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Control of Andreev-level occupation in a Josephson junction by a normal-metal probe

Li-Fu Chang and Philip F. Bagwell
School of Electrical and Computer Engineering, Purdue University, West Lafayette, Indiana 47907

~Received 31 October 1996!

We calculate the electrical current flowing through a mesoscopic superconductor–normal-metal–
superconductor~SNS! junction coupled to a normal-metal probe. This additional normal terminal models either
a scanning tunneling microscope probe or the gate electrode of a three-terminal SNS junction. We find the
Josephson current switches between two different values as the probe voltageV is varied. This switching
occurs because the Andreev energy levels are populated with an effective electrochemical potentialeV. When
the probe voltageueVu.D, so that all of the Andreev levels are either filled or emptied, we show it is possible
to directly measure the ‘‘continuum’’ contribution to the Josephson current. The differential conductance
dI/dV at the normal probe can also be used to detect the density of Andreev levels.@S0163-1829~97!09417-4#
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I. INTRODUCTION

Additional leads or ‘‘probes’’ attached to a conduct
have long been employed in normal mesoscopic syst
both to control the energy-level occupation and to introdu
quantum-mechanical phase breaking.1,2. In normal mesos-
copic systems, the occupation of an energy level is de
mined primarily by the probe with the strongest coupling
that level. But the situation is somewhat different for ele
trons trapped in the Andreev energy levels3 of a Josephson
junction.4–8 As pointed out in Ref. 7, quasiparticles incide
from a superconducting reservoir cannot elastically sca
into an Andreev level. In order to populate the Andreev le
els, Ref. 7 introduced an additional normal-metal pro
coupled to the normal region of a superconductor–norm
metal–superconductor~SNS! junction as shown in Fig. 1
Even though quasiparticles can travel ballistically into t
strongly coupled superconducting leads, and must p
through a tunnel barrier to enter the weakly coupled norm
metal lead, Ref. 7 shows it is the normal-metal probe wh
controls the bound Andreev-level occupation.

In this paper we employ the Bogoliubov–de Genn
~BdG! equation9 to calculate the electrical currents throug
the SNS junction shown in Fig. 1. An additional norma
metal probe is attached to the N region of the SNS juncti
following Ref. 7. The two superconducting leads are held
zero voltage, while the normal lead is biased at a volta
V. To describe the coupling of the normal-metal probe to
SNS junction, we use a scattering matrix which forces
quasiparticle to turn into the side probe1,2 with probability
e. We compute both the current flow into the supercondu
ing leads and the current flow into the normal-metal lead
a function of the macroscopic phase differencef between
the two superconductors, the voltageV, and the coupling
strengthe to the normal-metal lead.

Using a normal-metal side probe to control the Andre
level occupation also controls the Josephson current. In S
junctions shorter than the coherence length (L!j0), and for
a weakly coupled normal-metal probe (e→0), we find the
Josephson current switches abruptly to zero at a certain
age ueVu<D and remains zero forueVu>D. This single
switching event occurs when the probe voltageV forces the
550163-1829/97/55~18!/12678~13!/$10.00
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two Andreev levels in a short SNS junction to both be pop
lated~or depopulated!. Once the Andreev levels are filled~or
emptied!, and therefore carry no net current, the total Jose
son current in the short SNS junction is also forced to ze

When the normal-metal probe is weakly coupled (e→0)
to a long SNS junction (L@j0), we show the Josephso
current switches between two values as function ofV for
ueVu<D. The Josephson current switching forueVu<D
again arises from the population~or depopulation! of bound
Andreev levels inside the superconducting energy gap.
change in the current after populating~or depopulating! a
new Andreev level we find to beDI.evF /(L12j0). When-
ever the Josephson current switches, i.e., when the ele
chemical potentialeV of the normal lead crosses a new A

FIG. 1. ~a! Geometry of an SNS junction coupled to a norma
metal probe. The probe is biased atmN5eV, while the supercon-
ducting leads are grounded.~b! Mathematical configuration of lead
needed to represent the SNS junction.
12 678 © 1997 The American Physical Society
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55 12 679CONTROL OF ANDREEV-LEVEL OCCUPATION IN A . . .
dreev level, the differential conductancedIN /dV along the
normal-metal lead also has a peak. The density of level
the SNS junction can therefore be detected by measuring
differential conductancedIN /dV along the normal meta
lead.

The continuum of energy levels outside the supercond
ing energy gap also contribute to the Josephson current
long SNS junction. It should be possible to directly meas
this ‘‘continuum’’ contribution to the Josephson current
attaching a weakly coupled normal-metal probe (e→0) to a
long Josephson junction. When the side probe voltage
ceeds the superconducting gap (ueVu>D), so that the An-
dreev levels are either completely filled or emptied, we fi
the total current carried inside the superconducting ene
gap is nearly zero. This leaves only the energy continu
available to contribute to the Josephson current. Since
continuum energy levels are more strongly coupled to
superconducting leads than to the normal lead, so that t
occupation is nearly independent of the voltage applied
the normal-metal lead, we find this continuum current flo
into the superconductors is nearly constant as a functio
V when ueVu>D. The energy distribution of the Josephs
current between the discrete energy levels inside the gap
the continuum of energy levels outside the gap can there
be directly measured as the terminal current flowing into o
of the superconductors.

II. MODEL FOR THE GATED SNS JUNCTION

We describe quasiparticle motion in the SNS junction
Fig. 1 by the BdG equation

SH~x!2m D~x!

D* ~x! 2~H* ~x!2m!
D S u~x!

v~x!
D 5ES u~x!

v~x!
D , ~1!

where the one-electron Hamiltonian isH(x)52(\2/
2m)(d2/dx2). We model the SNS junction by a step chan
of the superconducting order parameter, namely

D~x!5H Deif1, x,0,

0, 0,x,L,

Deif2, x.L.

~2!

This model for the pair potentialD(x) is justified because the
narrow portion of the conductor widens into two bulk sup
conductors, which can be regarded as order param
reservoirs.5

The motion of electrons and holes in the normal reg
(0,x,L) is modified by coupling them to a normal-met
probe ~at x5a) as shown in Fig. 1~a!. The quasiparticle
waves in the side probe are also described by Eq.~1! with
x→y andD(y)50. We use a parametere to describe the
coupling strength to the external probe. As outlined in A
pendix A, a right-moving electron in the normal region
Fig. 1~a! has a probabilitye of leaking into the normal lead
For e50 the SNS junction and the normal conductor a
decoupled, while fore51 the quasiparticle phase coheren
~necessary to establish the Josephson effect! has been com-
pletely broken. Because we wish to attach a normal-m
probe which only breaks the electron phase, but not its m
mentum, it is necessary to attach two ‘‘conceptual’’ norm
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metal probes for each physical normal probe.1,2 These addi-
tional conceptual leads are labeled as channels 3 and
Fig. 1~b!. For the type of side-probe considered in Ref.
which breaks both momentum and phase of the quasip
cles, the additional channel 4 is unnecessary.

As shown in Ref. 10, the standard Landauer-Bu¨ttiker for-
malism for electrical transport in multiterminal mesoscop
normal conductors applies directly to mesoscopic superc
ductors, provided we replace every lead with by a sepa
conceptual lead for electron and hole quasiparticles. We
the indicesp,q51,2,3,4 as the lead numbers andn is the
quantum number of the injected state. We typically ha
n5(k,b), wherek is the wave number of the injected sta
andb5(e or h) denotes the injection of electronlike or hole
like quasiparticles. We therefore calculate the electrical c
rent flow in leadp due to injection of a quasiparticle in th
qn channel according to10,11

I p5(
qn

~Ju1Jv!p;qnf qn2(
qn

~Jv!p;qn . ~3!

The Schro¨dinger currents associated with the wavesu and
v from Eq. ~1! are Ju5(e\/m)Im$u* (x)¹u(x)% and
Jv5(e\/m)Im$v* (x)¹v(x)%. The ‘‘vacuum current’’ due
to the filled hole band is argued in Ref. 10 to be zero, nam
(qn(Jv)p;qn50. The electrical current in Eq.~3! is related to
a transmission coefficientT̃ by

~Ju1Jv!p;qn5T̃p;qn5evpTp;qn , ~4!

wherevp5\kp /m. Equation~3! then reduces to the standa
Landauer-Bu¨ttiker form familiar from normal mesoscopi
electron transport, namely,

I p5e(
qn

vpTp;qnf qn . ~5!

The Fermi factorf qn in Eq. ~5! must be calculated prop
erly to obtain the correct electrical current. As also shown
Ref. 10, the Fermi factors are different for injected electro
like and holelike quasiparticles, namely,

f qn5 f qb5 f ~E2eVqb!, ~6!

where the Fermi function isf (E)51/@11exp(E/kBT)#. The
effective biasing voltageeVqb applied to the (qb)th lead is
contained in the Fermi factor in Eq.~3!. The bias applied to
the normal-metal lead produces the effective electrochem
potentials10

V3e5V4e5V, ~7!

V3h5V4h52V. ~8!

In this paper the superconducting leads are grounded so
eV1b5eV2b50. Considering only the case where the sup
conductors are both grounded greatly simplifies calculati
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as the addition of a bias on either superconducting lead
quires the use of time-dependent BdG equations.12

We apply Eq. ~5! to calculate the electrical curren
I 1(f,e,V) in the left superconductor,I 2(f,e,V) in the right
v
d
b

e-superconductor, andI N(f,e,V)5I 3(f,e,V)1I 4(f,e,V) in
the normal lead, shown in Fig. 1~a!. As detailed in Appendix
B, we obtain for the current flowing into the left superco
ductor
2I 1~f,e,V!5
2ee

h E
2D

D

tanhSE2eV

2kBT
D S 1

F~E,e,f!
2

12e

F~E,e,2f! D dE1
ee

h S E
2`

2D

1E
D

` D tanhSE2eV

2kBT
D

3S u0
2

D~E,e,f!
2

~12e!v0
2

D~E,e,2f! D dE1~22e!
e

hED

`

tanhS E

2kBT
D U~E,e!

uu0
22v0

2u S 1

D~E,e,f!
2

1

D~E,e,2f! D dE.
~9!

The current into the right superconductor we obtain from

I 2~f,e,V!5I 1~2f,e,V!. ~10!

The current flowing out of the normal-metal lead we find to be

2I N~f,e,V!5
2ee2

h E
2D

D

tanhSE2eV

2kBT
D S 1

F~E,e,2f!
1

1

F~E,e,f! D dE1
ee

h S E
2`

2D

1E
D

` D tanhSE2eV

2kBT
D @u0

22~12e!v0
2#

3S 1

D~E,e,2f!
1

1

D~E,e,f! D dE. ~11!
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In Eqs.~9!–~11! the functionD(E,e,f) is

D~E,e,f!5u0
41v0

4~12e!222u0
2v0

2~12e!

3cosF S ED D S Lj0D1f G , ~12!

the functionF(E,e,f) is

F~E,e,f!511~12e!222~12e!

3cosF22cos21S ED D1S ED D S Lj0D1fG ,
~13!

and the functionU(E,e) is

U~E,e!5u0
41v0

4~12e!2u0
2v0

2@~124v0
2!e12#. ~14!

The coherence factorsu0 andv0 are

2u0
2511

AE22D2

uEu
, ~15!

and

2v0
2512

AE22D2

uEu
, ~16!

while the superconducting phase difference isf5f22f1.
Equations~9!–~11! satisfyI N5I 11I 2 as required for electri-
cal current conservation.

Equations~9!–~11! describe how the multiple Andree
reflections between the two superconductors are modifie
coupling to the normal-metal probe. When the normal pro
by
e

and Josephson junction are completely decoupled, nam
e50, the multiple Andreev reflections between the two s
perconductors produce bound Andreev levels inside the
perconducting gap and weaker quasibound levels outside
gap.8 These energy levels broaden as the couplinge in-
creases, and their filling begins to be controlled by the vo
age on the normal-metal probe. This can be seen from
structure of Eqs.~9!–~11!. Terms containing the occupatio
factor tanh@(E2eV)/2kBT# are currents injected from th
normal-metal lead, while terms with the occupation fac
tanh@E/2kBT# are currents injected from the superconducti
contacts. By inspection of Eqs.~9!–~11! one immediately
infers that currents flowing in the energy rang
2D<E<D, i.e., current flow through the broadened A
dreev bound levels, are occupied by the Fermi factor of
normal-metal lead. How the Andreev levels broaden a
shift in energy by coupling to the normal lead is determin
by the poles of the first term in Eqs.~9!–~11!, namely the
complex energies at whichF(E,e,f)50, as described in
Appendixes A and C.

III. CURRENT FLOW IN GATED SNS JUNCTION

A. Equilibrium current and phase breaking

We first consider the side probe shorted to the two sup
conductors so thateV50. In this limit Eqs.~9!–~11! give
I N50 andI 152I 2. The zero-temperature Josephson curr
I 2(f) is then suppressed by quasiparticle phase breakin
shown in Figs. 2~a! and 2~b!. For both~a! short (L!j0) and
~b! long (L@j0) SNS junctions,13 the current-phase relatio
I 2(f) of the completely coherent (e50) Josephson
junction8 is rounded into the standard Ambegaoka
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FIG. 2. The current-phase relation for a~a! short and~b! long SNS junction is rounded by quasiparticle phase breaking. The And
energy levels are broadened with increasing phase breaking, as shown by the~c! current density per unit energyJ2(E) flowing through the
Andreev energy level in a short junction.~d! The critical current also decreases as the phase-breaking parametere increases, for both shor
~top curve! and long~bottom curve! junctions.
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Baratoff form I5I csin(f) as e increases. The coupling
to the side probe in Figs. 2~a! and 2~b! is
e50(dashed),1,25,50,75,100%.

Rounding of the current-phase relation into
Ambegaokar-Baratoff form is accompanied by a broaden
of the Andreev energy levels, illustrated in Fig. 2~c! for a
short SNS junction withf52p/3. The probe coupling use
in Fig. 2~c! is e55,10,15,20 %. The electrical current de
sity J2(E), where I 25*2`

` J2(E)dE, spreads out over a
larger energy range ase increases. The Andreev-level widt
is approximatelye(\vF)/(L12j0) for small e, as obtained
in Appendixes A and C. Both the bound Andreev levels a
weak quasibound Andreev resonances in the scattering
tinuum are broadened by coupling to the normal-metal le
The critical current is also suppressed with increasing c
pling to the side probe as shown in Fig. 2~d! for both short
~top! long ~bottom! SNS junctions. Ase51, so that the qua-
siparticle phase is completely randomized, we find the c
cal currentI c→0.

B. Current-phase relation for weak coupling to the side probe

We now apply a voltage biaseV.0 to the normal lead.
We consider first the case where the side probe is o
weakly coupled to the SNS junction (e51%), so thecurrent
I N is small. We plot the Andreev bound levels from th
resonance condition4
g

d
n-
d.
-

i-

ly

22cos21S ED D1S ED D S Lj0D6f52pn, ~17!

n50,6162•••, in Fig. 3~a!. The BCS healing length in Eq
~17! is j05\vF/2D. The currentI 2 flowing into the second
superconductor from Eq.~10! is shown in Fig. 3~b!, while
the currentI N from Eq. ~11! flowing out of the probe is
plotted in Fig. 3~c!. We seeI N!I 2, indicating a weakly
coupled probe.

The electrical current flows only through the discrete e
ergy levels of Fig. 3~a! in a short SNS junction, and th
occupation of these discrete levels is controlled by the v
age V on the side probe. In Fig. 3~a! we have therefore
drawn a dashed line corresponding to the bias volt
eV50.75D. The phase differencef052cos21(E/D)
.0.46p, where an Andreev level crosses the ener
E5eV corresponding to the bias voltage, is also shown b
vertical dot-dashed line in Fig. 3~a!.

Since the probe voltageeV sets the effective electro
chemical potential for the Andreev levels, any Andreev le
havingEn<eV in Fig. 3~a! is filled. When only one Andreev
level is filled, that is whenf,f0, the electrical current is
nearly the same as when the probe is not connected to
SNS junction. When both Andreev levels are occupied, t
is for f0,f,(2p2f0), the two levels carry equal an
opposite electrical currents. Filling~or emptying! all the An-
dreev bound levels~by changing the voltage on the sid
probe! therefore forces the total current carried by the d
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12 682 55LI-FU CHANG AND PHILIP F. BAGWELL
crete levels to zero. In a short SNS junction, this also for
the Josephson current to zero as seen in Fig. 3~b!. The varia-
tion of currentI N(f) flowing out of the normal-metal lead in
Fig. 3~c! is also controlled by Andreev energy levels cros
ing the Fermi level of the normal-metal probe.

The Josephson current flow in a long SNS junction c
also be controlled by a normal-metal side probe wea
coupled (e51%) to the SNS junction. We plot the Andree
bound levels in a long SNS junction from Eq.~17! in Fig.
4~a!, the currentI 2 flowing into the second superconduct
from Eq.~10! in Figs. 4~b! and 4~c!, and the currentI N from
Eq. ~11! flowing out of the probe is plotted in Fig. 4~d!. The
supercurrentI 2(f) in Figs. 4~b! and 4~c! is again altered
from its equilibrium value~dashed! because the effective

FIG. 3. ~a! Andreev energy levelsEn
6(f), ~b! current I 2(f)

flowing into the second superconductor, and~c! currentI N(f) flow-
ing out of the normal-metal lead of a short SNS junction wea
coupled to a normal-metal side probe.
s

-

n
y

electrochemical potentialmN5eV changes the discrete leve
occupation. A small currentI N(f) from the normal lead also
flows into the junction when a new Andreev level falls belo
the Fermi level of the side probe, as shown in Fig. 4~d!.

The lowest Andreev energy levelE0 in a long, ballistic
SNS junction,4 namely,

E05
p\vF
L12j0

, ~18!

sets the characteristic voltage scale for changes in
current-phase relation. Figures 4~b! and 4~c! shows the
current-phase relation for several values ofeV/E0. For elec-
trochemical potentialmN15eV15E0/2, the phase periodicity
of the currentI 2(f) is halved and its amplitude reduced,
noted in Ref. 7. WhenmN25eV25E0, the currentI 2(f) is
shifted byDf5p, again similar to Ref. 7. Current-phas
relationsI 2(f) intermediate between these two examples
also possible for different applied voltagesV. Figure 4~c!
shows the Josephson current flowing through the disc
levels being switched off by the bias voltage. For the para
eters in Fig. 4 we haveE050.61D, so for the bias voltage
eV57E0 /4.D in Fig. 4~c! the bound Andreev levels are a
filled and carry no net current.

By controlling the discrete level occupation with the si
probe voltage, we can directly measure the energy distr
tion of the Josephson current. The total Josephson cur
flow is typically broken down into a portion carried by th
discrete and continuum levels, namely,I 2(f,V)
5I 2d(f,V)1I 2c(f,V). If we completely populate~or de-
populate! all the discrete states with an applied volta
ueVu>D, the total currentI 2d carried by the bound Andree
levels will be zero, namelyI 2d(f,ueVu>D).0. Since the
superconducting leads are strongly coupled to the continu
states, while the side probe is only weakly coupled to
states outside the superconducting gap, the portion of
currentI c2 carried by the energy continuum will be approx
mately independent of the applied voltage, i.
I 2c(f,V).I 2c(f). By forcing I 2d(f,euVu>D)50, we
should then be able to directly measure the continuum c
rent I 2(f,ueVu>D).I 2c(f). This ‘‘continuum current’’ is
the remaining current which flows whenueVu>D in Fig.
4~c!.

To better understand the energy distribution of the
sephson current in a long SNS junction as a sum of ‘‘d
crete’’ and ‘‘continuum’’ currents, we graphI 2(f,V50) in
a long SNS junction havinge50 in Fig. 5. In Fig. 5 the
discrete currentI 2d(f,V50) ~dashed! and the continuum
currentI 2c(f,V50) ~solid! both contribute to the total cur
rent I 2(f,V50) ~dot-dashed!. Comparing the Josephso
current flow whenueVu>D in Fig. 4~c! to the continuum
current in Fig. 5, we see they are identical. The continu
current I 2c(f) can then be directly measured as a termi
current. Such a measurement should resolve any remai
questions raised in Refs. 4,8,14–16 concerning the ene
distribution of the Josephson current between the disc
and continuum energy levels.
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FIG. 4. ~a! Andreev energy levelsEn
6(f) for a long SNS junction weakly coupled to a normal-metal side probe. The bias vo

eV5E0 /2, whereE0 is the lowest Andreev energy level, is shown by the dotted line.~b! and~c! Current-phase relationI 2(f) for different
bias voltageseV/E0. ~d! CurrentI N(f) flowing in from the normal lead wheneV/E051/2 ~solid! and 1~dashed!.
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C. Andreev-level spectroscopy
and Josephson current switching

The differential conductancedIN(f,V)/dV along the
weakly coupled normal-metal lead can also be used to pr
the Andreev resonances from Eq.~17!. Figure 6 shows the
differential conductance in an SNS junction having two A
dreev levels fore51%(bottom),50,75,100 %(top). Whe

FIG. 5. Current-phase relationI 2(f) for a long SNS junction
having eV50. The portion of the Josephson current flowin
through the continuum energy levels in this isolated (e50) SNS
junction ~solid! can be directly measured as a terminal current
applying a voltageueVu>D to a weakly coupled SNS junction, a
shown by the curve havingeV57E0/4.D in Fig. 4~c!.
be

-

the side probe is weakly coupled, Fig. 6 shows that the
ferential conductancedIN(f,V)/dV directly detects the An-
dreev levels. Using Eq.~11! we also find analytically for the
e→0 limit in Appendix C that

dIN
dV

5
4e2

h (
n,a

S Gn
2

Gn
21~eV2En

a!2
D , ~19!

y

FIG. 6. Differential conductancedIN /dV (f5p/2) for a long
SNS junction containing two Andreev levels. The probe coupling
e51,50,75,100 %. The Andreev levels appear as sharp peak
dIN /dV for e51%. The differential conductancedIN /dV ap-
proaches that of a ballistic NS junctions ase→100 %.
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12 684 55LI-FU CHANG AND PHILIP F. BAGWELL
when ueVu,D. The resonance widthGn in Eq. ~19! is
Gn5eD@j0 /(L12j(En)#, j(E)5j0(D/AD22E2) is the
energy-dependent BCS coherence distance, and theEn

6 are
the Andreev energy-level solutions to Eq.~17!. As e in-
creases in Fig. 6, the Andreev resonances apparen
dIN(f,V)/dV become smeared and approach the differen
conductance of two ballistic NS junctions17 in parallel. A
possible physical realizaton of this ‘‘Andreev spectromete
in is to apply a scanning tunneling microscope~STM! tip18 to
the normal region of an SNS junction. The measuremen
the Andreev resonances in SNS junctions using the we
coupled side probe is similar to the McMillan-Rowell res
nances in theI -V relation of an NINS junction.19

Varying the probe voltageV also changes the current flo
into the superconductors. In Fig. 7~a! we show the curren
I 2 for another long junction

13 having a fixed phase differenc
f5p/2. Each graph is for a different coupling streng
e51%(bottom),50,75,100 %(top). As the voltage on t
normal probe increases, the currentI 2(V) corresponding to
the weakly coupled probe (e51%) in Fig. 7~a! switches
abruptly several times whenueVu<D. Each switching of the
current in Fig. 7~a! corresponds to another Andreeev lev
being populated, i.e., wheneV5En

6(f). As e increases in

FIG. 7. Current-voltage relationI 1(f5p/2,V) for a long SNS
junction havingL520j0. In ~a! the coupling strengthe 5 1, 50, 75,
100 % andf5p/2. I 1 approaches the current-voltage relation fo
ballistic NS junction ase→100%. Switching of the Josephson cu
rent I 1 when ueVu,D occurs for the weakly coupled junctio
(e51%). Theduty cycle of the switching changes in~b!, when the
phase difference across the Josephson junction changes. The
differences in ~b! are f5p/4 ~dashed!, f5p/2 ~solid!, and
f53p/4 ~dot-dashed!.
in
l

’

of
ly

l

Fig. 7~a!, the current steps round off due to Andreev-lev
broadening. The current also begins to increase withV, since
more current is being admitted from the side probe. Wh
e5100% ~top!, the I 2(V) relation saturates to that of tw
ballistic NS junctions in parallel.

The switching of the Josephson current in Fig. 7 can
understood more quantitatively using the result from App
dix C, where we find the current flowing inside the supe
conducting energy gap in the weak-coupling limite→0 is

I 2d~f,V!5(
n

$I n
2~f! f „En

2~f!2eV…

1I n
1~f! f „En

1~f!2eV…%. ~20!

In Eq. ~20! the I n
6(f) are currents carried by the Andree

level n and the voltageeV appears inside the Fermi facto
as an effective electrochemical potential. The magnitude
the change in current for each switching event wh
e51% in Fig. 7 is approximately constant. This consta
magnitude of the current change arises because, in a
SNS junction, the currents carried by alternating Andre
energy levels have nearly equal magnitude and oppo
signs, namely

I n
6~f!.7

evF
L12j0

. ~21!

The size of the current step is thereforeDI 1
.6evF /(L12j0) when e51% in Fig. 7, approximately
independent of the phase differencef.

Both the average current and the duty cycle of the swit
ing when e51% depend on the phase differencef, as
shown in Fig. 7~b!. The continuum current flowing for
ueVu>D, when e51% in Fig. 7~b!, depends strongly on
f. Since the continuum current determines the average
‘‘background’’ current whene51% in Fig. 7~b!, the average
current depends strongly onf. The ‘‘duty cycle’’ for this
switching is set by the Andreev-level spacing, which a
depends onf. For f5p/2 chosen in Fig. 7~a! the duty
cycle is 50%. The phase difference across the SNS Jos
son junction can be set using a phase bias network of la
Josephson junctions, as done in Ref. 20.

D. Nonideal junctions

The electrical characteristic discussed here for a o
dimensional, ballistic SNS junctions will be altered if th
junction is not ideal. If the superconducting contacts to
SNS junction are not perfectly ballistic, the Josephson c
rent will still display current switching wheneuVu<D. How-
ever, the magnitude of the change in current will be sma
than for a ballistic SNS junction. If the SNS junction is n
purely one-dimensional, the additional available late
modes will complicate the switching behavior. In the sim
plest treatment of a wide SNS junction, each mode will co
duct independently but with its own Fermi velocity. Cons
quently, each mode will switch at a different probe~gate!
voltage.

Dephasing the quasiparticles with a dephasing timetf
will only slightly affect the Josephson current switching a
Andreev-level spectroscopy discussed in this paper.

ase
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though the dephasing timetf will increase the Andreev
energy-level broadening, the broadened levels will still
filled according to the electrochemical potential of the s
probe. Of course the dephasing time must sati
vFtf.L12j0 for any Josephson effect to exist, whether
not the side probe is present.

Inelastic scattering inside the SNS junction will force t
Andreev-level occupation towards the electrochemical
tential of the superconductors rather than the electrochem
potential of the side probe,7 complicating the observation o
these effects. In order for the side probe to control
Andreev-level occupation, the lifetime in the Andreev lev
@see Eqs.~A19! or ~C8!# must be shorter than the inelasti
scattering timet I , namelyt I.(L12j0)/vFe for small e.
An electron incident from the side probe must therefo
transmit into the SNS junction~couple with some minimum
transmission probabilityTprobe5e.(L12j0)/vFt I for the
side probe to control the Andreev-level occupation.

The I -V and I -f characteristics described in this pape
however, do not depend on the detailed nature of the w
connection between the SNS junction and a normal-m
probe. Although the probe coupling used in Ref. 7 bre
both the quasiparticle momentum and phase, whereas
probe we employ here breaks only the quasiparticle ph
either type of weakly coupled probe will produce the sa
I -V characteristics in the weak-coupling limit. As long as t
normal-metal probe remains weakly coupled to the Jose
son junction, the probe voltage will control the Andree
level occupation without significantly altering the wave fun
tions and energy-level spectrum of the SNS junction.
should therefore be possible to observe both the switchin
the Josephson current described here, and to directly mea
the continuum contribution to the Josephson current in a w
designed experiment.

IV. CONCLUSIONS

We have solved the BdG equations to calculate the e
trical current through an SNS junction coupled to norm
metal side probe. The normal probe models either an S
tip or the gate electrode of a three-terminal SNS juncti
The side probe randomizes the quasiparticle phase insid
junction, the same as for normal mesoscopic conductors.
more importantly, a voltage applied to the side probe c
trols the occupation of the discrete Andreev-levels in
SNS junction, even if the probe is only weakly coupled
the SNS junction. The probe voltage functions an effect
Fermi level which controls the Andreev-level occupatio
Since a significant portion of the Josephson current flo
through the discrete Andreev energy levels, this contro
the Andreev-level occupation allows significant control
the Josephson current by changing the voltage of the
probe.

When the side probe is weakly coupled to the SNS ju
tion, the probe voltage can change the Andreev level oc
pation without significantly altering the wave functions fro
those of an isolated SNS junction. For a short SNS junct
in this weak-coupling limit, we find a finite bias on the sid
probe can completely switch off the Josephson current a
Andreev level crosses the Fermi level of the probe. In a lo
SNS junction, we find the Josephson current switches by
e
e
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amountDI.evF /(L12j0) as the probe voltage varies be
tweeneuVu<D. The differential conductancedIN /dV along
the side probe has a peak whenever the Josephson cu
switches, permitting spectroscopy of the Andreev ene
levels. We find also that, with a suitable phase biasing n
work and wheneuVu>D, one can directly observe the con
tinuum piece of the Josephson current as a terminal curr
Some of the unusual current-phase relations predicted
might also be measured in an experiment similar to tha
Ref. 21.
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APPENDIX A: SCATTERING STATES

To evaluate the electrical current operator in Eq.~5! for
the SNS junction coupled to a normal-metal probe, we m
first obtain the scattering states for the junction. Consider
electronlike quasiparticle injected from the left superco
ductor (x,0) shown in Fig. 8. In Andreev’s approximation
the injected electronlike quasiparticle and the Andreev
flected holelike quasiparticle in the left superconduc
(x,0) have the wave function

S u0eif1

v0
D eikex1BS v0eif1

u0
D eikhx. ~A1!

We can neglect normal reflections in Eq.~A1!, since our
coupling to the side probe does not generate normal refl
tions. The transmitted electronlike quasiparticle in the rig
superconductor (x.L) has the wave function

CS u0eif2

v0
D eike~x2L !. ~A2!

The coherence factorsu0 andv0 in Eqs. ~A1! and ~A2! are
given by Eqs.~15! and ~16!. The wave vectorske andkh in
Eqs.~A1! and ~A2! are

FIG. 8. Scattering state for an electronlike quasiparticle injec
from the left superconductor. This injection from lead 1 imposes
electrical current flow in the other leads.
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ke5A2m

\2 ~m1AE22D2!, ~A3!

and

kh5A2m

\2 ~m2AE22D2!. ~A4!

Matching the waves at the pair potential interfacesx50
andx5L allows us to obtain the quasiparticle wave functi
in the normal region (0,x,L). To the left of the coupler
(0,x,a) we have

S ~Bv01u0!e
if1

0 D ei k̃ ex1S 0

~Bu01v0!
D ei k̃ hx, ~A5!

while, to the right of the coupler (a,x,L), the wave func-
tion is

SCu0eif2

0 D ei k̃ e~x2L !1S 0

Cv0
D ei k̃ h~x2L !. ~A6!

The wave vectorsk̃e and k̃h in the normal region are calcu
lated from Eqs.~A3! and ~A4! with D50.

At x5a and y50 in Fig. 1, the quasiparticle wave am
plitudes are connected by a scattering matrix~Refs. 1 and 2!
to the normal-metal side probe. The scattering ma
couples the electrical current amplitudej of electrons in the
normal region to electrons in the side probe, and holes in
normal region to holes in the side probe byj l

out5Slmj m
in ,

where the lead indices arel ,m51,2,3,4. Hencej 1
out is the

current amplitude flowing out of the coupler in lead 1, e
We use the sameS matrix to independently randomize th
phase of both the electrons and holes. Breaking the elec
and hole phases in a correlated manner would lead to
energy-level broadening.

In order to break only the phase of quasiparticles with
altering their momentum, we couple right-moving quasip
ticles in leads 1 and 2 only to lead 3. Left-moving quasip
ticles in leads 1 and 2 we allow to scatter only into lead
For the scattering matrix we therefore choose1,2

S5S 0 A12e Ae 0

A12e 0 0 Ae

Ae 0 0 2A12e

0 Ae 2A12e 0

D . ~A7!

The wave function for the electronlike quasiparticle transm
ted into lead 3, having a group velocity in the2y direction,
is (y,0)

a3S 10D e2 i k̃ ey. ~A8!

The Andreev reflected holelike quasiparticle, incident on
coupler from lead 2, will produce a transmitted holelike qu
siparticle wave function only in lead 4. The wave functio
for the transmitted holelike quasiparticle in lead 4, whi
also has a group velocity in the2y direction, is (y,0)
x

e

.

on
ss

t
-
-
.

-

e
-

b4S 01D ei k̃ hy. ~A9!

The scattering matrixS from Eq. ~A7! relates the curren
amplitudes for electrons, obtained from Eqs.~A5!–~A9!, as

S 0

Cu0e
if2ei k̃ e~a2L !

a3

0

D 5~S!S ~Bv01u0!e
if1ei k̃ ea

0

0

0

D .
~A10!

The current amplitudes for holes, obtained also from E
~A5!–~A9!, are related as

S ~Bu01v0!e
i k̃ ha

0

0

b4

D 5~S!S 0

Cv0e
i k̃ h~a2L !

0

0

D . ~A11!

We solve the marix equations in Eqs.~A10! and~A11! to
obtain the wave-function amplitudes as

B5S v0u0D @~12e!e2 ifei ~ k̃ e2 k̃h!L21#/d, ~A12!

C5A12eF12S v0u0D
2Ge2 ifei k̃ eL/d, ~A13!

a35Aeu0F12S v0u0D
2Geif1ei k̃ ea/d, ~A14!

b45Ae~12e!v0F12S v0u0D
2Ge2 ifei ~ k̃ e2 k̃h!Lei k̃ ha/d,

~A15!

where

d512S v0u0D
2

~12e!e2 ifei ~ k̃ e2 k̃h!L. ~A16!

The poles of Eqs.~A12!–~A15! define the quasibound
energy levels19 for right-moving electrons confined insid
the SNS junction. By settingd50 from Eq.~A16! we obtain
these poles from the solution of

15S v0u0D
2

~12e!e2 ifei ~ k̃ e2 k̃h!L. ~A17!

The right-hand side of Eq.~A17! is the product of probability
amplitudes for an electron moving from a NS interface
wards the coupler, passing through the coupler, moving
wards the other NS interface, Andreev reflecting as a h
returning to the coupler, passing through the coupler ag
propagating back the NS interface, and Andreev reflecting
an electron. The compex energyE5ER1 iEI which solves
Eq. ~A17! contains the resonant energyER and the lifetime
\/uEI u of the bound level. For energies inside the superc
ducting gap, Eq.~A17! requires19
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2p in. ln~12e!22icos21@~ER1 iEI !/D#

1 i @~ER1 iEI !/D#~L/j0!2 if. ~A18!

For very weak coupling (e→0), we find the positionER of
the quasibound levels is given by Eq.~17!, while the leakage
rate 2EI /\ is set approximately as

2
2EI

\
.2 ln~12e!

2Dj0
\@L12j~ER!#

.e
vF

@L12j~ER!#
.

~A19!
The leakage rate, which sets the energy level widthuEI u, is
then simply ratevF /L at which the quasiparticle encounte
the coupler times the probabilitye of leaking out into the
side probe.

APPENDIX B: ELECTRICAL CURRENT

In this appendix, we outline the derivation of the electric
current flowing into the left superconductor. Converting t
sum overk into an integral over the injected energies, a
making the Andreev approximation, we obtain
tion

or
I 1~f,e,V!5eS E
2`

2D

1E
D

` D vFNs
1~E!@T1;1e1T1;1h1T1;2e1T1;2h# f ~E!dE1eE

2`

`

vFNn
1~E!@T1;3e1T1;4e# f ~E2eV!dE

1eE
2`

`

vFNn
1~E!@T1;3h1T1;4h# f ~E1eV!dE, ~B1!

where the transmission probabilitiesT are functions of (E,f,e). From the calculation in Appendix A we directly obtain

T1;1e52@11uBu214u0v0ReB#52
u0
41v0

4~12e!21u0
2v0

2@~12e!2~124v0
2!1~124u0

2!#

D~E,e,2f!
, ~B2!

whereD(E,e,f) is defined in Eq.~12!. T1;1e is the only transmission coefficient one can directly obtain from the calcula
in Appendix A. The other transmission coefficients we find by calculations similar to the one in Appendix A as

T1;1h5
u0
41v0

4~12e!21u0
2v0

2@~12e!2~124v0
2!1~124u0

2!#

D~E,e,f!
, ~B3!

T1;2e5
~12e!~u0

22v0
2!2

D~E,e,f!
, ~B4!

T1;2h52
~12e!~u0

22v0
2!2

D~E,e,2f!
, ~B5!

T1;3e5H eu0
2/D~E,e,f!; uEu.D

2e/F~E,e,f!; uEu,D,
~B6!

T1;4e5H 2v0
2e~12e!/D~E,e,2f!; uEu.D

22e~12e!/F~E,e,2f!; uEu,D, ~B7!

T1;3h5H 2eu0
2/D~E,e,2f!; uEu.D

22e/F~E,e,2f!; uEu,D, ~B8!

T1;4h5H v02e~12e!/D~E,e,f!; uEu.D

2e~12e!/F~E,e,f!; uEu,D, ~B9!

where the functionF(E,e,f) is defined in Eq.~13!. In Eq. ~B1! the factorNs
1(E) is the superconducting density of states f

right-moving quasiparticles, and is related to the normal density of states andNn
1(E) by

Ns
1~E!5

1

uu0
22v0

2u
Nn

1~E!. ~B10!

Using the identityvFNn
1(E).1/h, and applying Eqs.~B1!–~B10!, we obtain
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I 1~f,e,V!5
e

h S E
2`

2D

1E
D

` D f ~E!

uu0
22v0

2u
~22e!U~E,e!S 1

D~E,e,f!
2

1

D~E,e,2f! D dE
1
e

hE2D

D H 2e

F~E,e,f!
2

2e~12e!

F~E,e,2f! J f ~E2eV!dE2
e

hE2D

D H 2e

F~E,e,2f!
2
2e~12e!

F~E,e,f! J f ~E1eV!dE

1
e

h S E
2`

2D

1E
D

` D H u0
2e

D~E,e,f!
2

v0
2e~12e!

D~E,e,2f! J f ~E2eV!dE2
e

h S E
2`

2D

1E
D

` D
3H u0

2e

D~E,e,2f!
2
v0
2e~12e!

D~E,e,f! J f ~E1eV!dE. ~B11!
-

a
u
e

it

e

o
e

cle

ev
o

t

Eq.
The functionU(E,e) is defined in Eq.~14!. To obtain Eq.
~9! from Eq. ~B11!, apply the identities for the Fermi func
tion f (E)2 f (2E)52 f (E)2152tanh(E/2kBT) to convert
the integration over negative energies in Eq.~B11! to run
instead over the positive energies. Since the probe bre
only the quasiparticle phase but not its momentum, the c
rent in Eqs.~9!–~11! is independent of the position of th
probe (x5a).

APPENDIX C: ELECTRICAL CURRENT
IN THE WEAK-COUPLING LIMIT

In this appendix we calculate the currentI 2(f,V) flowing
into the right superconductor and the currentI N(f,V) flow-
ing out of the normal-metal probe in the weak-coupling lim
e→0. In taking thee→0 limit of Eqs. ~9!–~11! one must
consider possible resonances inside the integrals, nam
where eitherD(E,e→0,6f)50 or F(E,e→0,6f)50.
Resonances in the discrete spectrum occur when the den
natorF(E,e,6f)50 in Eq.~13!, namely the energies wher

11~12e!222~12e!cos@u~E,6f!#50. ~C1!

Hereu(E,6f) is the round-trip phase a bound quasiparti
acquires when traversing the SNS junction, namely

u~E,f!522cos21S ED D1S ED D S Lj0D1f, ~C2!

identical to the left-hand side of Eq.~17!. Resonances in
F(E,e→0,6f)50 therefore occur when
u(E,6f)52pn, i.e., at energies equal to the Andre
bound levels in an isolated SNS junction. Consider next p
sible resonances in the denominatorD(E,e,6f)50 from
Eq. ~12!, namely, the energies where

u0
41v0

4

2u0
2v0

2 52
E2

D2 215cosF S ED D S Lj0D1fG . ~C3!

The only real energyuEu>D for which Eq. ~C3! can be
satisfied is at the gap edge,E56D, which can be included
in the discrete spectrum.

We now turn to the currentI N(f,V) flowing out of the
normal-metal probe from Eq.~11!. Taking thee→0 limit of
Eq. ~11! only the first term survives, namely,
ks
r-

ly,

mi-

s-

2I N~f,e,V!5
2e

h E2D

D

tanhSE2eV

2kBT
D

3S e2

F~E,e,2f!
1

e2

F~E,e,f! DdE.
~C4!

To expand the integrand near a resonance we write

e2

F~E,e,f!
5

e2

e212~12e!@12cosu#
.

e2

e212@12cosu#
.

~C5!

Following Ref. 22, we Taylor expand cosu near the resonan
energiesEn

6 as

@12cosu~E,6f!#.
1

2
@u~E,6f!22pn#2

.
1

2 Fdu~E,6f!

dE G2~E2En
6!2.

~C6!

Our approximation for the integrand in Eq.~C4! then be-
comes

e2

F~E,e,6f!
.

Gn,6
2

Gn,6
2 1~E2En

6!2
, ~C7!

where the resonance widthGn,6 is defined as

Gn,65
e

~]u~E,6f!/]E!E5E
n
6

5
eDj0

L12j~En
6!

. ~C8!

SinceEn
152En

2 , we haveGn,15Gn,2[Gn . Equation~C8!
is therefore the same resonance width obtained from
~A19! in Appendix A, namely,Gn52EI .

Substituting Eq.~C7! into Eq. ~C4! gives the currentI N
flowing out of the normal lead as

2I N~f,e,V!5
2e

h (
n,a

E
2D

D S Gn
2

Gn
21~E2En

a!2
D

3tanhS E2eVD dE, ~C9!

2kBT
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wherea52,1. The differential conductance along the no
mal lead we can now obtain directly by differentiating E
~C9! as

dIN
dV

5
2e

h (
n,a

E
2D

D S Gn
2

Gn
21~E2En

a!2
D 2eS 2

] f ~E2eV!

]E D dE.
~C10!

In the zero-temperature limit, where2] f (E2eV)/
]E→d(E2eV), the differential conductance provides
means for Andreev energy-level spectroscopy as

dIN
dV

5
4e2

h (
n,a

S Gn
2

Gn
21~eV2En

a!2
D . ~C11!

At finite temperature the differential conductance in E
~C11! is thermally broadened by convolving it in energy wi
the thermal smearing function

S 2
] f ~E!

]E D5
1

4kBT
sech2S E

2kBT
D . ~C12!

The sizeDI N of the steps in the current along the norm
lead are obtained by integrating Eq.~C10! over the voltage
~near a resonant level! as

DI N5E dIN
dV

dV5e
evF

L12j~En!
. ~C13!

The height of the current steps along the normal lead are
simply the current carried by an Andreev level times t
couplinge of the normal lead to the Andreev level.

We now turn to a computation of the curre
I 2(f,e→0,V) flowing into the right superconductor. Th
current I 25I 2d1I 2c again consists of two contributions
I 2d from an energy ranges inside andI 2c from energies out-
side the gap. We find from Eq.~10! that current flowing
outside the energy gap consists only of a contribution
jected from the superconducting leads themselves as

I 2c~f!5
2e

h ED

`F2tanhS E

2kBT
D G

3uu0
22v0

2uS 1

D~E,2f!
2

1

D~E,f! D , ~C14!

where

D~E,f!5D~E,e50,f!

5u0
41v0

422u0
2v0

2cosF S ED D S Lj0D1f G . ~C15!

Equation ~C14! is identical to the continuum piece of th
Josephson current calculated in Ref. 8, and is independe
the probe voltageV. Therefore, the weakly coupled prob
only controls the discrete currentI 2d(f,V), but does not
affect the continuum currentI 2c(f) in the weak-coupling
limit.

In the limit e→0, the contributionI 2d(f,V) from the
discrete energy spectrum can be written down from Eq.~10!
as
.

.

l

en

-

of

I 2d~f,e,V!5
2e

ehE2D

D F2tanhSE2eV

2kBT
D G

3S e2

F~E,e,2f!
2

e2

F~E,e,f! DdE.
~C16!

SinceF(E,e,2f)5F(2E,e,f), we can write Eq.~C16! as

I 2d~f,e,V!5
4e

ehE2D

D

f ~E2eV!

3S e2

F~E,e,2f!
2

e2

F~E,e,f! DdE.
~C17!

We now apply our Lorentzian approximation for the int
grand in Eq.~C17!, yielding

I 2d~f,e,V!.
4e

eh(n E
2D

D

f ~E2eV!

3S Gn
2

~E2En
2!21Gn

2 2
Gn
2

~E2En
1!21Gn

2D dE,
~C18!

whereEn
6 is the Andreev energy described in Eq.~17!.

Approximating the Lorentzian functions asd functions in
Eq. ~C18!, we obtain

I 2d~f,e,V!.
4e

eh(n GnF S E
2D

D Gnf ~En
22eV!

~E2En
2!21Gn

2dED
2S E

2D

D Gnf ~En
12eV!

~E2En
1!21Gn

2dED G . ~C19!

The integrations in Eq.~C19! produce

E
2D

D Gn

~E2En
6!21Gn

2dE5p. ~C20!

The final result for the current flowing into the right supe
conductor is

I 2d~f,V!5(
n

$I n
2~f! f ~En

2~f!2eV!

1I n
1~f! f ~En

1~f!2eV!%, ~C21!

where

I n
6~f!57

evF
L12j~En

6!
. ~C22!

WheneV50, Eq. ~C21! reduces to the discrete part of th
Josephson current described in Ref. 8. However, foreVÞ0
Eq. ~C21! shows that the applied voltage on the norm
metal probe is an effective electrochemical potential for
Andreev-level occupation. Equation~C22! is simply the
electrical current carried by an Andreev bound level of t
isolated Josephson junction8.
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Equation ~C21! gives the size of the Josephson curre
steps produced when a new Andreev level is occupied. W
the applied voltageeV5En

2 the currentI 2d has a step of size
I n

25evF /@L12j(En
2)#. When the applied voltage crosse

the next Andreev level, namely,eV5En
1 , the currentI 2d

experiences a step of sizeI n
152evF /@L12j(En

1)#. The
current I 2d therefore steps alternately up and down as
voltage V varies. Furthermore, these current steps are
approximately the same height. As long as the Fermi leve
not too near the gap edge, we can neglect the energy de
dence of the coherence distance so thatj(En

6).j0. This
hy

ns
t
en

e
ll
is
en-

analysis yeilds Eq.~21! for the size of the current step
shown in Fig. 7, namely,DI 2.6evF /(L12j0). Note that
the size of the current steps inI 2d are independent of the
coupling strengthe. The total currentI 2 is now

I 2~f,V!.I 2d~f,V!1I 2c~f!, ~C23!

so that the continuum currentI 2c is simply a background
current which sets the dc current level. The discrete curr
I 2d switches as a function of the voltageV, riding on top of
the background current levelI 2c .
ev.
-
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