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Form of the quantum kinetic-energy operator with spatially varying effective mass
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Through a nonrelativistic limit of the Dirac Hamiltonian and considering the spatial dependence of the
particle mass in the Foldy-Wouthuysen transformation, it is shown that the quantum kinetic-energy operator
with spatially varying effective mass has the forhfi p[ 1/v/'m(r)1p[ 1/Vm(r)]+[1//m(r)1p[ 1/Vm(r)1p}.
However, the transmission properties of an electron through a Gaf&2Al,As heterojunction calculated
both with this form and the BenDaniel and Duke operagbpm(r)] 1p/2, the most used kinetic-energy
operator, differ at most by 1% if the existence of interface regions as thin as two GaAs lattice units is taken into
account[S0163-18207)02903-7

The effective-mass theory is very useful in condensedspatial dependence of the particle mass. At this point, it is
matter physics. Initially proposed to describe impurities inworth highlighting that the famous original publications of
crystals'— it is nowadays a key element in the study of Schralinger allow us to ponder the assumption of a particle
semiconductor heterostructuresTo take into account the mass that is position dependéft?* This possible depen-
spatial variation of the semiconductor type, effective-masslence seems never to be considered.

Hamiltonians are constructed based on kinetic-energy opera- A way to solve the ambiguity in the KEO definition was
tors (KEQ's) with a position-dependent carrier effective proposed early by Lid> By considering the following time-
mass,m=m(r). Several KEO’s were proposéd® all of independent Lagrangian for a single band envelope wave
them special cases of the most general von Roos form function (a Schrainger-like field,
given by
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alm*(r)pm?(r)pm?(r) +m?(r)pmP(r)pm*(r)], (1) “= " 2mm
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wherep= (#/i)V is the carrier momentum operator, the pa-he obtained with the Euler-Lagrange equations the
rametersa, 8, andy satisfy the relatiorn+B+y=—1. The  BenDaniel and Duke Hamiltoniatg=—1, y=0).% Since
hermiticity condition of the Hamiltonian, current-density some other forms for the Lagrangian can be chosen, it
conservation, comparison between experiments and theorets argued here that the method proposed by?lidoes
cal results”" and condensed-matter first-principle not allow an unambiguous KEO definition. In fact, if
theories®*° were unable to indicate conclusively a unique | = — (42/2)V[W*/\m(r)]- V[W/ym(r)]— ¥*V¥, the
form for the KEO with a position-dependent effective mass,zhu and Kroemer Hamiltonian(e=—1/2, B=0) (Ref.
i.e., the exact values for the parametessB, andy in EQ.  7) is obtained; if L=—(A2/4){V¥*.V¥[1/m(r)]
(1). The question of the exact form of the KEO is still an [ 1/m(r)|V¥*.V¥} - ¥*V¥, the Gora and Williants
open problem. _ _ and/or Bastard Hamiltonian (a=—1, y=0) is obtained;

It was suggested that all KEO's are equivalent if the spaj; | = — (h24){[ 1/ () ]V[W*/\m(r)]- V¥ + V[¥*/

tial variation of the semiconductor alloy in the interface re- \/W]V[‘I’/\/W]}—‘I’*V‘I’ the Li and Kuhn
gion is smootht>*"** However, this suggestion does not \y1miltoniari® (=0, y=—1/2) is obtained.

minimize the problem related with the KEO ambiguous defi- 1,4 point of departure in this paper to solve the KEO
nition. In fact, some results show that the influence of theambiguity problem s to consider the following Lagrangian

KEO form on the properties of semiconductor heterostrucyy, the Dirac equationthat is more fundamental than the
tures is important?>=° In particular, a limit of the order of Schalinger equation?®

100 A for the GaAs/A} Ga, -As interface was obtained re-
cently for the equivalence of several KEO’s with respect to
electron transmission phenomefiahis very large interface
width is of the order of the semiconductor dimensions that _ . . .
Wolfe, Holonyak, and Stillmarfii have suggested for the wherep,,=(#c/i)d,,, v are the Dirac matrices,
validity of the effective-mass approximation based on simple
arguments related to the Heisenberg uncertainty principle. 0 1 0 N e 0

The purpose of this paper is to present a scheme to obtain Y =B= o -1/ Y% lo ail’
unambiguously the Schdinger equation with spatially vary-
ing particle mass. This is accomplished through the nonrelaand o; (i=1, 2, 3 are the Pauli matrice¥.
tivistic limit of the Dirac Hamiltonian performed by means  The choice of the Dirac equation circumvents problems
of a Foldy-Wouthuysen transformation that considers theelated with the noncomutativity of the momentum operator

L=V[y*p,—m(n)]¥, )
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and the particle mass. By using the Euler-Lagrange equa-

tions, the following Hamiltonian is obtained:

H=ap+m(r)B. (4)

The differential equations for the spinors of the above

Hamiltonian are coupled through the operatdr = ap.

Sincem(r)B is considered as the dominant term in the non-

relativistic limit, % can be transformed into a new Hamil-
tonian H' through the following Foldy-Wouthuysen
transformatiorf’
H' =exp(iS) H exp(—iS). (5)
In the case of a constant mass, it is obtained tHat
=3._o(nM)T", whereTo=H and T,=[iS,T,_,]. For a
spatially varying effective mass, sinee(r) does not com-
mute withp, there are two possibilities for the operafir

i 1 1
2 M ©
il

By using the expansioft{’ =H+i[S,H]—i/2[S,[S,H]]
+--- and disregarding term® (1/m3(r)), it is straightfor-
ward to show that both operatdgs andS, gives the follow-
ing form for the transformed Hamiltonian in the nonrelativ-
istic limit:

1

e 1 1 1 .1
T4

. )
Dm0 P ym) | ymn) -

The scheme used here indicates conclusively thad
andy=-1/2 in Eq.(1). Hence, the ambiguity problem in the

. (8

KEO with spatially varying effective mass seems to be

solved.
The Hamiltonian of Eq(8) was proposed early by Liu
and Kuhrf®

uted among the momentum terms. However, the BenDani
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FIG. 1. Transmission coefficients of electrons through
GaAs/Al Ga 7As heterojunctions with interface widths of zero,
one, two, and four GaAs lattice unittU). The following KEO’s
are considered: BenDaniel and DulRef. 6), Tgp (solid); Zhu
and Kroemer(Ref. 7, Tz (dashe@t Gora and William(Ref. 8,
or Bastard(Ref. 9, Tgwps (dotted dashed and Li and Kuhn
(Ref. 10, T,k (dotted. The insets show the relative deviations
(Tuk—Tgp)/ Tk (solid), (T.k—Tewrs)/ Tk (dotted dashed and
(Tik—Tz)/T .« (dashed An electron band offset of 0.6 is always
used.

the interface width or the electron energy increases, the dif-
ferences between the transmission coefficients decrease to
less than 1%. Consequently, the KEO'’s of BenDaniel and
Duke® Zhu and Kroemef,Gora and William$, or Bastard’

and Li and Kuhn(redistributed® are all equivalent for in-
terface widths at least of four GaAs lattice units. It is worth
mentioning that it was shown by Ribeiro Fille al?° that
KEO'’s with «=-2.0, —1.0, —0.5, 0.0, 0.5, 1.0, 2.0 are all
equivalent only when the transition regi@rhere the effec-
tive mass is position dependegns of the order of sixteen
GaAs lattice units.

In conclusion, we have shown a way to solve the ambi-
guity problem of the form of the quantum kinetic-energy
operator with spatially varying effective mags=0 andy=
—1/2 were obtained by making the nonrelativistic limit of

™ as one of the possible forms for the KEO. They ihe pirac Hamiltonian through a Foldy-Wouthuysen trans-
named itredistributedsince the mass operators are redistrib-

formation that has considered the spatial dependence of the
article mass. Theoretical calculations of semiconductor het-

A e
and Duké KEO p[m(r)]” "p/2 is the most used for calcula- erosiryctures properties with BenDaniel and Duked Li
tions of semiconductor heterostructure properties, althoughnq kuhrii® KEO’s will give very approximately the same

recent works have suggested that other operators are Mofggyts with respect to semiconductor heterostructures prop-

suitable—see Ref. 12, for example.

erties only when the interface widths are large. In

To have an idea of the role of the KEO's choice on thegaag/alGa,  As systems, this means at least interface
theoretical calculations of transmission properties in seMiy;idihs thicker than or of the order of two GaAs lattice pa-
conductor heterostructures, the transmission coefficient of agy 1aters. the width of interfaces that are actually gréWas.

electron through a GaAs/AGa, /As heterojunction is per-

formed taking into account the KEO’'s of BenDaniel and

Dukée® (Tgp), Zhu and Kroemér(T,), Gora and William$
or Bastard (Tgw;s), and Li and Kuhi® (T ). The interface
potential description of Freire, Auto, and Faridsand the
numerical method of Ando and It3his used in the calcula-
tions.

Finally, the present results suggest that no experiment can be
performed nowadays on semiconductor samples to determine

the KEO form in systems with spatially varying effective

mass since the actual interface widths preclude this possibil-
ity.
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