C/Am(r )#%2C*VC, the Li and Kuhn
Hamiltonian10 ~a50, g521/2! is obtained.

The point of departure in this paper to solve the KE
ambiguity problem is to consider the following Lagrangia
for the Dirac equation~that is more fundamental than th
Schrödinger equation!:26

L5C̄@gmpm2m~r !#C, ~3!

wherepm5(\c/ i )]m , g are the Dirac matrices,

g05b5S 1 0

0 21D , g i5a i5S s i 0

0 s i
D ,

ands i ~i51, 2, 3! are the Pauli matrices.26

The choice of the Dirac equation circumvents proble
related with the noncomutativity of the momentum opera
1326 © 1997 The American Physical Society
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and the particle mass. By using the Euler-Lagrange eq
tions, the following Hamiltonian is obtained:

H5a p̂1m~r !b. ~4!

The differential equations for the spinors of the abo
Hamiltonian are coupled through the operatorV15a p̂.
Sincem~r !b is considered as the dominant term in the no
relativistic limit, H can be transformed into a new Ham
tonian H8 through the following Foldy-Wouthuyse
transformation:27

H85exp~ iS! H exp~2 iS!. ~5!

In the case of a constant mass, it is obtained thatH8
5(n50

` (1/n!)Tn, whereT05H and Tn5@ iS,Tn21#. For a
spatially varying effective mass, sincem~r ! does not com-
mute with p̂, there are two possibilities for the operatorS:

S152
i

2

1

Am~r !
bV1

1

Am~r !
, ~6!

S252
i

4 F 1

m~r !
bV11bV1

1

m~r !G . ~7!

By using the expansionH85H1 i @S,H#2 i /2@S,@S,H##
1••• and disregarding termsO „1/m3(r )…, it is straightfor-
ward to show that both operatorsS1 andS2 gives the follow-
ing form for the transformed Hamiltonian in the nonrelati
istic limit:

H85
1

4 F p̂ 1

Am~r !
p̂

1

Am~r !
1

1

Am~r !
p̂

1

Am~r !
p̂G . ~8!

The scheme used here indicates conclusively thata50
andg521/2 in Eq.~1!. Hence, the ambiguity problem in th
KEO with spatially varying effective mass seems to
solved.

The Hamiltonian of Eq.~8! was proposed early by Liu
and Kuhn10 as one of the possible forms for the KEO. Th
named itredistributedsince the mass operators are redistr
uted among the momentum terms. However, the BenDa
and Duke6 KEO p̂@m(r )#21p̂/2 is the most used for calcula
tions of semiconductor heterostructure properties, altho
recent works have suggested that other operators are
suitable—see Ref. 12, for example.

To have an idea of the role of the KEO’s choice on t
theoretical calculations of transmission properties in se
conductor heterostructures, the transmission coefficient o
electron through a GaAs/Al0.3Ga0.7As heterojunction is per-
formed taking into account the KEO’s of BenDaniel a
Duke6 ~TBD!, Zhu and Kroemer7 ~TZK!, Gora and Williams8

or Bastard9 (TGW/B), and Li and Kuhn
10 ~TLK!. The interface

potential description of Freire, Auto, and Farias,30 and the
numerical method of Ando and Itoh31 is used in the calcula
tions.

Figure 1 shows that the electron transmission is sens
to the KEO’s form, principally when abrupt interfaces a
considered. For abrupt interfaces and an electron with
energy, the differences betweenTLK andTGW/B ~TBD or TZK!
can be as high as 30%~15%! ~see the inset in Fig. 1!. When
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the interface width or the electron energy increases, the
ferences between the transmission coefficients decreas
less than 1%. Consequently, the KEO’s of BenDaniel a
Duke,6 Zhu and Kroemer,7 Gora and Williams,8 or Bastard,9

and Li and Kuhn~redistributed!10 are all equivalent for in-
terface widths at least of four GaAs lattice units. It is wor
mentioning that it was shown by Ribeiro Filhoet al.20 that
KEO’s with a522.0,21.0,20.5, 0.0, 0.5, 1.0, 2.0 are a
equivalent only when the transition region~where the effec-
tive mass is position dependent! is of the order of sixteen
GaAs lattice units.

In conclusion, we have shown a way to solve the am
guity problem of the form of the quantum kinetic-energ
operator with spatially varying effective mass.a50 andg5
21/2 were obtained by making the nonrelativistic limit
the Dirac Hamiltonian through a Foldy-Wouthuysen tran
formation that has considered the spatial dependence o
particle mass. Theoretical calculations of semiconductor h
erostructures properties with BenDaniel and Duke6 and Li
and Kuhn10 KEO’s will give very approximately the sam
results with respect to semiconductor heterostructures p
erties only when the interface widths are large.
GaAs/AlxGa12xAs systems, this means at least interfa
widths thicker than or of the order of two GaAs lattice p
rameters, the width of interfaces that are actually grown.28,29

Finally, the present results suggest that no experiment ca
performed nowadays on semiconductor samples to determ
the KEO form in systems with spatially varying effectiv
mass since the actual interface widths preclude this poss
ity.

The authors would like to acknowledge useful discussio
with Dr. G. A. Farias, from the Physics Department of t
Universidade Federal do Ceara´. This work was supported by
the Brazilian National Research Council~CNPq!, and the
Ministry of Planning ~FINEP! at Universidade Federal d
Ceará.

FIG. 1. Transmission coefficients of electrons throu
GaAs/Al0.3Ga0.7As heterojunctions with interface widths of zero
one, two, and four GaAs lattice units~LU!. The following KEO’s
are considered: BenDaniel and Duke~Ref. 6!, TBD ~solid!; Zhu
and Kroemer~Ref. 7!, TZK ~dashed!; Gora and William~Ref. 8!,
or Bastard ~Ref. 9!, TGW/B ~dotted dashed!; and Li and Kuhn
~Ref. 10!, TLK ~dotted!. The insets show the relative deviation
(TLK2TBD)/TLK ~solid!, (TLK2TGW/B)/TLK ~dotted dashed!, and
(TLK2TZK)/TLK ~dashed!. An electron band offset of 0.6 is alway
used.
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