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Induced vortex dynamics in parallel Josephson junction arrays

Jinhyoung Lee, Jaejun Yu, and Gwangseo Park
Department of Physics, Sogang University, Seoul 121-742, Korea

~Received 27 June 1996!

As an attempt to understand many unusual characteristics of Josephson junctions between high-Tc Cu-oxide
superconductors, we employed a parallel Josephson junction array model to study dynamical properties of the
high-Tc superconducting single grain-boundary Josephson junction, where the relative scale of Josephson
penetration depthlJ is expected to play a crucial role in determination of its dynamics. Results of our
numerical studies on the parallel Josephson junction arrays are presented for various values of Ginzburg-
Landau parameterskJ5lJ /a, wherea represents the array spacing. For the calculations, we take into account
the full long-range inductions between vortices and the effects of induced magnetic fields by external currents
in the array. From the results, it is found that subharmonic Shapiro steps emerge even under the zero external
magnetic field forkJ;1, while subharmonic Shapiro steps are suppressed in the limits of eitherkJ→0 or
kJ→`. We conclude that, for the intermediate case ofkJ;1, the edge magnetic fields induced by external
currents may be responsible for the existence of subharmonic Shapiro steps with no external magnetic field
present.@S0163-1829~97!01301-5#
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I. INTRODUCTION

A collective motion of the ground state vortex lattice co
figurations has been attributed to the presence of fractio
Shapiro steps in Josephson junction arrays under exte
magnetic fields.1 Such interpretations arise from bo
numerical2,3 and analytic studies4,5 of the arrays of a resis
tively shunted junction~RSJ! model. Recently, however
subharmonic Shapiro steps were observed in experim
even when no magnetic fields were applied on Nb-Au-
Josephson junction arrays.6 In addition, Earlyet al.observed
half-integral or third-integral Shapiro steps on gra
boundary junctions of biepitaxially grown YBa2Cu3O72d .

7

And it was considered that such observed fractional Sha
steps arise from trapped magnetic fields, which might en
into the junction from external sources during the expe
ment. On the other hand, from numerical simulations, it w
suggested that subharmonic Shapiro steps could emerg
an inductive Josephson junction array model when the ind
tions between vortices and the effects of induced magn
fields by external currents were taken into account.8,9Despite
many experiments and numerical studies, however, the
gin of the subharmonic structures is still not clear yet.

In this paper, as an attempt to understand subharm
Shapiro steps present in Josephson junctions of high-Tc su-
perconductors, we employed a parallel Josephson junc
array model to study dynamical properties of the high-Tc
single grain-boundary Josephson junction, where the rela
scale of Josephson penetration depthlJ is expected to play a
crucial role in determination of its dynamics. We presen
results of our numerical studies on the parallel Joseph
junction arrays for various values of Ginzburg-Landau p
rameterskJ5lJ /a, with a being an array spacing, where th
full long-range inductions between vortices and the effects
induced magnetic fields by external currents are taken
account. From the results, we found that onset current
which voltages develop take their minimum values
kJ;1 and also subharmonic Shapiro steps emerge
550163-1829/97/55~2!/1231~5!/$10.00
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kJ;1 even under a zero external magnetic field, while s
harmonic Shapiro steps are suppressed in the limits of ei
kJ→0 or kJ→`. Therefore, we conclude that, for the inte
mediate case ofkJ;1, edge magnetic fields induced by th
external current may be responsible for the existence of s
harmonic Shapiro steps with no external magnetic fi
present.

In Sec. II, we will briefly review the inductive Josephso
junction array model within the context of the resistive
shunted junction model where inductions by local curre
are included. In Sec. III, we present the results of para
Josephson junction arrays modeled on high-Tc single grain-
boundary Josephson junctions. Even though we included
inductions in our models, the unusual behaviors of highTc
Josephson junctions are found to be correlated with e
magnetic fields. Considering the effects of edge magn
inductions, we suggest an analytic approach to the induc
Josephson junction array model for the intermediate cas
kJ;1 in Sec. IV. Finally we conclude with a summary
Sec. V.

II. METHOD

Let us consider an (M3N) array of weakly coupled Jo
sephson junctions, which are characterized by the coup
constants such as critical currentIm

c (r ) and resistance
Rm(r ) between superconducting grains at siter and site
r1m with a lattice displacementm5 x̂,ŷ. ~Here we use the
formalism and notation adopted in the Ref. 8.! Then, the
current along them direction from siter is

Im~r ,t !5Im
c ~r !sin$Dmu~r ,t !2Am~r ,t !%

1
F0

2pRm~r !

d

dt
$Dmu~r ,t !2Am~r ,t !%, ~1!

where Dmu(r )5u(r1m)2u(r ) and Am(r )
5(2p/F0)* r

r1mA•dr . Because it is convenient to describ
1231 © 1997 The American Physical Society
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the system in terms of the plaquette variables, we have f
current conservation that

I x~r ,t !5J~R,t !2J~R2 ŷ,t !1I ext~ t !,
~2!

I y~r ,t !5J~R2 x̂,t !2J~R,t !,

whereJ(R,t) is the loop current on the plaquetteR, defined
to be positive for current flowing in the counterclockwi
direction. We may rewrite these equations in a shorth
notation

Im~r ,t !5Dm3J~R,t !1dmxI ext~ t !. ~3!

When current exists in the Josephson junction array, it
duces magnetic fields. Thus, the total magnetic flux at
plaquetteR is given by a sum of the external and induc
magnetic flux,

F~R,t !5Fext1(
R8

L~R,R8!J~R8,t !1E~R!I ext~ t !, ~4!

where L(R,R8) is the inductance matrix10 due to the
plaquette currentJ(R8,t), andE(R), the inductance by the
external currentI ext(t). The last term on right-hand side o
Eq. ~4!, which is called edge magnetic fields, has its ma
mum amplitude at the edges of the array and decrease
wards its center.

Since the equations of motion are gauge invariant, we
replace@Dmu(r ,t)2Am(r ,t)# by Cm(r ,t) so that the Lange-
vin dynamical equation of motion can be written in terms
Cm(r ,t), from Eqs.~1!, ~3!, and~4!,

F0

2p

1

Rm~r !

d

dt
Cm~r ,t !52Im

c ~r !sinCm~r ,t !1dmxI ext~ t !

2
F0

2p
Dm3(

R8
L21~R,R8!

3H Dm3Cm~r 8,t !1
2p

F0
Fext

1
2p

F0
E~R8!I ext~ t !J , ~5!

and the total fluxF(R,t) can be acquired by curling th
Cm(r ,t),

2
2pF~R,t !

F0
5Cx~r ,t !1Cy~r1x,t !2Cx~r1y,t !

2Cy~r ,t !5Dm3Cm~r ,t !. ~6!

In a regular-ordered Josephson junction array, there
only a single critical currentI 0

c and resistanceR0. On the
other hand, in a disordered array of Josephson junctions
may have a random distribution of critical currents a
shunted resistances.11 But instead of having a purely random
distribution, we may consider a Gaussian distribution
$Im

c (r )% and $Rm(r )% with their averages equal toI 0
c and

R0, respectively, assuming the probability distributions

P„Qm~r !…5@2p~DQ!2#21/2exp2
@Qm~r !2Q0#

2

2~DQ!2
, ~7!
m

d

-
e

-
to-

n

f

is

e

f

where$Qm(r )% represents either$Im
c (r )% or $Rm(r )%, Q0 its

average value andDQ the standard deviation.
By normalizing the time as t̃5t/tc with

tc[1/nc[F0/2pI 0
cR0, the current asĨm(r )5Im(r )/I 0

c , the
resistance as R̃m(r )5Rm(r )/R0, the voltage as
Ṽm(r )5Vm(r )/(I 0

cR0), the flux as F̃(R)52pF(R)/F0,
L̃(R,R8)5L(R,R8)/(m0a), and Ẽ(R)52pE(R)I 0

c/F0, Eq.
~5! can be rewritten as

1

ncR̃m~r !

d

dt
Cm~r ,t !52 Ĩm

c ~r !sinCm~r ,t !1dmxĨ ext~ t !

2k2Dm3(
R8

L̃21~R,R8!

3$Dm3Cm~r 8,t !1F̃ext

1Ẽ~R8! Ĩ ext~ t !%, ~8!

wherek[(2pm0aI0
c/F0)

21/2. It is noted that, for the diag-
onal inductive matrixL(R,R8), k becomeskJ5lJ /a, i.e.,
the ratio of the Josephson penetration depthlJ to lattice
constanta. Then, since the off-diagonal terms ofL(R,R8)
drop off rapidly,k can be approximated bykJ .

III. SINGLE LONG JOSEPHSON JUNCTION

Now, consider a weakly coupled single high-Tc grain-
boundary junction, where the separationd of the junction
interface is comparable to the coherence lengthj and the
junction widthW is much larger than the coherence leng
j of the high-Tc superconducting junctions with a larg
variation of Josephson penetration depthlJ . Due to the
complicated interfacial structure of the high-Tc grain bound-
ary, it is expected to have a large variation of local juncti
characteristics, e.g., effective separations. As shown in
1, due to a short coherence length, there may exist m
microscopic local junctions within a single grain-bounda
junction. Since the stronger couplings induce larger criti
currents, most of the current will be carried through loc
junctions with the stronger couplings. Hence, it is reasona
to assume that a single grain-boundary junction consist

FIG. 1. ~a! Schematic drawing of a high-Tc single grain-
boundary Josephson junction.W is the width andd the separation
of the junction interface. The ellipses represent the magnetic vor
~b! A parallel Josephson junction array modeled as a single gr
boundary Josephson junction.
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55 1233INDUCED VORTEX DYNAMICS IN PARALLEL . . .
multiple local junctions, where each superconducting
mains are coupled with the relatively stronger Joseph
couplings. With these assumptions, we can model the h
Tc single grain-boundary junction by an array of paral
Josephson junctions with various Josephson couplings.

In order to study the unusual dynamic behaviors of
high-Tc single grain-boundary junctions under no extern
magnetic field, we consider a model of the (2311) parallel
Josephson junction array shown in Fig. 1. To simulate
superconducting domains as strongly coupled Joseph
junctions, we take the critical currentI y

c to be 10 times the
critical currentI x

c and the resistanceRy to be one-tenth of the
resistanceRx , respectively. The typical regular distribution
of couplings are taken to beI x

c5I 0, I y
c510I 0, Rx5R0, and

Ry5R0/10 for various sizes of the vortex for the given jun
tion separationa, i.e., k ’s. When the size of a vortex be
comes comparable to that of a plaquette, the vortex is
fected by the local properties of the array. On the other ha
the vortex will experience the global average when the sin
vortex covers almost the whole size of the array. The vor
dynamics can be quite different, depending on the rela
size of vortices and plaquettes.

In Fig. 2, we present the results ofI -V characteristics

FIG. 2. Zero-fieldI -V characteristics of dc-driven (2311) par-
allel Josephson junction array. The horizontal axis isĨ dc and the
vertical axis is the time-averaged voltage. EachI -V curve is calcu-
lated ~a! for 1/k250.1~dot-dashed line!, 1/k250.5 ~long dashed
line!, 1/k251.0 ~dashed line!, and 1/k251.5 ~solid line!, respec-
tively, from right to left and ~b! for 1/k252.0 ~solid line!,
1/k252.5 ~dashed line!, 1/k255.0 ~long dashed line!, and
1/k2510.0 ~dot-dashed line!, respectively, from left to right.
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calculated on the various values ofk where only direct~dc!
currents are applied. As shown in Fig. 2, it is found that t
onset currents change with respect to the change ofk. The
onset current becomes the smallest at 1/k2'1/k0

251.5. But
the onset current approachesI 0 as k deviates away from
k0. Since the sliding of induced magnetic vortices contr
utes to the development of voltage in addition to the norm
currents, it is obvious that the voltage onset occurs with
external currentsI ext being smaller than the originalI 0, i.e.,
I ext,I 0. The results on the change of the onset currents
ply that the motion of the induced vortex is important in t
case that the size of the vortex is comparable to that of
plaquette, i.e.,k;k0, while it becomes less important a
eitherk→0 or k→`.

In Fig. 3, when ac currents are driven together with
current, theI -V characteristics are calculated and found
have the appearance of subharmonic Shapiro steps at va
values ofk. The widths of integral Shapiro steps are a litt
affected by even large changes ofk. On the other hand, the
1/2 and 1/3 subharmonic Shapiro steps become the large
k;k0 as shown in Fig. 3~b!, while they are suppressed i
the limits of eitherk→0 ork→` as shown in Figs. 3~a! and
3~c!. Our present results, showing that subharmonic Sha
steps become large atk→k0, are consistent with recent ex
periments by Earlyet al.,7 where thek values were esti-
mated to be roughly order of 1.

In addition to the effects of induced magnetic fields
vortices as well as by external currents, an irregular distri
tion of Josephson couplings can be considered as ano
important factor determining theI -V characteristics of Jo-
sephson junction arrays. In our previous work,11 we have
considered an irregular distribution of couplings in a mod
for the high-Tc granular junction, in order to examine th
effects of translational symmetry breaking. In the curre
study, as an example of showing the effects of disorder,
have chosen a particular case of the standard deviatio
critical currents,DI c , to be 0.3 and the deviation of Josep
son voltage,DVJ , to be zero.

13 The general features found i
the I -V characteristics of irregular distributions are qu

FIG. 3. Zero-fieldI -V characteristics of ac-driven (2311) par-
allel Josephson junction array,ñac52p/10, F̃ext50, Ĩ ac50.5Ĩ 0

c . ~a!
1/k250.1, ~b! 1/k251.5, and~c! 1/k2510.0. In addition, we in-
clude the result of~d! 1/k251.5 for the irregular distribution ofI c
andR with DI c50.3 andDVJ50. Successive curves are displac
along the horizontal axis by 0.5 units.
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1234 55JINHYOUNG LEE, JAEJUN YU, AND GWANGSEO PARK
similar to those of the regular ones. Although there is
major difference in the overall shape, however, unusual
tinctive features in theI -V curve emerge from the Josephs
junction arrays with the irregular distribution as shown
Fig. 3~d!. In fact, the clear appearance of the 1/4 steps in
calculatedI -V curves is extremely interesting, as such 1
steps have not been observed either experimentally or t
retically for the case of the regular Josephson arrays with
external field present. Thus, the irregular distribution is c
sidered to be responsible for the appearance of the 1/4 s
in the I -V characteristics.

Although the induced vortex dynamics are the prima
reason for the existence of subharmonic Shapiro steps, h
ever, the irregular distributions of Josephson couplings
further complicate theI -V characteristics of the Josephso
junction arrays or the high-Tc grain-boundary junction, as
discussed in the present work. Moreover, it is observed
there exist strong correlations among the widths of half a
integral steps, and 1/3 or 1/4 steps, depending on variat
of the parameterk as well as on the degree of disorder in t
distributions. Similar observations were reported
experiments7 and numerical calculations,12 where the half-
integer Shapiro steps were found to be correlated with
integral Shapiro steps in which, for instance, the larger
width of the half steps, the smaller that of the integral ste
In our calculations, we found that the widths of 1/4 steps
correlated with those of half or integral steps just as for
case of the half and integral steps in the regular distributio

IV. EDGE MAGNETIC FIELD

In the previous section, we discussed the numerical
sults on the arrays of inductive parallel Josephson junctio
which are modeled for the high-Tc single grain-boundary
Josephson junction. The two most important observations
that ~a! induced vortex dynamics can be neglected in
limits of eitherk→0 or k→` and~b! subharmonic Shapiro
steps emerge due to induced vortex dynamics atk→k0 un-
der no externally applied magnetic field. In this section,
shall discuss some aspects of analytic investigations.

First, let us consider the limit ofk→0, where the mag-
netic fields fully vanish by screening currents. Since the
ductive current term is negligible, Eq.~8! can be reduced to
the equations of noncoupled single junctions,

2
1

ncR̃m~r !

d

dt
Cm~r ,t !5 Ĩm

c ~r !sinCm~r ,t !2dmxĨ ext~ t !.

~9!

The limit of k'lJ /a→0 corresponds to the case that t
range of the induction of vortices becomes zero. Thus
implies that the dynamics of vortices cannot have any co
lation even between the nearest-neighbor junctions. In
limit of k→`, however, in contrast, the correlation betwe
junctions even far from each other becomes very strong
that the junctions are locked collectively as the induct
range becomes large. From Ampe´re’s law, the total sum,
over the whole array, of the inductive local magnetic flux
each plaquette should be zero without any external magn
field. In this limit, a single vortex can cover the whole arr
and the local magnetic flux of this single vortex is positive
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proportional to the total flux. Hence, the local magnetic fl
is nearly zero and the magnetic inductions can be neglec
Thus, Eqs.~1!, ~3!, and ~4! is reduced to the equation of
noninductive Josephson junction array,

Ĩm~r ,t !5 Ĩm
c ~r !sin$Dmu~r ,t !2Am

ext%

1
1

ncR̃m~r !

d

dt
$Dmu~r ,t !%,

Dm• Ĩm~r ,t !5 Ĩ ext~ t !. ~10!

In these two limiting cases, we obtained the noncoupled
noninductive Josephson junction equations, respectiv
Therefore, these results illustrate that there is no sub
monic structure present for the limits of eitherk→0 or
k→`.

Before considering the intermediate case ofk;1, let us
imagine a fully translationally symmetric Josephson junct
array with full inductions present among vortices. When
external magnetic field is applied, there is no instantane
screening current and no magnetic field can be induced
currents due to the translational symmetry. Thus, no vor
dynamics is possible in the translationally symmetric Jose
son junction array. On the other hand, when we consider
nonsymmetric, finite-width Josephson junction array,
magnetic fields are induced around the edge of the array
external currents. Thus, for the intermediate case ofk;1,
we may conjecture that the edge magnetic fields are cru
factors for understanding of behaviors of inductive Jose
son junction arrays. The effects of screening currents can
considered perturbatively with an undetermined parame
Then, the total flux is approximated to

F~R,t !'~12g!Fdc~R!1~12g!Fac~R!cosvact, ~11!

whereFdc(R)5Fext1E(R)I dc, Fac(R)5E(R)I ac, g is the
positive small parameter indicating screening effects, and
instantaneous voltage is given by

F0

2p

d

dt
Cm~r ,t !5

F0

2p

d

dt
Dmu~r ,t !1

F0

2p
Am
ac~r !vacsinvact,

~12!

with (12g)Fdc(R)5Dm3Am
dc(r ) and (12g)Fac(R) 5Dm

3Am
ac(r ). Now, Eq.~5! can be rewritten as the equations

perturbatively inductive Josephson junction arrays with
total flux F(R,t) as an external magnetic flux,

Im~r ,t !5Im
c ~r !sin$Dmu~r ,t !2Am

0 ~r !2Am
ac~r !cosvact%

1
F0

2p

1

Rm~r !

d

dt
Dmu~r ,t !1

F0

2p

Am
ac~r !

Rm~r !
vacsinvact,

Dm•Im~r ,t !5I ext~ t !. ~13!

Note that the last term of the currents is the normal curre
driven by the total magnetic flux and it can be treated as
renormalization of the external currentI ext. Since the oscil-
lating vector potential in Eq.~13! makes it difficult to be
analytically solved, we may consider two limiting cases.

In the high-voltage limit of vJ@vac with
vJ5(2p/F0)^V(t)& t , the total magnetic fluxF(R,t) varies
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55 1235INDUCED VORTEX DYNAMICS IN PARALLEL . . .
slowly in the time scale of 2p/vJ and it can be approxi-
mated to be the time-independent magnetic fluxF(R,t) for
the time interval oft!t;2p/vac. One can solve analyti
cally Eq. ~13! with this magnetic fluxF(R,t) by selecting
the proper gauge.5 Then the obtained quantities need to
averaged with respect tot. In the low-voltage limit of
vJ!vac, the total magnetic fluxF(R,t) varies so fast tha
the system experiences the averaged magnetic fluxFdc(R)
while the dissipation by the dynamics of vortices becom
large. By renormalizing the external currents with the norm
currents driven by the total magnetic flux, these equati
can be solved with the averaged magnetic fluxFdc(R).

5 Here
the total magnetic flux F(R) simply becomes
Fext1E(R)I dc andF(R) is directly proportional toI dc when
no external magnetic flux is applied. It is expected that, if
1/2 step occurs atI5I 1/2, the 1/n step will emerge nea
(2/n)I 1/2 due to the linearity of the total flux onI dc. The
effects of screening the magnetic flux can be analyzed by
nonzerog. These screening currents will affect the behavi
of Josephson junction arrays, for example, the widths of
Shapiro steps.

V. CONCLUSIONS

We modeled the high-Tc single grain-boundary Josephso
junctions by parallel Josephson junction arrays. From
numerical studies, it is shown that the subharmonic Sha
steps can emerge even without any external magnetic fie
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due to the induced magnetic fields by local currents. F
k;1, the dynamics of induced vortices play a crucial role
the unusual behaviors of parallel Josephson junction arr
On the other hand, for the limits of eitherk→0 ork→`, the
dynamics of induced vortices is less important in se
radiation and subharmonic Shapiro steps. By conjectur
that the edge magnetic flux is a crucial factor in understa
ing the unusual behaviors of Josephson junction arrays,
presented the results of an analysis on the inductive Jos
son junction array model by considering the perturbat
limits of the edge magnetic fields as external magnetic fie
As a result, in the low-voltage limit ofvJ!vac, it is pre-
dicted that the 1/n Shapiro step may emerge near the 2n
value of the current for the 1/2 Shapiro step. For furth
details, we need to perform a further analysis of the scre
ing currents and edge magnetic fields. An analytical study
perturbatively inductive Josephson junction arrays is
progress.
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