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Inelastic interaction of electrons with lattice waves in many-valley-model semiconductors
at low temperature
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The rate of loss of energy of nonequilibrium electrons due to inelastic interactions with intravalley acoustic
phonons in a high-purity many-valley model semiconductor has been calculated here under the conditions of
low lattice temperature when the approximations of the well-known traditional theory are not valid. The rate
now depends upon the average energy and the lattice temperature in a significantly different manner compared
to what follows from traditional approximations. The nature of any such dependence is also different from that
for the simple valley model unlike what the traditional theory predicts. Numerical results for Si and Ge show
that the loss rates exceed the traditional values at lower energies for lower lattice temperatures.
[S0163-18297)05115-1

Through interaction with any lattice imperfection in a the ratioe,/e,~2v /vy, vy, being the average thermal ve-
semiconductor the nonequilibrium carriers on an averagéocity of the electron that is in thermodynamic equilibrium
lose energy with a rate characteristic of the type of imperwith the lattice andv¢ the average acoustic velocity in the
fection. material. At higher lattice temperatur€f =20 K) this ratio

For the phenomena of avalanche breakdown due to bands small indeed. But on lowering the lattice temperature the
to-band transition in Ge and Si it has been rather arbitrarilyatio increases and eventualy, becomes comparable Q.
assumed that just below the threshold for ionization the enThe thermal energy now being small, the equipartition ap-
ergy loss through emission of optical phonons exceeds thatroximation for the phonon distribution is hardly valid.
to acoustic phonons over a low range of the heating field. FoHence, at the low lattice temperatures the neglect of the en-
higher fields, however, the loss to acoustic-mode lattice viergy of the acoustic phonons and the equipartition approxi-
brations seems to dominate for electron energies of the ordenation for their equilibrium distribution would result in a
of the band gap or mor¥? wrong balance of energy for the electron-phonon sy$tem.

There exists a range of low lattice temperat{ire<20 K) The calculations of the scattering rates and of some trans-
when the free electrons in a high-purity covalent semiconport coefficients when made at low temperatures taking into
ductor interact dominantly only with intravalley deformation account the finite energy of the acoustic phonons and their
acoustic phonons and the electrons may become hot attainirigie equilibrium distribution, yield resuft€° that are sig-

a field-dependent effective temperaturg, which exceeds nificantly different from what follows from traditional

T, , for a field of only a few V/cnt.® When the free carriers theory. The energy-loss rate in a model semiconductor simi-
are sufficiently heated up, the optical phonon scattering maiarly obtained elsewhettalso shows interesting features at
also control the electron transport even at Ilowlow temperatures. The purpose of this paper is to derive an
temperature’ expression for the average rate of energy loss of an ensemble

At low lattice temperature, the phonon system may alsaf nonequilibrium electrons to the acoustic modes in a many-
significantly deviate from thermal equilibrium if the carrier valley band structure under the condition of low lattice tem-
concentration is enough to exceed some field-dependepierature and when the phonon system remains in equilibrium
critical valuen. . Under these conditions the average energygiving due regard to the finite phonon energy and also to
loss of a carrier may be calculated by solving the coupledheir true equilibrium distribution, and following the assump-
system of the Boltzmann-type equation, treating electronsions which have been used earlfd? The results thus ob-
and phonons on equal footifd:® But under the conditions tained for Ge and Si will be compared with the traditional
when the electrons in high-purity materials are dominantlyvalues for the identical interaction and with the loss rate for
scattered only by acoustic phonons at low lattice temperainteraction with optical modes. It remains to be seen if one
tures around 5 K, since the carrier concentration is usuallgets here also the same characteristics of loss rate as pre-
much lower tham, at any field?~® the phonons are essen- dicted by the traditional theory, irrespective of the band
tially maintained in thermal equilibrium even when electronsmodel under the prevalent condition of low lattice tempera-
are heated up in relatively weak fields. Under such conditure.
tions a traditional theory yields an average rate of energy loss We consider electronic transitions between states having
to the acoustic modes for a nondegenerate ensemble of hatave vectork andk’ (=k+q) with attendant emission and
eIectrons,(dE/dt)aC~T5’2(1—T,_/Te), be it a simple model absorption of a phonon of wave vectpin a volumeV of a
or a many-valley semiconductor. many-valley model semiconductor with ellipsoidal constant-

The traditional theory neglects the phonon eneegy  energy surfaces. The interaction is allowed with transverse
compared to the carrier energy and approximates the equi- (t) as well as longitudinallj modes. When the valleys are
librium phonon distribution by simple equipartition law. But centered oq100) or (111) axes in a Brillouin zone, symme-
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try makes it possible to express all the intravalley deforma- E2(m2mmq)*? n

. . . . _a t o 1 — 1/2
tion potential constants , in terms of two independent ones, Rac= P BTL N (T Thn(mg/mg)™s,
viz., E4 and E, for dilatation and uniaxial shear, respec- mhpUa e,(Te)

tively, leading to the matrix element between the initial stat

k and final statek, ag ekB is the Boltzmann constantN. (Te) is the effec-

tive density of states for a single valley given

E2hq [N, +1 by 2(2mm{*m}3kgT.)%¥87 1% x,=hu,a/ksT,, T,
|(k :Nqai1|HéJki qua>|2:2V q|\]l } (2) =TJT., ba=2;2u imd/kBTLv a,=kgT /8myu iZZTn,
PUa e and N, is given by the Bose-Einstein distribution. By set-
Here « indicates the polarization of phonons. ting m=m,=m*, the scalar effective mass of the free car-

E,=E4+E,cos6 and E,=E,sind cos, 6 being the angle
betweerg and the symmetry axig,=h/2, h being Planck’s
constantp is the density of the material ang, is the acous-
tic velocity. Ng, is the number of phonons of amyand «.
The upper or lower sign@ndNg,+1 orNg,) stand for the
processes of emission and absorption, respectively.

In the presence of a strong electric field the average rat
of energy loss of a carrier in a valley at an effective tempera
ture T, is?

riers andEq=E,, E,=0 in Eqg.(4), one can get the rate for
a simple model semiconductor at the low-lattice tempera-
tures.

At higher lattice temperaturgd| >20 K) when the pho-
non energy is negligibly small compared to the carrier en-
ergy, x,<1; b,<1 and the phonon ensemble obeys the
gquipartition law. Expressio®) now reduces to

INgo _= 1 1 " .
de 1 INgg ot | A T, X~ X ) ®
at) = nv e e T ) @
ac 1% Qe Thus, when the phonon energy is taken into account, the

where n, is the carrier concentration in a single valley, number of phonons increases distinctly at a different rate in
(dNg,/dt) is the rate of increase in the phonon number ofcomparison to what occurs in the traditional approximation
any type and may be written from the perturbation theory a®f negligible phonon energy. The number of phonons now

SN increases at a slower rate, and the rate depends upon the
=

ot

phonon wave vector and, in a rather complex manner,
decreasing with the former at a faster rate with the lowering
of T,,. The effect of finite energy of the phonons is felt more
and more the higher the value of the acoustic velocity for any
polarizatione and the lower the lattice temperature. It is also
to be noted that at any lattice temperature the effect is more
pronounced the lower the value of, .

The integration over vectay in Eq. (2) can be likewise
carried out after assigning a true expression for the equilib-
rium phonon distribution that is valid at the low-lattice tem-
perature. It may be taken&s

2m
=273 N+ LM Ny

X (81N, +17 8k Ng,) fo(K')
~ (k" ,Ngo—1/Hdk,Ng)?
X 88k Ny, ~17 8kNg,) fo(K) ], ()

where fy(k) is the distribution function for the nonequilib-
rium electrons.

Substitutingk s = K (M /m) 1’2. for B=x,y,z wherex, y,
and z are the principal axes, with being the longitudinal

o0

axis, one can transfer to the starred system makipg E Bm 1 —
=#2k*2/2my and q=q* 7(my/m,)*2 wheremy is the free- Nga(Xe) =1 =0 T Xa o Xa=X ©
electron mass. For ellipsoids of revolution, asnitype Ge exp—X,), X X,

and Si if the longitudinal axis is taken to be the axis of
symmetry, one can gep, the mass anisotropy factor as here B,, are Bernoulli's numbers. For integration over the

[(m+m,)/2my] Y2 and my, the density of states effective
mass as 111°’m,)Y% m, being the effective mass along the
major axis andm, that in the transverse direction.

With g* direction taken as the axis the integration over
¢ and ¢* can be easily carried out. For the integration over
k* the limits as decided by the energy and momentum bal

ance equations taking finite energy of the acoustic phonons

into account come out to beyf /2—u,(mymy)Y?5/%] and

. If fo(k*') is expanded in a Taylor's series aroukit] and
fo(k*) is taken to be the Maxwell-Boltzmann distribution at
an effective electron temperatufg and the average energy
(6£)=3kgT/2, one can obtain considering the electrons of

both spins,
|

((9Nqa
X eXF{_ aa(xa_ bD[)z]l

[

— X ITy)!
1+(Ngo+1) X, (ZXa/T)"
i=1

j!

ot

(4)

where

magnitude of the phonon wave vectprthe upper limit may
be assumed to be infinity sincéN,/dt) given by Eq.(4)
falls off rapidly for largeq. Thus one can obtain

|

©

B
== Bad Daac =
ac -

dé
2 m_T (Aea_Aaa)
+ exqba(Tn+ 1)]Sal+ SaZ

dt

—expgb,(Th—1)]Ss )

where
Ba= (m2my/2) Y4 2%2pti*my7?) 1k T ) (ke Te) Y2,
Diac=Uy ‘[E5+2E4E,m /(357 mg) + EZm{/(55°mj) ],

Diac= 2, “EZmimy /(155 m3),
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FIG. 1. Normalized rates of energy loss of nonequilibrium elec- g 2. Energy-loss rates of nonequilibrium electrons to
trons in the many-valley model due to interaction with intravalley acoustic-mode lattice vibrations in the many-valieg.v) model
acoustic and optical phonons. Curves 1-5 are for Ge. 1, 2, and 3 af&,;malized to the corresponding values for the simple-valiey)
for acoustic interactions at 3, 4, and 20 K, respectively, and when,o4el. Curves 1. 2. and 3 for Ge are obtained from the theory
the rates are normalized to their traditional values, and 4 and 5 al§eveloped here a‘t 3' 4, and 20 K, respectively, and curve 4 can be
for optical interaction &4 K and when the rates are normalized, opained from the traditional approximations. Curves 5, 6, and 7 for
respectively, to what follows from the theory developed here, ands; tgliow from the theory developed here at 3, 4, and 20 K, respec-

the traditional values due to acoustic interactions. Curves 6, 7, anfi\/ely and curve 8 can be obtained from the traditional approxima-
8 are for Si corresponding to the acoustic interactions at the teny;qg.

peratures of 3, 4, and 20 K, respectively.

It may be noted that under the condition where the lattice
temperature is high so that batl) andb, are small and the
phonons obey equipartition law, expressi@hreduces to its
traditional form,

m+2

Aea: 20 m+ZCr(_ba)m+2—r(2ag+l)/2)—l

r=

r+1 2 r+1 —
X| T ——,a,b%} —T{ ——,a,(x+b,)?%} |, ds

2 @ 2 2

Gt) = Raad EQ°(1-1Ty), ®
m+2 ac
Aaa:z m+2Cr(ba)m+2—r(2aEXr+1)/2)—1 where
N Riac=8V2(Mim) Ymyn? (kg Te) ¥ (w201 %),

- 2l _pl = 5 (x—p )2

el 2] o] ]| e
(Eg)*=Eg+2E4E,m /(37°my)

3 2.2 —7 2
+(3+2m¢/m)E m /(157" m3).
Sal——E 3Cr(—d/2aa)3*r(2af;“)’2)*1 ( o/ my) Eymi/ (1577 mg)

r=0 Equating bottm; andm, to the scalar effective mass* and
r+1 puttingE,=0 andE4=E,, one can recover the loss rates for

X| T ——,a,(x+ d/ZaQ)ZH, the simple model semiconductor from E¢8) and(8) under

2 the conditions of low temperatuté,and in the light of tra-

ditional approximation$,respectively. The loss rates to op-
E a bz” tical mode in Ge have been estimated from &).for ener-
2 e gies exceeding the optical phonon enefdihe results are
shown in Fig. 1 for comparison.
Thus the energy-loss rate calculated here depends upon
Sap3= >, 3C(—el2a,)® "(2a "V 71 the average energy in a more complex manner compared to

3
Sazz 20 3Cr( _ ba)3r(2ag+l)/2)l{r

3

r=0 what is given by traditional theory. If the average carrier
+1 L energy is high, there is only a little dependence of the rate of
x| T’a“(x+ e/ZaQ)ZJ : energy loss on the lattice temperature, be it the loss to the

acoustic modes obtained from the traditional approximations
MC,'s are binomial coefficients]'{a,8} is an incomplete for any model of the valley, simple or many, or the loss to
gamma functiort® d=(2T,+1)/2T,,, e=(2T,— 1)/2T,,. optical modes. However, for the acoustic interaction the
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lattice-temperature dependence of the loss rate calculateabeory for higher values of the average energy with a rate
here is seen to be relatively more involved. which is greater, the lower the lattice temperature. It may

The above formulations may be used for samples of Salso be noted that in Ge the loss rate exceeds that due to
and Ge having the well-known parameter vallesndx  optical modes for higher values of the average energy com-
may be taken to be 3.5. pared to what is given by traditional theory.

Figure 1 reveals how the condition of low lattice tempera-  Figure 2 shows that the theory developed here predicts
ture brings significant changes in the dependence of the logsaracteristically different dependence of the loss rates upon
rate upon the average energy. Compared to the traditionghe average energy for the many-valley model compared to
results, our theory at any lattice temperature leads to highghe same for the simple-valley model, unlike the identical
values of the loss rate in the lower-energy regime and lowegenendence given by traditional theory. The qualitative dif-
values in the higher-energy regime. For any material, botherence is ascribed to the finite energy of the acoustic
rates would assume equal value at some energy, and thigonons, which makes the interaction inelastic, and the

critical energy increases with the lattice temperature. Theqgyipartition approximation for the phonon distribution in-
discrepancy of the loss rates relative to the traditional valugjiq at 1ow temperatures.

is greater the lower the lattice temperature since the phonon
energy becomes more and more significant there. Our theory One of the authorgN.C) is thankful to the University
leads again to the same results as that given by tradition&rants Commission, New Delhi, India for support.
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