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We study the thermoelectric properties of a superconductor-insulator-superconductor Josephson junction.
The total electrical current across the junction is composed of three parts: a normal current, a Josephson
current, and an interference current. We show that only the normal part contributes to a thermdicerramnt
electrical current that flows in response to a temperature)dide fact that the interference current has no
thermoelectric properties provides insight into the physical nature of this term. We distinguish between two
mechanisms for the thermocurrent: one is the normal thermoelectric tunneling current; the other is a transport
phenomenon, which ensues from a nonequilibriigimarge-imbalangestate in the bulk superconductors com-
prising the junction. The latter effect gives rise tplaase-dependetihermocurrent. Finally, we consider an
open-circuit Josephson junction biased by a temperature drop. The possible steady states of the system are
studied using the resistively shunted junction model. In particular, we consider the zero-voltage state which
corresponds to canceling of the quasiparticle and condensate currents. We callthiisnaphaseeffect.
Experimental setups are suggested in order to detect this dffx163-182007)11017-7

I. INTRODUCTION across the junction and the phase difference.
The coupling between quasiparticles and pairs is exhib-

In normal metallic systems, be they bulk or tunnel junc-ited in superconducting systems in various ways. For ex-
tions, the thermoelectric coefficient is a measure of the enample, in bulk superconductors it gives rise to the so-called
tropy transported by the carriers in the systefthe carriers charge-imbalance effettThis is a nonequilibrium state in
are either electrons or holes. In superconducting systemsyhich the population of the two branches of the quasiparticle
and in Josephson junctions in particular, the current is carenergy spectrum is different. A local net charge-density de-
ried by normal quasiparticles and by p&ir§he quasiparti- velops, which is sustained by the large reservoir of pairs. As
cles(i.e., electronlike and holelike excitationsave normal- we shall see, the generation of a charge-imbalance state in
metal transport properties. Namely, the transport is auperconductor-insulator-superconduct®S) systems re-
nonequilibrium process which involves dissipation. The pairssults in an interesting transport phenomenon. Another ex-
transport, on the other hand, is an equilibrium property ancdimple of the coupling between quasiparticles and the con-
does not generate entropyTherefore, only a quasiparticle densate is exhibited in Josephson junctions. When
charge current will flow in the presence of a temperaturgerforming the microscopic derivation of the total current
drop across the junction. However, there exists a couplinghrough the junction, one can distinguish between three con-
between the quasiparticles and the condensate in supercadmnibutions: a quasiparticle current, a supercurrent, and an in-
ductors. We will show that this coupling affects the transportterference currertt.
properties of the conductor and introduces an interesting The fact that the normal and super “fluids” in the system
transport phenomenon. are coupled presents a challenge when attempting to develop

One manifestation of this coupling is that in bulk super-a consistent description of transport properties of a supercon-
conductors and in Josephson junctions dc thermoelectric cuducting system. On one hand, the normal quasiparticle de-
rents are shorted out by reverse supercurrents. For examplgrees of freedom are well described by thermodynamics. The
in homogeneous bulk superconductors the conventional thetransport of this “fluid” is accompanied by dissipation. On
moelectric effects, e.g., the Seebeck, Thompson, and Peltighe other hand, one must also account for the macroscopic
effects, are absefitThis experimental fact is usually ex- quantum-mechanical degree of freedom of the condensate,
plained within the “two-fluid” picture® and is related to the which yields supercurrents. A complete description must in-
Meissner effect. In an attempt to offer a more explicit expla-clude all these degrees of freedoms. There are several ap-
nation for this behavior, we propose a different interpretatiorproaches in the literature for doing this. One of these uses
for those experimental findings: in response to a temperatureither the two-fluid theory or the Boltzmann equation
gradient, the superconductor develops a phase gradienbupled with the BCS gap equatibrOther possibilities in-
which satisfies the constraint dictated by the Meissner effectlude treatments that start at a more microscopic level, either
In other words, there exists a coupling between a temperatu@pplying perturbation theory to the BCS Hamiltonfany
gradient and the phase of the superconducting order pararstarting from the Bogliubov—de Gennes equatidiifie sys-
eter. In order to study the consequences of the quasipartictem we shall study is an SIS, consisting of conventional su-
condensate coupling on a microscopic level, we study th@erconductors modeled by the BCS Hamiltonian. An SIS
thermoelectric properties of a Josephson junction. We alsdosephson junction is a convenient system to study since it is
focus on the explicit relation between a temperature dropvell approximated by a perturbative Hamiltonian model. The
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superconductor on each side is assumed to be a reservoir @f the rate of change of the averaged electron-number opera-
particles in equilibrium. The system is driven out of equilib- tor in the lhs reservoir with respect to time. The electrical
rium by biasing the two sides relative to each other. Thiscurrent is, according to the quantum-mechanical equation of
description allows us to explicitly consider the different motion,
transport mechanisms, such as tunneling of pairs and tunnel- .
ing of quasiparticles. . —el

gA mccl)re cgmprehensive approach for the study of Joseph- lor=—&(N))= T<[Ht0t'N']>’ @
son junctions, including weak links, SIS, and
Superconductor-norma]-superconduct@ﬁNS systems, is wheree>0 denotes the electron Charge. The outer brackets
described in Ref. 8. This is a continuum scattering approaci! Eg. (1) represent a thermodynamic average over a grand-
in which the particles are extended waves which scatter g&anonical ensemble. The electron-number operator is
the interfaces. The transport coefficients are derived using
the Bogliubov—de Gennes equations. The disadvantage of N :2 cl ¢ )
this approach is that all the physical mechanisms are ob- G ek
scure, since they are implicit in the equations. Other ap- 4 ) ) o
proaches were utilized in order to study thermoelectric transWhereCy , andC, , are single-electron creation and annihi-
port in SNS junctiondand superconducting weak linksIn  lation operators in the momenturk)(and spin ¢) represen-
these systems the behavior was explained by the presencet@fion. The momentum quantum-number of the () su-
Andreev reflectioiwhich is absent in SIS systejn®lone of ~ Perconductor is denoted tifq). The tunneling Hamiltonian
the above approaches accounts for the inhomogeneity ar@
relaxation of the superconductor order parameter. This turns
out to be important with_ regard to the interference current in Ho= E quCl ,Ca.otH.C., 3)
the SIS system. A consistent approach calls for the use of the Kq.o

time-dependent Ginzburg-Landau thedtyFor simplicity,

we shall assume a jump in the order parameter across thghere the tunneling matrix element is denotedTRy. Sub-

junction, with a magnitude which is constant in time. stituting the expressions for the operators into EQ. we

In Sec. Il we derive the total current through an SIS Jo-0Ptain

sephson junction and discuss the thermoelectric properties of 26

the system. We show that only the quasiparticle current | o= — —Im

flows in response to a temperature drop. We argue that this h

suggests that the interference current does not correspond to ) . .

a dgigsipative process. In Sec. Il we find a thermocurreﬁt thaltn the first order of perturbation thedfthe total electrical

is phase dependent and is generated only when charge jrfurrent becomes

balance occurs. Section IV includes a discussion of the pos- 5
) . ; e ©  (fedwdw

sible steady states of an open-junction SIS system. In one | —— —"|m >} f f ———[fi(w)—f,(W)]

case, an explicit relation between a temperature drop and a h —w ) (27)

phase difference across the junction is defined as the ther-

qu:U qu<c;,(,cqyo)}. 4

k,q,0

mophase response. Two experimental setups, designed to de- ||, |2 Ak(V/V)Aq(W ) tex—i(A8+ 2A40)]
tect this effect, are suggested. Corresponding predictions are T w—w'—Au+tin
derived. By(W)By(W')

XTkaT k- aw—w—Aptiz| ®)

II. THERMOELECTRIC CURRENT
IN A JOSEPHSON JUNCTION where A 9= 6,— 6, is the phase difference across the junc-
tion. The quasiparticle distribution function at temperature
T is denoted byf(w)=1[expW/ksT)+1], wherekg is the
In order to determine the thermoelectric properties of aBoltzmann constant. The spectral densities are
Josephson junction we calculate the total current flowing

A. The total current through the junction

through the junction within the following model. The junc- A(W) =27[|u|28(Ww—E) + vy 28(W+E)],
tion is comprised of two BCS bulk superconductors sepa-
rated by an insulating barrier. Experimentally, these elec- Bu(W) = 27U [ S(W—Ey) — S(w+E)], (6)

trodes are small compared to the leads. We assume each

superconductor is in equilibrium and is characterized by thavhereuy, and vy are the coherence factors that satisfy the
many-body BCS Hamiltoniaki,,, a chemical potentigk,  relations |u|*=1/2(1+ &/E,) and |v,|*=1/2(1- &/Ey).

and a temperatur&. The left-hand sidélhs) quantities are Ex= \/§k2+ AE is the BCS quasiparticle energy spectrum and
denoted by the subindéxand the right-hand sidghs) quan- & is the electron energy spectrum relative to the chemical
tities by r. The particle current is a tunneling current, there-potential. The difference between quasiparticle chemical po-
fore the total Hamiltonian includes a tunneling elementtentials of the two superconductors dsu=pu,—pu,. The
Hy. The total Hamiltonian can be written as quasiparticle current pertains to the spectral-density opera-
H—=H,+H,+Ht. The particle current is calculated using tors A (w), and the pair current t8,(w). Substituting the

a microscopic perturbation theory, expanding in the smalkexplicit expressions of the spectral densities into Gy.and
tunneling matrix element. The total particle current is equalsumming with respect t&, g and o we find that
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(w|[w—Aul
W2 AP (W= Ap)2—A7

e (= ) ) ) ;
I'[ot:qu"’qu—pair‘"'pair:T 7°OdW®(W _Amax)NINr|TIr| [fi(w)—f (w—Au)]

4me (= 2_ A2 2 _ _

| AW O(W = A )NIN [Ty [ Fi(w) — fr(w—Ap) Jeod (A 6+2A ut) ]| A|A|
sgnw)sgnw—Au)

W= AFV(w—Ap)?- A7

SiF[(A0+2A,ut)]|A A sgnw)sgnw’)
W —w—Au Hi=r W= AZ WP AZ’

de (= (=
+7Lj dw dw @ (W= AP)O (W' AZ)NIN| Ty [T fy(w)

—f(w)]P )

Note that in all the integrals in E47) a © function, whichis  energy derivative of the energy-dependent quantities, e.g.,
unity for a positive argument and zero for a negative arguthe product of the tunneling matrix element and the DOS of
ment, restricts the quasiparticle energyto be above the the bulks.

BCS gap. In the first two integrals this is This effect has been studied thoroughly in Ref. 16. In that

Apma=maxA,,A,], whereA; amd A, are assumed to be Paper the quasiparticle current was derived using the same
constant. The normal-metal densities of sta@©S) func-  Hamiltonian described above. The Hamiltonian, expressed in

tions are denoted b, , and the tunneling matrix element is electron field operators, was transformed into quasiparticle

T, . We emphasize that E€?) is obtained from Eq(5) only operators using the Bogliubov transformation. The thermo-

if N, . andT,, are assumed to be constant with respect to th& ECC quasiparticle current was obtained by invoking the
: golden rule.” As a result the normal current was identical

0 lgp in Eq. (7) with one difference: the tunneling matrix
ment was assumed to be energy dependent and was re-

: o A , "mocurrent was nonzero whel (w)|? was expanded in
the rhs is a principal value of the pole which is depicted bypowers of thequasiparticleenergyw (assuming the DOS is

P. As evident in Eq(7), the total current breaks up into three ¢onstant This approach yields the following expression for
parts. The first integral is the normal current of quasiparticleghe thermocurrent in a symmetric junction

tunneling. It vanishes when no thermodynamic generalized

forces are applied, e.gAx=AT=0. The second integral is 8meaN(0)N,(0)AT

known as the quasiparticle-pair interference current. Math- 'qp|Au:0(AT): AT

ematically, this term originates from tH&(w) functions in

Eq. (5) that produce pair tunnelinfgConsequently, this cur- % w of
rent depends upon the phase difference across the junction. XJ dw ( - —)
Yet, it satisfies features of a normal current, such as Ohmic Amax \/WZ—AF\/wz—ArZ oW

behavior for small voltages. In the literature this term is in- )
terpreted as a product of the coupling between quasipatrticles ] i
and the superconducting condensate and is related to loss i first order in AT. In Eq. (8) we used the expansion
the system. A detailed discussion about the nature of thisTir (W)|*~|Ti (0)|*+aw with a=1/2 (d| T[4 o/dw). The
“cosA@” current can be found in Refs. 7, 13, 14, and refer- normal-metaI_DOS functions of the two bulks are approxi-
ences therein. The final part is the Josephson pair currefffated by their value ai, =, .

which can flow even in the absence of the ordinary thermo- The approach taken here is different. We derive the cur-
electric generalized forces. rents through the junction from the microscopic equation of

motion, which is expressed by the electron field operators.
The basic process is tunneling elfectrons(rather than qua-
B. Thermoelectric currents siparticle$ and consequently, in order to obtain the ther-
Next, we study the thermoelectric properties of the ex-mocurrent we use Eq5). We expandT; (£)|? in powers of
pression for the total tunneling current. We confine the disth€eélectronenergy¢=e— x, and only then do we transform
cussion to the casd=0. The main contribution to the ¢ into the quasiparticle energy. The expression obtained in
thermoelectric transport in the junction ensues from thdhis way is
asymmetry in the electron-hole transport, induced by the in- gmeaN(0)N,(0)AT (= of
sulating barrier. A temperature drop between the coupled|qp|AM:0(AT)= T f dw W2< )
superconductors will give rise to a normal electrical current. A
This currenthp(AT)=L§2AT is analogous to the thermo- ©)
electric effect in the semiconductor modeIThe transport wherea=1/2 (d|T|r|§:0/d§). Note that the expression for
coefficientL$, is the thermoelectric coefficient of the junc- I4p @s calculated by Eq9) is well behaved: it is finite and
tion in the superconducting state. It is proportional to themonotonic in the average temperaturg=(T,+T,)/2, as

Iw
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interpretation of the interference current. The vanishing of
the thermoelectric coefficient may imply that the current of
I is nondissipative Consider the case of a nonzero

—pair
vqc;)It;ge. We will show below that this is a “running” steady
s N state, i.e.,V=V(t). For certain values of the voltage,
L12/L12 | gp—pair~ V(1) In this case one can define a “Joule heating”
15— 05 generated by this terml:qp,pairV=V(t)zcos(A0(t)). Note

that this “heating” oscillates in time. This means that unlike
an Ohmic resistor, which only dissipates energy, the system
draws heat from the surroundings part of the time. We inter-
pret this behavior as eeversibletransformation of electrical
energy, gained by the pairs traversing the voltsgge), into
magnetic energy stored in the magnetic field. The change in
the magnetic field is manifested as a change of the phase
difference across the junction, giving rise to an ac pair cur-
rent. From this point of view one may perceivg_p,;; as an
inductive response of a pair current andt as a normal
resistive current. In this sense it is comparable to the Joseph-
son current. The interpretation bf, . as a pair current is
consistent with the mathematical origin of this term. Addi-
tional support for this view is found in a numerical calcula-

_ _ - _ tion of the time-averaged Joule heating generated by
FIG. 1. A numerical calculation of the coefficieln, as function quipair_ We calculated the time-dependent phase difference

of temperature, Eq( 23). The units ofL, are arbitrary. The inset : P “ P . ;
illustrates the behavior of the superconducting junction ther-and voltage on the junction in the “running” stafiecluding

mopowerl ,,/AT, normalized by the normal coefficient, as function the QOSAa(t) term] and |n§erted the solu.tlon into the ex-
of temperature. pression for the Joule heating. The result is that the average

over time of the heating due 1Q,_p,;; vanishes. Note that a

: : . . . mall part of the electrical energy carried by the pairs is
illustrated in the inset of Fig. 1. The discrepancy between th%issipated as radiation. We neglected this effect in our

two approaches arises form the fact that the golden rule is amodel

averagedesult. When the energy dependence of the expres- Most of the experimental work done on almost ever o
sions in Eq(7) is important, one must go back to E§) and expe . . /ery typ
of Josephson junction provides evidence for the existence of

rederive the golden rule explicitly. As we have shown, it is he interference current. However, the agreement with the
precisely this energy dependence that is important for th . - ' 9
eory of tunnel junctions, presented here, was not complete.

thermoelectric effect. However, expansion of Ex).in pow- he magnitude of the measured current was in line with the

ers of the quasiparticle energy is tantamount to the neglect ) .
this energy dependence—that is why such a procedure mgl eory, whereas_ the sign was reyer%‘éd)ther _theoretlcal
pproaches, which resolved this discrepancy, involved relax-

lead to a wrong result ation processes, suggesting that the interference current is
This point is also relevant when studyirg, pq and ton pr 1 » SUGQE 9
. . dissipativet! However, in Ref. 14 the authors reported that
| air- Note that both terms stem from the integral that in- : o o
P : . . they found evidence for both positive and negative interfer-
cludes the function8(w) in Eq. (5), hence, the analysis is o .
ence currents in different temperature regions. They con-

ilrglcl;?rruQNbﬁ\tThgaij}ei(i%ﬁdé?gE'ég|7) Irr;s'[glfscilgzslr?c?rzgglri cluded that this must be a result of two mechanisms at play:
tr?erm current -pAT Con ntlv. we obtain _ one corresponds to the prediction of the perturbation theory
ocurrent gppai{ AT). Consequently, we obtain a qua given here; the other involves dissipative processes. Our un-

siparticle thgrmoelectric CoefﬁCie'hﬁgipair that depends on derstanding is that the first mechanism corresponds to non-
the phase differencA 6. Apparently, these calculations are dissipative pair tunneling.

wrong. A more careful analysis reveals that when expanding
|T,/|? and integrating over thelectronenergy in Eq(5) we
obtain LY P#"'=0. The reason is that in Ed5) the inte-
grands are odd i. We understand the absence of the ther-
moelectric effect inl 4, 5 in the following way:l 4, pair IS So far we have assumed that the bulk superconductors are
an effective transport of quasiparticles—it involves a superin equilibrium. Next, we consider a modified SIS system in
position of tunneling pairs and events which break or createvhich the superconducting electrodes are driven out of equi-
pairs in the bulk superconductors. Yet the physical proceskbrium due to charge imbalance. This state could be induced
that underlies this current is the tunneling of pairs. Since an elongated electrodes to which a temperature gradient is
supercurrent is indifferent to the asymmetry in hole-electrorapplied. Another possibility is to inject quasiparticles into the
transport, no thermoelectric effect can develop. Note alssuperconductor via a normal-supercondudtes) interface
that for these boundary conditions the Josephson current cam a normal-insulator-superconductor junctiéNIS).* We
be shown to be approximately proportional to show thatin the case of a temperature gradient in the bulk, a
I paid T1) +1pai{ T) and is independent afT. different type of thermoelectric transport takes place. Ac-
In view of the above discussion, we suggest a differentording to Tinkhant, the symmetry in the quasiparticle en-

tp
10 —

0.0
0.0

lll. THE EFFECT OF CHARGE IMBALANCE
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ergy spectrum at the Fermi surface is broken in the presence 4meNN, (= »

of a supercurrent. When, in addition, the populations of the qu:TJ dwO (W= Af5)

electronlike branch and the holelike branch are not equal a o

net quasiparticle charge per unit volur@é develops in the \w[W]|T,, (w)|? 1

superconductors. Charge neutrality is maintained by an ad- X ”~ —[ [f|>(w)+f|<(w)]
justment of the charge of the condensate. The excess charge \/WZ—A|2\/W2—Ar2 2

generation competes with a relaxation due to elastic and in- e

elastic scattering. The effect is also understood within the n VW Aj [£7 (W) — F=(W) ][ £ (W) + F=(W) ]
phenomenological two-fluid theory. The theory predicts that w ! ! ' '

the quasiparticle charge density that develops is proportional _

to the difference between the quasiparticle and pair chemical W2—Af -~ -~

potentials, i.€.Q* o uqn— wpair- Experimental evidence is in W [frw) =1 (W], 11

agreement with theory, see Ref. 4 and references therein. In

particular, a temperature gradient within either bulk superwherew=w— A u. Note that we assumed that the tunneling
conductor accompanied by a flow of supercurrent will inducematrix elementT;, is insensitive to the branch. In any case,
the phenomenon. cross-branch tunneling is forbidden. The charge-imbalance
state is manifested in the terms which include
f~(w)—f=(w)#0. In analogy to a normal-superconducting

) junction!’ we define the nonequilibrium excess quasiparticle
In order to study the effect of charge imbalancelgowe  charge per unit volume as

can insert the branch-population asymmetry into Es).

Note that the sum in this equation is on the electronlike and o

holelike branches. Hitherto, we implicitly assumed that the Q,*E—ZeN,(O)f dwD, (W)[ ;7 (w)—f~(w)],
distribution functionf(w) for the different branches was Ar

identical. This is not the case for the nonequilibrium state,

hence we must sum over the two branches separately. To do N o oo~ -~

so, we define a distribution function for each Qr E_ZENr(O)fA dwD(w)f (W) —fr(w)]. (12
branch: f~(<)(w) is the distribution function of the '

electrorthole)like branch; in other wordsf~(<)(w) is the e assume the normal DOS(0), and thetunneling matrix
the population of quasiparticles in the degenerate quasipartélements are taken at the electronic chemical potential. Note
cle statesv=/AZ+ £ which corresponds t@>(<)0. In  that the excess charge that develops on the(rig super-
nonequilibrium f~(w) #f~(w). We also distinguish be- conductor depends on the normalized DOS of théllbs
tween the coherence factar§ () andvy (). These factors ~superconductor

satisfy

A. Incorporating charge imbalance on the microscopic level

)

|2: |2 |2: |2 D (W)=

ucl*=lvicl® Jucl*=lvi

|l |wi
k

>12_1,,~]2—= _ <|2_ <2:__ D =— 13
|uk| |Uk| (|uk| |Uk|) E (10) I(W) \/m ( )

In order to calculate the charge imbalance we rewrite(Byg.  The terms in Eq(11) that include the sunfi~(w)+f~(w)
distinguishing between the two branches in the sum: first w&an be_approximated, in the limit of linear response, by
separate the rhs of E¢p) into a term includingf (w) and a  2f(w). f(w) depicts the average branch distribution func-
term includingf 4(w); then the sum in the first term, associ- tion. Having defined the above quantities, we can rewrite Eq.
ated with the Ihs electrode of the junction, is separated int¢11) in the following way:

S— 2>+ Z<. The sum over the rhs momentugndoes

not contribute to charge imbalance in the Ihs electrode, and, e o 2 .2

hence, it can be transformed into an integral over the electron lgp= % N;(O)N;(0) fﬁwdw O(W = Ama
spectrumé,. The second term, corresponding ftg(w), is o o

treated simil_arly. Inserting Eqs) and usjng the relations in X Dy(W) D, (W) | Ty (W)|2 [ £ (W) —f,(W)]

Eq. (10) we find that charge imbalance is relevant only to the | 2

guasiparticle current. Mathematically, charge imbalance cor- _ 4m|T,(0) * %

responds to the way the coherence factors enter in the normal f [N{O)QF =N(0)Qr . (14

spectral densitie&\(w) andB(w) in Eq. (6). In the expres-

sions forl 4, pair @nd1 s the coherence factors enter only as The first part of Eq(14) is just the quasiparticle tunneling
products likeu,v, . Such terms are even in the electron en-current in Sec. Il. The second part is the current that flows
ergy £, and therefore no charge imbalance is produced. Aftethrough the junction due to the charge imbalance in each of
some manipulations we obtain the following expression forthe bulk superconductors. Note that if the system is symmet-
the normal current: ric then the current due to charge imbalance cancels out.
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B. Phenomenological theory of charge imbalance conventional quasiparticle thermoelectric current in the bulk.
At this stage we can incorporate the phenomenologicaldeed the secgnd part of EQ7) does not include a term
theory of charge imbalance into the expression we obtaineBroportional tol.3,. The physical origin of this term, like the

for I4,. From the two-fluid theory we have the relation ~ normal effect, is based on an asymmetry. However, in this
case it is an asymmetry of the excitation spectrum about the
Q*=-2e N(0) (fqp— K pair (15) Fermi surface. An interesting property of this current is that

it depends linearly on the temperature gradient and also on
for either side of the junction. The bulk nonequilibrium state A g. The latter dependence results from current conservation:
in which wqp# wpair has been described phenomenologicallythe supercurrent flowing through the Ihs bulk tunnels to the
within the thermodynamic theory of irreversible processesrhs and is, therefore, proportional to sig). In the deriva-
Schmid® has shown that in addition to the coupled quasipar+jon of Eq. (170 we used the relationvg= mAsin(A6)/
ticle current and heat current, a third scalar “current,” (2€)2Rngs. The phenomenological transport coefficieng,
Mqp~ Mpairn Can be added consistently. The correspondingppearing in Eq(17) has been calculated in different ways,
generalized force is the scalar quanfityjs wherejs is the  ysing the Boltzmann equatiofsee Ref. 4 and references
superconducting current density. This quantity is analogougherei). The resulting expression depends on the assumed
to the quasiparticle chemical-potential gradient and temperagyasiparticle relaxation mechanisms. We use the result for
ture gradient. The resulting transport matrix is thereforeL32 in the case of a dirty superconductor ndarfrom the
(3>< 3), and satisfies the relevant Onsager reCipI’OCiW rEIarevieW by Scﬁ0_4 Also, in order to get an order of magni_
tions. In particular, we can write the following equation for tyde estimate for the charge-imbalance induced thermocur-
the charge imbalance: rent [the second term of the rhs of E¢l7) denoted by
_ 1€, we assume for simplicity that a temperature gradient
Map~ Mpair=LaVs: Vingpt LaoVs- VT +LasV-js, (160 exists only on the left side of the junction. In this way we get

wherevs is the condensate velocity ahg, are the transport T ATIV,T
coefficients that correspond to the thermodynamic general- pzw
ized forces. One can calculate the coefficients by micro- eRt(1-1)s
scopic theory and then compare the prediction to experimen

This has been done withs,, which represents charge im-

balance induced by the simultaneous presence of a supech;C Is the tra?gc"t'(_)n temperature, Whiieis a num(_arlcal factor
rent and a temperature gradient in the bulk. Experimentaf! Order 10 SinceA(T)~ y1—t nearT,, we find that the

results are in reasonable agreement with thédSince we ~ current diverges near the transition likey1/-t. For a nu-

are interested in thermoelectric effects, we focus on the cad@erical estimate of the thermocurrent in a dirty Sn-O-Sn
of a temperature gradient in the two bulk superconductor§unnel junction we approximat€ T~AT/l, whereA|T is
comprising the Josephson junction, and disregard the contrf€ temperature difference between the edges of the Ihs elec-
bution from lastL s term. Note that in this system the gen- trode of length I. For a junction of cross section
eralized forces and currents are one-dimensional. For simf~0-1mnf the resistance i®~0.1 Q. We choosd to be
plicity, we consider the caseVug=0 in both several m_ﬂhmgters in order to aIIow. for a realistic tempera-
superconductors. We also impose a temperature drop b&dre gradient in the electrode. Takirg=0.9, we obtain a
tween the two superconductors. With these boundary condmaximal current of the order of 10° (A/K) A/T. This
tions we can rewrite Eq14): the first part of the equation is means that even for a small temperature d_|fference across the
expanded to linear order in the temperature drop across tHfiléctrode, of the order several K, there will be a measurable
junction; regarding the second part, we invoke the phenomeffect. The effect is enhanced &g is approached.

SiN(A6). (18

here we denote the reduced temperatureby/T., where

enological relations Eq$15) and(16) on both superconduct- e have distinguished between two processes that lead to
ors. For a nonsymmetrical junction, the quasiparticle curren® normal thermocurrent through a Josephson junction: the
then becomes first is a consequence of the “discrete” nonequilibrium be-

tween the two sides of the junction—it was discussed in Sec.
aA | ) _ Il B. The second, which is discussed here, is a result of a
reneirzlbae ViT—Le Vi TIsin(A6), nonequilibrium state in the bulk superconductors comprising
s 17) the junction, and of the Josephson coupling between the
bulks. The second process is independent of the first process
where R=[47€?N,(0)N,(0)|T,(0)|#%]" ! is the normal- and can be measured if one applies a temperature gradient of
junction resistances is the cross section of the junction, and the type shown in Fig. 2, where there is no temperature dif-
ns is the bulk pair density. The notatioW,, denotes the ference across the oxide barrier. Such a profile is achievable
gradient on the lhgrhs) of the junction. if one can control the temperature of each electrode sepa-
The first part of the rhs of Eq(l7) is just the normal rately. If a temperature drop is applied to the opposite sides
thermoelectric current through a tunnel junction. It is propor-of the system, a temperature drop will occur on the barrier as
tional to the temperature drop across the junction and taevell. In this case the thermocurrent will have two indepen-
a=1/2(dT /dé)|,—o. The latter quantity is a measure of the dent contributions. However, as we have shown, arfy
asymmetry in the transport of electrons and holes. The sewill be sensitive to the phase drop across the junction. The
ond part describes a different effect which also produces ahase dependence Bf' can be measured by controlling ei-
thermocurrent, i.e., an electric current that flows in responsther the supercurrerfin an open circujtor a magnetic field
to a temperature drop. This effect does not correspond to th@n a ring configuration In Ref. 10 it is shown that a similar

lgp=lgp(AT)+
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open circuit is a normal thermoelectric current which is can-
T celed by a reverse supercurrent. We interpret this situation,
in analogy to the thermoelectric effect, as a response of the
Sl I SI‘ system to the applied temperature gradient. From this point
of view, the temperature gradient stimulates a superconduct-
I ing phase gradient, which in turn drives the reverse super-
[ current. In other words, there exists a coupling betw&an
/:_:/ andV 6. We are careful not to characteri¥& as a thermo-
dynamic generalized force, since in all theories the phase is a
mechanicaparameter. The flow of a supercurrent iseaui-
librium state, and is not associated with the production of
X entropy. Therefore, within a conventional theory, the cou-
pling betweenVT andV # cannot be done systematically by
FIG. 2. Suggested temperature gradient across the system alo#g€ thermodynamic theory of irreversible processes. We will
the direction of the one-dimensional coordinateThis particular ~ refer to the mechanism which couples these gradients as a
configuration of an SIS junction gives rise to a thermoelectric curthermophaseffect.

rent which is exclusively due to charge imbalance generated in the
superconducting bulkS§, andS,. A. The RSJ model for a Josephson junction

. ) ) i In order to study this effect we propose to consider a
effect occurs in a weak link Josephson junction. The currenfjiscrete system such as the Josephson junction modeled in

was calculated for a superconducting weak-link with a temhe previous section. In this system we want to understand
perature drop applied between the two edges of the systefhe relation between a temperature drop and the phase dif-
In this case the entire superconducting system was in & NORsrence between the two equilibrium bulk superconductors.
equilibrium state. The resulting current was interpreted as §ote that due to gauge invariance the voltage across the
thermoelectric response. The thermoelectric coefficient Waginction, which is also a thermodynamic generalized force, is
found to depend om\ @, but in a different way than was proportional to the time derivative of the phase difference
found in our system. Andreev reflections were suggested agross the junction. Consider the following experiment. An
the explanation of the phase dependence. We believe that Odpen-circuit Josephson junctidie., the junction is driven
derivation may imply that the origin of the phase—dependenby a current source which setg,=0) is biased by a tem-
thermoelectric effect in the weak-link system is actually perature drop. The currents in the junction have been ob-

result of the charge-imbalance phenomenon. This mechgained in Sec. II. Applying these boundary conditions, we
nism is obscured when the system is treated as a continuuRg, write the total current in the following form:

as was done in Ref. 10. Our model is discrete in the sense
that each of the bulk superconductors is treated separately. In qu(V,T)lAT=O+qu(AT,T)|V=O+ I gp-pai V, T)COSA 0
hi he physical mechanisms are explicit and distin-
;ufsrt]::sg.tepysca echanisms are explicit and dist +1,sinA 6=0, (19
Another point to be noted is that in nonequilibrium bulk whereV= A uq,/e. The amplitudes of the currents on the Ihs
superconductors the normal current, given by the two-fluicbf Eq. (19) are given in Eq(7). |, is the critical Josephson
model, is proportional t&/ Q*. This is the continuum limit  current. Under the condition of an open junction with a fixed
of the result obtained here. We considered the tunneling quaemperature drop, we may regard the gquasiparticle ther-
siparticle current between two superconductors and found iocurrent (AT, T)|y -, as an external current bias. In this
to be proportional tdN,(0)Q;" —N,(0)Qy . The physical dif- case we recognize E(L9) to be the overdamped limit of the
ference between the systems is in the charge-transporesistively shunted-junction(RS) model equation of
mechanism. In the bulk transport is via diffusion, whereas irmotior?® with the addition ofi qo—pair- 1herefore, in order to
the junction it is by tunneling. The latter mechanism inducesstudy the relation between the temperature drop on the junc-
the sinAd) dependence in E17). Finally, we already men- tion and the phase difference, we must find the steady states
tioned that charge imbalance can be induced by injectingf the system in this model. For simplicity, we shall consider
quasiparticles into a superconductor. This has been measuréte limit of linear response:l4(V,T)[sr-0~V/R and
for NS and NIS systenisin our system wassumedhat the lgo(AT, T)|y—o~L3,AT. Although experimental-V curves
charge imbalance was induced externgdyg., by a tempera- of Josephson junctions are nonlinear in the vicinity of
ture gradientand Eq.(5) was modified accordingly. We sus- V=2A/e, the linear response is a good approximation above
pect that a self-consistent treatment of an SIS system maand below this region. In addition, we neglégt ., since
show that the inevitable tunneling of quasiparticles betweem numerical solution of this model that we carried out has
the superconductorén response to a current source Bt shown that this term does not qualitatively affect the steady-
#0) results in charge imbalance. Consequently, invokingstate solutions of the system. We also neglect charge-
Eq. (16), this may lead to a temperature gradient in the bulksimbalance effects.
In the RSJ model one considers an equivalent circuit con-
I\V. THE THERMOPHASE RESPONSE sist@ng of a nonlinear inductapce, a capacitance, and a resis-
tor in parallel. The nonlinear inductance represents the non-
Consider a superconductor biased by a temperature gradinear Josephson coupling, and the capacitor represents the
ent. As explained in the introduction, the steady state of ageometric capacitance of the juncti@ Loss in the system
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is represented by a resistariReNote that in our description Ly can be given using Eq22). Near T, the thermopower

of the Josephson junction we neglected the charging energpproaches the normal values. Thu§,~10 ®/R, where

due to the capacitance. The total current in the circuit iR is the resistance i) and L, is in V/Q K. Taking
therefore R~0.1 Q for a typical Sn-O-Sn junction of cross section
0.1 mn¥, we obtainL,~10" /I wherel is in A andL, is

in K~1. Note that for this junctior is of the order of mA

for T<T., but it vanishes as we approach the transition
. . . ___temperature. Therefore, as we approdghwe find L ;— c°.
wherel . is an external current blqs. Recalling the rglauon-l—he divergence indicates that the definition lof, breaks
2eVih=d(Ad)/dt, Eq.“(ZO) _can”be_ viewed as an equation of yoyn at the superconducting phase transition. We expect this
motion for a classical “particle” with coordinat& ¢ moving  pehavior, based on the understanding that the effect is a re-

Y
lexi=CV+ = +1csind g, (20)

in a “potential” U(#)=—1.cosdd. The steady-state solu- gyt of 4 coupling between the condensate and the quasipar-
tions of this system have been thoroughly studied and th§cle populations. The phase difference is generated by a
results have been verified experimentéfy. transient Seebeck voltage induced by the temperature drop.

Solutions of Eq.(20) fall into two regimes: an OVer- The steady-state value of the phase difference is determined
damped regime (R>y2Cl./eR, whereRg is the quan- py the constraint that,,; exactly cancels the quasiparticle
tum resistanceand an underdamped regime in the oppositezyrrent andv=0. When an oscillating state is possible, the
case. In the overdamped regime the inertia t€fmcan be relation between the phase difference and the temperature
neglected. When the external current is smaller than the critidrop is more complicated but the mechanism is the same.
cal Josephson curreit, the steady state of the system is The temperature dependencelgf (V=0) is now evident.
static: the quasiparticle current is shorted by a reverse J@&ince at low temperatures few excitations exist, the coupling
sephson current and no voltage develops on the junctiorbetween the condensate and the quasiparticle current is
This state is analogous to the behavior of a bulk supercorsmall. As the temperature is increased, a latgéris needed
ductor. Whenlg>I1. a “running solution” develops in to cancel the thermoelectric current.
which an oscillating voltage/(t) is generated across the  We emphasize that the coefficidny, is nota well-defined
junction. In the underdamped regime, whég.>I. the transport coefficient since it cannot be obtained within a sys-
“running state” occurs as before. Below a threshold currentematic use of thermodynamics. The initial stAt€+0 cor-

I min, ONly the static solution exists. When the external cur-responds to a nonequilibrium state, however, the state of

rent satisfies i, <<l ox<l., both solutions exists. A6+0 is an equilibrium state. As a consequence, it is not
clear that we can invert,, in the sense of the Onsager
B. The definition of a thermophase coefficient relations. Under the assumptions made, E{) only pre-

dicts that fixing a temperature drop across a junction will

Senerate a phase difference. The physical mechanism of this
ocess is understood. However, it is not clear if an applied
ase differencéin a closed circujt will induce a tempera-

Consider an open-circuit Josephson junction. We impos
the constraint,,;=0 and apply an external temperature drop.
As explained above, this system can be described by the R

eth_Jatlon e m?ft'o?. with tthe nlormal t?e'gmoelleq:rlc Curlr.er.]ttture drop on the junction. Note that we have already seen
acting as an effective external current. For clarity, we limit, . phase-dependent currehis_ o and |,z do not

purselves to the ;tatic SOIUtiO“:.O' Neglecting charg“e- epend onAT, because these currents do not involve the
imhalance generation, we can define the thermophase COeﬂansport of electrons and holes but rather of pairs. Hence,
these currents cannot contribute to the generation of a tem-
perature drop. If the effect exists only in the direction
AT—A®, thenL, is no more than a technical definition that
is proportional to the thermoelectric coefficient. However, if

= S = — i ~ —
AT =LLAT |cSind 0 lcAf. @) the reverse process indeed exists, then the thermophase ef-
We have sety, =0 as is the case faku=0. We define ~ fect constitutes a real physical effect.

ficient,” in analogy with the definition of the thermoelectric
transport coefficients. In the limit of smalAT and small
A 6 we can write

S5(A6) L3, C. Experimental detection of the thermophase effect

Ly="— =, (22)

® AT |, C0AE=0AT—0 I The thermophase response, defined in an open circuit, can

o be realized and measured experimentally in a closed-circuit

The notations(A 6) is used in order to emphasize the phasesystem. Indeed, this has been done indirectly in Ref. 16. A

difference that develops due to the temperature drop. Thelosed-circuit superconductor tunnel junction was heated on
explicit form of Ly, includes the microscopic parameters asone side by a laser. A thermoelectric current was measured
given by Eq.(7). The final expression for a symmetric Jo- above a certain temperature and disappeared below it. The

sephson junction is given by interpretation was that a quasiparticle thermoelectric current
was canceled by a reverse Josephson current only beneath a

2a e of threshold temperature, at which the supercurrent was large
Ltp(T):WL dw w? (_m enough. This result corresponds to a thermophase effect.

When the junction was biased by an additional ac current

where we have expandéd, |? as in Eq.(9). Equation(23)  (which was interpreted as an external voltage by the authors
was evaluated numerically as function of temperature. Tha thermoelectric current was measured even below the
results are given in Fig. 1. An estimate of the magnitude othreshold temperature. The explanation was that the Joseph-

. (23
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thus be detected. Note that the argument of the cosine term
T+AT I T+AT in Eq. (25) is a sum. Hence, the response of the two junctions
is added. We can, therefore, use a homogeneous ring to mea-
sure the effect. A quantitative prediction for such an experi-
A8, o A8, - A9 4 A8, = ment is obtained by substitutingf(AT)~A 6(0)+ & in Eq.
(25). Here, § is the (linear-respongethermophase response
\\ and it satisfies Eq(22). In the static steady state, both junc-
Lie T T tions will produce the same phase correct@nExpanding
a b the cosine in Eq(25) in &, and invoking the definition Eq.

(22), we find

FIG. 3. Two experimental setups of dc SQUID circuits. An AB+AB 7P

initial phase difference is set on each junction of the SQUID by a ;) sin(—) L,AT.  (26)
magnetic fluxd. The top part of the ring is heated homogeneously 2 ®y ®

toa tempergturé’_+ AT. Thus, we obtain a tempt_aratur_e drop on the This can be detected as an additional ftI%(AT) =LA,
Jose_phsonjunctlons, with no te_mpferatL_Jre graqlents in the supercofhere L is the geometric self-inductance of the ring. Note
ducting leads.(a An open circuit with a circulating current yhaiA| s periodic in the flux threading the ring with a period
Ii(®). (b) A closed circuit in which an interference current flows of 2d,. When the temperature drop exceeds a critical value a
1(®). “running state” will develop in the ring. This critical tem-

perature depends on the flusb through the ring as

son current oscillated as a result of the external bias. Thus, din(m®/®y). This is essentially the same as the function
did not contribute to the average dc signal, and could nof . (@) which appears in Eq(25). This running state was
cancel the thermoelectric quasiparticle current. This expefipredicted to occur in and measured in SNS SQUID

mental setup enables an indirect measurement of the codystems$? A similar effect was also predicted and demon-
pling between a temperature drop and the phase differencgrated in single SNS junctiod?*

across a junction. There was no direct control over the phase. Another experimental setup is illustrated in Figbg It
In order to measure this coupling directly we propose thecomprises of a closed-circuit system in which a supercurrent
following systems. Consider a dc superconducting quantursan flow. The current will flow in parallel, through the two

Allyr_0=Icsin

interferenced devicéSQUID) configuratior? illustrated in  Josephson junctions, and interfere. The interference pattern
Fig. 3. Such a system enables one to control the phase difs realized when measuring the current as function of the
ference on the Josephson junctions via the magnetic flugnagnetic flux threading the ring. Suppose we fix the external
through the ring. This is reflected in the following relation: magnetic flux, in the absence of a temperature drop, so that
the current is smaller than the critical current of the ring.
) Now we heat the upper half of the ring with respect to the
AG—Ab,= 2173 + | drve+ J’ drve, (29 lower half, as before. In the static steady state this will affect
0 Jlhs hs the interference pattern. A quantitative prediction for such an
wherds is th loal fx hreading he g i is the  SPEIITL con ¢ calcter by lewing e toeton of
guantum unit flux.V @ is the continuous superconducting- fo theptemperature dFr)bp i givengby P
phase gradient along the wires of the ring, and the lhs and rhs
integrals are along counterclockwise paths. The effect of Al AG+A6, T®
temperature o\ @ can be measured in two ways. The first AT = —2|c005( T) COS( FO) Lp- (27)
experimental setup is an open circuit illustrated in Fig).3 AT—0
If the two junctions comprising the ring are equivalent, theEquation (27) relates the experimental measurement
current circulating ¢, in the ring is given by (AI/AT) to the theoretical prediction. As before, the excess
current generated by the temperature drop is periodic in the
(A6 —A6, AG+ A6, magnetic field threading the ring. If the experimental setup
leir( @)=l csin —— )C°5< > ) (25 corresponds to an underdamped junction, an ac voltage can
develop on each junction. The effect can be calculated as
wherel . is the critical current of either junctiotg,(®) can  before and compared to experiment.
be controlled by an external flud.,;. In order to attain a As discussed above, the definitionlof, reflects the cou-
nonzero circulating supercurrent, we apply an external fluxpling between the currents of the condensate and the quasi-
According to Eq.(25) the resulting current will be smaller particles. Such a coupling is manifested in other phenomena,
than the critical current of the ring. Suppose we heat thee.g., the charge-imbalance state &gd ;. Our understand-
upper half of the ring with respect to the lower h@f/oiding  ing of the thermophase coupling is the following: the mac-
temperature gradients in the wije#s long as the tempera- roscopic normal thermoelectric voltage couples to the phase
ture drop is not too large, the static steady stage, V=0 on  difference on the junction via the quantum-mechanical rela-
both junction$ will be sustained. In this case no additional tion V~d(A #)/dt. This mechanism bridges the macroscopic
circulating current is generated by the thermoelectric effectthermodynamic properties of the system with the macro-
since the thermoelectric current is canceled by a reverse sgeopic quantum-mechanical phase. We note that the ther-
percurrent on both junctions. However, an additional phasenophase effect in Josephson junctions differs from the situ-
drop will develop on both junctions due to the thermophasetion in homogeneous bulk superconductors. In an open-
effect, which is proportional to the temperature drop. Thiscircuit system subjected to a temperature drop, the static
phase shift will alter the circulating supercurrent and canv=0 state is observed in both Josephson junctions and bulk
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superconductors. However, the physics is different: in bulkgion that type-Il bulk superconductors in a magnetic field
the steady state must satisfy the Meissner effect, whereas axhibit a thermoelectrically induced phase slippage effect—
Josephson junctions this does not necessarily apply. The twsee Ref. 25 and references therein. This effect might be re-
superconducting electrodes are isolated from each other, atated to the thermophase effect discussed here. Moreover, the
the behavior of the system is understood within the RSJeverse effect was also measured in such systémbese
model, as discussed above. Furthermore, in contrast to bulikxperiments were conducted in high-superconductors.
superconductors, a Josephson junction has solutions other
than the static solution. In these cases the thermophase cou-
pling is manifested by the running state. Finally, we do not
know if the reverse effect, in which a phase difference across Partial support for this work was provided by the Israel
the junction induces a temperature drop, exists. This questioicience Foundation and the US-Israel Binational Science
can be resolved experimentally in setups similar to thoséoundation. We would like to thank Alexander Shnirman for
introduced here. However, it has been brought to our atterstimulating discussions.
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