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Specific heat of the two-dimensional Hubbard model
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~Received 10 December 1996!

Quantum Monte Carlo results for the specific heatc of the two-dimensional Hubbard model are presented.
At half filling it was observed thatc;T2 at very low-temperatures. Two distinct features were also identified:
a low-temperature peak related to the spin degrees of freedom and a higher-temperature broad peak related to
the charge degrees of freedom. Away from half filling the spin-induced feature slowly disappears as a function
of hole doping while the charge feature moves to lower temperature. A comparison with experimental results
for the high-temperature cuprates is discussed.@S0163-1829~97!02320-5#
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I. INTRODUCTION

The Hubbard model is among the simplest Hamiltonia
that describe the behavior of correlated electrons. Espec
since the discovery of high-temperature superconducting
terials, considerable attention has been devoted to this m
and significant progress was achieved in understanding
ground-state properties, particularly at half filling, althou
superconductivity is still elusive.1 Static and dynamical spin
correlations, the optical conductivity, and other observab
have been studied in detail.1 However, not much attention
has been devoted to its thermodynamical properties des
the large amount of experimental specific-heat measurem
available for the cuprates. The aim of this paper is to fill th
void and to present a systematic study of the specific hea
the two-dimensional~2D! Hubbard model for different cou
plingsU/t, dopings, and temperatures. To achieve that g
quantum Monte Carlo~QMC! techniques are used.

The Hubbard Hamiltonian is given by

H52t (
^ i j &,s

~ci ,s
† cj ,s1H.c.!1U(

i
~ni↑21/2!~ni↓21/2!,

whereci ,s
† creates an electron at sitei with spin projection

s, nis is the number operator, the sum^ i j & runs over pairs of
nearest-neighbor lattice sites,U is the on-site Coulombic re
pulsion,t is the nearest-neighbor hopping amplitude, and
add a chemical potentialm to fix the number of electrons. In
the following t51 will be used as the unit of energy. Th
boundary conditions are periodic.

II. HALF FILLING

The computational calculation of the specific heatc is not
simple. In principle,c is given by the derivative of the en
ergyE ~defined asE5^H&/N, with N being the number of
sites! with respect to the temperatureT at constant density
However, note that in determinantal QMC simulation
which are set up in the grand canonical ensemble, the en
550163-1829/97/55~19!/12918~7!/$10.00
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is a function of the chemical potential that has to be adjus
to keep the densitŷn& constant as the temperature chang
In other words,]E/]T must be calculated along the lines
constant̂ n& in theT-m plane. In this framework the calcu
lation of c cannot proceed usingc;^H2&2^H&2, as when
the number of particles is fixed. Another detail that is impo
tant is the finite discretization of the derivatives along t
lines of constant density. Naively, the ratioDE/DT, with
DT very small, should be calculated. However, using suc
procedure, the small statistical error inE introduces large
errors in c. For that reason we have decided to calcul
E(T) ~at fixed^n&) numerically as accurately as possible a
then fit the Monte Carlo points with a polynomial th
smears out the small fluctuations inE. c is obtained by tak-
ing derivatives from this polynomial analytically. Motivate
by the shape of theE vsT curve, different polynomials were
used for the high- and low-temperature regimes. In Fig.
the raw Monte Carlo data forE as a function of temperatur
corresponding toU58 at half filling on a 636 cluster are
presented. Each data point was obtained by perform
around 10 000 measurement sweeps. The dashed line
cates the low-temperature fit by a polynomial of order 6
T, while the short-dash–long-dashed line indicates the hi
temperature fit, in this case to a polynomial of order 4.T* is
the temperature where the two fits meet. Its value depend
the parametersU and^n& and is typically of the order of 1.
In order to make a smooth connection of the two fits
included points below~above! T* for the high-~low-! tem-
perature fit within a window;0.2 centered atT* . The spe-
cific heat was obtained through the analytic derivative of
fitting polynomials and it is also shown in Fig. 1 with
continuous line. The inset of the figure shows with mo
detail the low-energy data that generate the low-tempera
peak inc ~to be discussed later!.

An important issue in QMC simulations are finite-siz
effects~FSE’s!. Upon studying 434, 636, and 838 clus-
ters, it was observed that the FSE’s inE vs T are strong at
very weak coupling, but become negligible forU58 or
larger. In Fig. 2, the energy of the different clusters f
12 918 © 1997 The American Physical Society
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55 12 919SPECIFIC HEAT OF THE TWO-DIMENSIONAL . . .
U50, 4, 8, and 12 is shown. Since the FSE’s are small,
decided that results on 636 clusters are representative of th
physical behavior analyzed in this study and thus this is
lattice size that we have used in the remaining of the pa
In Fig. 3, c vs T at half filling for different values ofU is
shown. There are two important features in these curves~i!
a low-temperature peak that appears when the low-lying s
states are excited and~ii ! a higher-temperature peak that a

FIG. 1. Monte Carlo results for the energyE on a 636 cluster
at half filling andU58 ~open circles!. The low-temperature poly-
nomial fit is indicated by the dashed line, while the short-lo
dashed line indicates the high-temperature fit. The solid line den
the specific heatc. The low-temperature data that produce the sp
peak are shown in the inset. The error bars are smaller than the
of the dots.
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pears when states in the upper Hubbard band are excite
the weak-coupling regime the low-temperature peak mo
to slightly higher temperature asU increases, reaching
turning point atU'7 where the peak is atT50.3. For
U.7 the peak slowly moves to lower temperatures asU
grows. This indicates the beginning of the strong-coupl
regime since it is well known that for large values ofU the
Hubbard and thet-J models have similar behaviors and th
coupling constants are related throughJ54t2/U. Numerical
studies on thet-J model have indicated that at half filling
~Heisenberg limit! the peak inc appears atT'2J/3,2 which

es

ize

FIG. 3. Specific heatc vsT at half filling for different values of
U ranging from 2 to 12. The vertical axis for each coupling
shifted for clarity.
FIG. 2. EnergyE as a function
of temperatureT at half filling on
434, 636, and 838 clusters for
~a! U50, ~b! U54, ~c! U58,
and~d! U512. The error bars are
smaller than the size of the dots.
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12 920 55DANIEL DUFFY AND ADRIANA MOREO
in terms ofU corresponds toT'8t2/3U. Thus, when this
regime is reached we expect the peak to move to lower t
perature with increasingU. The position of the peak as
function ofU/t is shown in Fig. 4~a!, where the dashed line
indicatesT52J/3. The asymptotic behavior is reached f
U>10.

The broad high-temperature peak moves to higher t
perature asU increases as expected since its presence co
sponds to the excitation of states across the gap that g
with U. In Fig. 4~b! the position of this peak is shown as
function ofU. For U>7 the dependence of the position
the peak withU becomes approximately linear and it
given by 0.24U. A spin-density-wave mean-field calculatio
of the gapD as a function ofU, at largeU, gives the result
D;0.48U. Apparently, quantum fluctuations reduce the s
of the gap. Note that in Fig. 3 it can be observed that
minimum in c between the two peaks becomes deeper
U increases and the charge peak increases its width.

In previous work the specific heat for the half-filled Hu
bard model in one dimension has been evaluated.3–5 We
found that the qualitative behavior in one and two dime
sions is similar regarding the existence and coupling dep
dence of the two peaks. However, the following differenc
were observed.~i! According to Ref. 3, the two peaks can b
resolved forU.4, while here we were able to identify th
two peaks already atU52. The fact that only one maximum
is observed in Ref. 3 in the strong-coupling regime is due
the small-T interval considered in that study.~ii ! According
to Ref. 4, the maximum inc associated with the spin exc
tations moves to lower temperatures asU increases in weak
coupling, while in our 2D study the opposite behavior w
found.

Another important feature observed here at half filling
that at low temperatures the specific heat followsc5dT2,
i.e., the behavior predicted by spin-wave calculations.6 In
Fig. 5~a! we show the energy as a function ofT3 for different
values of U, showing that linear behavior occurs fo

FIG. 4. ~a! TemperatureTspin peak, where the spin peak is lo
cated, as a function ofU at half filling. The dashed line indicate
T52J/3 ~asymptotic result in the Heisenberg limit!. ~b! Tempera-
tureTcharge peak, where the charge peak is located, as a function
U. The dashed line indicatesT50.24U.
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T<0.3. The value ofd depends onU and decreases as th
coupling increases. For largeU the limiting valued'1.1 is
obtained in good agreement with the reported value for
Heisenberg model.6–8 A slave boson mean-field theor
~SBMFT! calculation provided a value ofd51.360.05,6

while a numerical study obtainedd51.160.2.8 The behavior
of d vs U is shown in Fig. 5~b!.

In Fig. 6,c vsT for several values ofU ranging from 2 to
12 are presented. These are the same curves that were s
in Fig. 3, but now using common vertical units. It is inte
esting to observe that all the curves intersect
T51.660.2. If only small values of the coupling are consi
ered, i.e.,U ranging from 2 to 5, the curves cross also
T150.6 in addition toT251.6. This behavior was predicte

f

FIG. 5. ~a! Energy vsT3 at half filling for different values of
U. ~b! Coefficientd of the low-temperature fitc;dT2, as a func-
tion of U at half filling. Numerical and analytical values for th
Heisenberg limit (U5`) are indicated. The circle corresponds
the mean field result of Ref. 6 and the diamond denotes the num
cal result of Ref. 8.

FIG. 6. c vs T for U52–5 ~continuous lines! and for
U56–12 ~dashed lines!. All the curves intersect atT2'1.6, while
those corresponding to weak coupling~continuous lines! also inter-
sect atT1'0.6.
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FIG. 7. EnergyE as a function
of temperatureT on 434 and
636 clusters and density
^n&50.75 for ~a! U50, ~b!
U54, ~c! U58, and~d! U512.
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by Vollhardt9 and was observed in the paramagnetic phas
the infinite dimensional Hubbard model for 0<U<2.5.

III. FINITE HOLE DENSITY

To compare our results with those of the superconduc
cuprates it is important to study the specific heat as a fu
tion of hole doping. As remarked before, many experimen
measurements of the specific heat for high-temperature
prates are available. In general, it is very difficult to separ
the electronic contribution to the specific heat in the norm
state from the phononic part. Also many experiments h
been performed in the superconducting phase, where the
istence of an intrinsic linear contribution to the specific h
would indicate the absence of a gap and thus unconventi
behavior.10–12 Since the superconducting phase cannot
reached in QMC simulations, our results will be compar
with experiments performed in the normal state. F
La22xSrxCuO4 it was observed in Ref. 13 that the linear ter
g of the specific heat in the normal phase increases w
doping betweenx50.12 and 0.25. However, studies of th
same material performed later14 showed thatg increases
with x for x.0.1, reaching a maximum value at optim
doping x'0.15 and then decreasing in the overdoped
gime. This behavior is in agreement with the Van Ho
scenario,15 where the density of states reaches a maximum
optimal doping. The behavior ofg for a metal-insulator tran-
sition was also studied for Sr12xLaxTiO3 in Ref. 16. There it
was observed thatg increases as the transition is approach
from the metallic side. Through the relationg5m* g0 /m,
whereg0 andm are the linear coefficient and the mass f
free electrons, it was found that the effective mass of
quasiparticlesm* increases as the transition is approach
Loramet al.17 studiedg as a function of doping atT5280 K
of
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in YBa2Cu3O61x . g appears to increase with doping reac
ing a plateau forx'0.45.

The first step to study numerically the specific heat
finite density is to analyze the finite-size effects. They a
stronger than at half filling, but still moderate, as can be s
in Fig. 7, where E vs T for U50, 4, 8, and 12 at
^n&50.75 on 434 and 636 clusters is shown. Away from
half filling it was very difficult to obtain accurate results o
838 clusters at low temperature due to the well-known s
problem. However, since FSE’s are stronger in weak c
pling and we have observed that forU50, where results can
be obtained exactly, there is only a small difference betw
the 636 and 838 results, then, as before, 636 lattices
were used in our studies away from half filling.

In Fig. 8~a! the specific heat as a function ofT at
^n&50.75 for different values ofU is presented. It can be
observed that the spin peak is substantially reduced c
pared to the results at half filling, but it is still present
strong coupling forU58 and 12, indicating the existence o
short-range antiferromagnetic correlations. In weak coupli
i.e., forU54, the spin feature has disappeared and the cu
is similar to the noninteracting one. The specific heat
creases in the region where the minimum between the
peaks existed at half filling. At quarter filling@Fig. 8~b!#, c
has a behavior that resembles free electrons independen
the value ofU. Thus, here the electrons are approximat
weakly interacting at all couplings.

Let us consider in more detail the special case ofU58.
This value of the coupling was selected since according
calculations of the optical conductivity it is suitable to repr
duce some normal state experimental results.1 In Fig. 9 the
specific heat as a function of temperature is presented
different values of the densitŷn&. The continuous line indi-
cates the results forU58 on a 636 cluster, while the
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12 922 55DANIEL DUFFY AND ADRIANA MOREO
dashed line denotes the noninteractingU50 results on a
2003200 lattice. Such a large cluster in the noninteract
case was used to avoid finite-size effects, which are stron
this limit at the low temperatures where the linear behav
occurs. Again it should be remarked that this problem occ
in weak coupling at very lowT and thus ourU58 results are
not expected to be contaminated by size effects. In Fig.
can be seen that forU58 the intensity of the spin pea
decreases smoothly with doping. At 10% hole doping~i.e.,
^n&50.90) its intensity diminishes by 40%, a result in agre

FIG. 8. c vs T at density~a! ^n&50.75 and~b! ^n&50.50 for
U50, 4, 8, and 12, on a 636 cluster.
g
in
r
rs

it

-

ment with Ref. 2, where thet-J model was studied. Note tha
for ^n&;0.8 the specific heat is almost flat in a broad ran
of temperatures. Here it is difficult to resolve the spin a
charge peaks from the data. We expect that at this densit
lower the spin correlations are no longer important, ev
those of short range, in agreement with previous spec
function studies performed in the Hubbard model.18 Reduc-
ing further the density from̂n&50.75 to 0.5, a single peak
structure that resembles the noninteracting specific h
curve becomes dominant.

An important issue in this context is the calculation
couplings and densities where the system changes from
sulator to metal. Metallic behavior is characterized in t
specific heat by the existence of a linear coefficientg. In two
dimensions it was found that19

c'gT1G2DT
21•••, ~2!

with G2D positive in strong coupling.
The experimentalists often present plots ofc/T vs T2

when addressingg. Analogously, in Fig. 10 the continuou
line denotesc/T vs T for U58 at different densities, while
the dashed line indicates the noninteracting case. The low
temperature that is confidently reached in this study aw
from half filling is T50.3. It is clear that this temperature
too high to observe the linear behavior inc/T since, accord-
ing to Eq. ~2!, the slope of the curve has to be positive
very low temperature. Clearly, if the system behaves a
Fermi liquid, a maximum has to appear in the curve a
lower temperature than reached in this study. The nonin
acting results show indeed the linear behavior at very l
temperatures. However, note that the value ofg for nonin-
teracting electrons is not much different from the value
c/T at the maximum in Fig. 10 at all densities. Thus,
i-
FIG. 9. c vsT for U58 ~solid
line! on a 636 cluster at different
densities. The dashed line ind
cates results forU50 obtained
using a 2003200 cluster.
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FIG. 10. c/T vs T for U58
~solid line! on a 636 cluster at
different densities. The dashe
lines denote results forU50 ob-
tained using a 2003200 cluster.
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extrapolating theU58 curves to zero we expect to obtain
good approximation to the value ofg. However, since we
cannot reach lower temperatures, the existence of anoma
non-Fermi-liquid behavior certainly cannot be ruled out
remarked in Ref. 2.

In Fig. 11, c/T as a function of doping is presented
different temperatures. Notice that the lowest tempera
T50.5 shown in Fig. 11 corresponds to;2000 K if t50.4
eV is used. This is much higher thanT5280 K, which is the
highest temperature used in experiments. However,
T50.5 it was here observed thatc/T increases with doping
for ^n&<0.8, in agreement with some experimental result17

and the same behavior is observed atT51. For higherT the
ratio c/T increases for increasing density^n&.

FIG. 11. c/T vs ^n& for U58 at different temperatures.
us
s

re

r

IV. SUMMARY

The specific heat of the two-dimensional Hubbard mo
has been calculated for different couplings and electro
densities as a function of temperature. At half filling and
the couplingU increases a low-temperature peak associa
with the spin degrees of freedom moves to lower tempe
tures, while a high-temperature feature associated with
charge degrees of freedom moves to higher temperature
very low temperaturesc'dT2 as predicted by spin-wave
theory andd tends to the Heisenberg value (d'1.1) for
large couplingU. Away from half filling we observed tha
the spin feature weakens with doping and it disappears
^n&<0.75 working atU58. This suggests the absence
important antiferromagnetic correlations below that dens
We were not able to reach temperatures low enough to
cide whether the system is metallic or has anomalous be
ior away from half filling. However, by evaluatingc/T we
were able to make comparisons with experimental results
the lowest temperatures that we could reach we found
c/T increases with hole doping for^n&,0.9. This behavior
is similar to experimental results for YBa2Cu3O61x .

17
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