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Vibrations of icosahedron-based networks: Application to amorphous boron
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The structure of amorphous boron is believed to be an icosahedron-based random network. The vibrational
properties of such a network are studied theoretically using a Bethe lattice of connected icosahedra. The local
symmetry of each icosahedron, along with the use of effective fields, greatly reduces the complexity of the
problem. We show that manyintraicosahedral vibrations are not affected by theintericosahedral forces. The
peak with the highest frequency, which appears commonly in various spectra of amorphous boron, has been
ascribed to theintericosahedral vibrations. It is therefore concluded that theintericosahedral force is stronger
than theintraicosahedral force. Examination of the density of states at the low-frequency side leads to a
relatively large noncentral force for theintericosahedral bond. These conclusions support the view that the
intericosahedral bond has a strong covalent character, which is consistent with available experimental data.
Raman scattering and infrared absorption are discussed using the shell model and the bond-polarizability
model. In these calculations, the spectra are analyzed using the correlations of atomic displacements between
different molecular units.@S0163-1829~97!04618-3#
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I. INTRODUCTION

Many amorphous semiconductors are characterized
highly oriented covalent bonds. A consequence of this ch
acter is that the coordination number of the nearest neigh
is limited to no more than four.1 Amorphous boron is how-
ever an unusual and exceptional case. From optical and e
trical properties, amorphous boron can be classified a
semiconductor,2 due for example to the existence of an o
tical gap and the temperature dependence of
conductivity.3–5 In spite of this, structural studies using x-ra
and neutron diffraction have shown that the coordinat
number varies from about five to six.6 Comparison of such
data with a structural model shows that the short-range o
of the random network is quite similar to that of a
icosahedron.7 In the case of crystalline boron, the icosah
dron is the basic building block of the structure.8 Hence, we
find it useful to model amorphous boron by using a rand
network composed of icosahedra.

Furthermore, it has become evident that there is a str
correlation in the dihedral angle between adjacent icosa
dral units.9 This is consistent with the existence of a high
oriented bond between adjacent icosahedra. This is quite
sonable, using crystalline boron as a guide, where the s
conducting character arises from theintericosahedral
bonds.8,10 In this way, it is thought that strongintericosahe-
dral bonds form covalent bonds for the amorphous state
which give rise to the semiconducting character. This diff
entiates amorphous boron from quasicrystals posses
icosahedral structures, where the interactions between
icosahedral units are much weaker.

In addition to structural studies, recently vibrational spe
tra have been examined for amorphous boron, using infra
and Raman spectroscopy,11–13 and inelastic neutron sca
550163-1829/97/55~18!/12244~9!/$10.00
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tering.14 Accordingly, we are now in position to be able t
begin to discuss quantitatively the nature of vibrations
icosahedron-based networks.

It would not be easy to construct a model in which
space is completely filled with a random network of inte
connected icosahedra. Therefore, as a first study, we h
adapted the Bethe lattice model.15 Such a model has bee
used in amorphous silicon,16 vitreous quartz, and other amo
phous solids.17,18 The usual Bethe lattice is an infinite tree
like sequence of branches and nodes. The node is regard
a simple point, but for the present problem we introduce
molecularlike internal structure of the icosahedron at e
node. This structure may be thought of as a Bethe lat
with a basis in analogy with crystal structures. In the pres
problem the basis is the icosahedron. This Bethe lat
model emphasizes the short-range order of the molec
unit, but is still fully connected. The present network is mo
akin to the Husimi cactus used for studies of magnetism19

From a theoretical standpoint, this Bethe lattice model
some advantages. One is the use of the local icosahe
symmetry of the molecular unit, which considerably simp
fies the dynamical problem. This technique has been pa
developed in a previous paper for obtaining the vibratio
density of states~DOS!.20 In this current paper, we have fully
developed the symmetry technique in order to extend
formulas to optical properties. In calculating optical spect
long-range correlation must be taken into account in so
way. In treating long-range correlations via the Bethe latt
model, it is noted that there is an intrinsic problem with t
model, i.e., the divergence of the sums involving long-ran
correlation.21,22We do not intend to reexamine this proble
here, but will truncate the summation as was do
previously.21,22 These theoretical aspects of the model a
discussed in the next section. The application to the icosa
dral Bethe lattice is then discussed in Sec. III. Comparis
12 244 © 1997 The American Physical Society
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55 12 245VIBRATIONS OF ICOSAHEDRON-BASED NETWORKS: . . .
of our results with the experimentally measured DOS, inf
red spectra, and Raman spectra are made throughout th
per.

II. THEORY OF THE BETHE LATTICE WITH A BASIS

Let us first consider a general model of the Bethe latt
which has a molecular unit composed ofs atoms of the same
chemical element as the basis. Each molecular unit haz
nearest neighbors. Here, we consider the simplest
z5s. Letm be the mass of the atom. Similar to the cryst
line case, we can label all the atoms by a lattice sitel and by
an atom sitek from the basis,k51,...,s ~see Fig. 1!. The
number of the lattice sitesN is, of course, fairly large. The
Green’s functionG(kk)5G( lk; lk) for this problem can be
written

Gmm~kk!5(
q

3Ns u^ lkmuq&u2

m~v22vq
2!
, ~2.1!

with use of all the eigenfrequenciesvq . Note thatq labels
the eigenstates and isnota momentum tag, as the system h
no crystalline periodicity. To obtain all the eigenfrequenc
is difficult, however with the help of an effective field, th
exact solution of this problem can be found.15

We introduce theintramolecular andintermolecular cen-
tral forces,a and a1 , respectively. For noncentral force
there are several choices, such as the valence force m
Keating model,23 etc. For theintramolecular-angle forceb,
we can manage any model, no matter how complex. H
ever, for theintermolecular–angular force constantb1 , the
Born form is the only model which is practically and an
lytically manageable in the Bethe lattice problem.

Let us suppose that atom 1 at the left-hand lattice sit
connected to atom 2 at the right-hand lattice site@Fig. 1~b!#.
All the influence from the left-hand side to atom 1 can
expressed by the effective fieldhi, which acts parallel to the
bond 1-2. On the other hand, atom 1 is also subjected to
influence of atom 2, which has the same effective fieldhi.
The influence on atom 1 from the right-hand side through
parallel direction,h1

i , is then given by

FIG. 1. A model of the Bethe lattice possessing a molecu
unit. The lattice sitel is classified by the shell. In discussing optic
properties, black atoms of the zeroth shell have the dominant
tribution, and the contribution of the gray atoms in the first shel
the leading correction.~b! The effective fields and the interactio
between the nearest-neighbor atoms in the adjacent molecular
-
pa-

e
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h1
i
5a11

a1
2

mv22a12hi . ~2.2!

By using these two fields, the total fieldht
i acting on atom 1

from both sides becomesht
i
5hi1h1

i . The parallel compo-
nent of the Green’s functionGi5Gzz(11) is immediately di-
agonalized to give

Gi5
1

mv22ht
i . ~2.3!

Similar equations hold for the perpendicular compone
G' andht

' .
Among these effective fields, only two are independe

say,h1
i andh1

' . Now, the problem is how to determine the
fields. Let us consider a molecular unit in the Bethe latti
We disconnect the unit under question from all the oth
units, and replace theintermolecular bonds with dangling
bonds which have associated fieldsh1

i andh1
' . The dynami-

cal problem is then reduced to 3s33s dimensions, but note
that the dynamical matrix is a function of complex field
The formal 3s solutionsv r(h) give a complete spectrum o
the eigenfrequencies through the Green’s function, which
given by

Gmm~kk!5
1

m (
r

3s u^kmur &u2

v22v r~h!2
, ~2.4!

where ur & is the eigenvector of the dynamical matrix o
3s33s dimensions. Here,v r(h) represents thatv r is a func-
tion of bothh1

i andh1
' . By equating Eqs.~2.3! and~2.4!, we

can determine the effective fieldh1
i . This is a self-consisten

equation.15 There are two such self-consistent equations
the parallel and perpendicular components. In general,h1

i

and h1
' enter in both equations which are coupled v

v r(h). When eithera1 or b1 is ignored, the parallel and
perpendicular components become decoupled. We may
gard r as the label of the irreducible representations, wh
the dynamical matrix is block diagonalized by symmetry.

Optical properties.Optical properties are related to th
long-range correlation of atomic displacements, becaus
the long-wavelength nature of light~when compared to in-
teratomic distances!. In terms of Green’s functions, optica
properties are evaluated by a summation of the ty
(km( l 8k8nGmn(0k; l 8k8) with appropriate matrix elements
This can be handled in a straightforward manner in cryst
leading to the usualk50 momentum selection rules. I
causes considerable difficulty in Bethe lattice ty
calculations.21,22 These difficulties have not been fully re
solved at the present time, but are not the topic of this pa
We follow the spirit of previous work which has been qui
successful in simpler structures.22 We divide the summation
into pieces over shells, depending on the distance of the
tice sitel 8 from the origin; the zeroth shell refers merely
the lattice site of the origin, the first shell is composed oz
nearest-neighboring~icosahedral! units, etc.@see Fig. 1~a!#.
For the zeroth shell, the summation is rewritten as

r

n-

its.
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(
km

(
k8n

Gmn~0k;0k8!5
1

m (
r

3s
1

v22v r~h!2
, ~2.5!

from a relationship between Eqs.~2.1! and ~2.4! and the
orthogonality of the eigenvectoru0km&. For more distant
-
ke

e

n
e-
shells, we can reduce the formula to a tractable form
using a transfer matrix relating the displacementu lkm& to
that of the adjacent lattice siteu l 8k8n&. The transfer matrix
T, which is a function of the fields, has a dimension 3s.
Finally, the summation is given by
able for
following

to the

s

t

(
km

(
l 8k8n

Gmn~0k; l 8k8!5
1

m (
r

3s
1

v22v r~h!2 (
km

(
k8n

(
k9l

^0kmur &$11zT1~zT!21•••%k8n,k9l^r u0k9l&. ~2.6!

This sum does not converge forz.2, because of the unphysical~large! surface of the Bethe lattice.15,21 Therefore to
truncateor to introduce a weighting factor such as an exponential decay is necessary. Such an artifact is reason
amorphous materials because of the lack of long-range order. Hence, we adopt such an approach here, and in the
calculations, we will terminate the summation after two terms:

1

m (
r

3s
1

v22v r~h!2
1(

km
(
k8n

Gmn~0k;1k8!. ~2.7!

The summation in the last term is understood to involve only those atoms in the first shell which are directly joined
zeroth shell@gray atoms in Fig. 1~a!#.

The infrared absorption is described by the dielectric susceptibilityxmn(v), which is given by

xmn~v!52 (
lkm8

(
l 8k8n8

emm8~k!enn8~k8!Gm8n8~ lk; l 8k8!, ~2.8!

whereemn(k) is the effective charge tensor of thekth atom@see Ref. 24, Eq.~1.15!#. The absorption coefficientK is obtained
by K54pv Im x/(hc), whereh is the refractive index of the sample andc is the speed of light. In a similar way, thi
summation~2.8! is approximated by two terms:

xmn~v!5(
r

IR

(
i

nr Qi~r !2

v ri ~h!22v2 2(
km8

(
k8n8

emm8~k!enn8~k8!Gm8n8~0k;1k8!, ~2.9!

where the summation of the first term is taken only for the infrared active modes withr th symmetry, which comprises a se
of nr normal modes within the molecular~icosahedral! unit. Here,Qi(r ) is the effective charge for thei th mode of ther th
symmetry. In obtaining Eq.~2.9!, use is made of the orthogonality property of the effective charges.25

For Raman scattering, the scattering efficiency is expressed as a fourth-rank tensorI ag,bl(v), which is given by

I ag,bl~v!5(
km

(
l 8k8n

Pag,n~ l 8k8!Pbl,m~0k!ImGmn~0k; l 8k8!, ~2.10!

where thePab,m( lk) are the derivatives of the polarizability with respect to the displacementsu lkm& @see Ref. 24, Eq.~4.12!#.
The Bose factor is omitted here for convenience. To the same order of approximation as Eq.~2.7!, the sum~2.10! becomes

I ag,bl~v!5Im (
r

Raman

(
i

nr Rab
r Rgl

r

v22v ri ~h!2
1(

km
(
k8n

Pag,n~ l 8k8!Pbl,m~ lk!Im Gmn~0k;1k8!, ~2.11!
ully

of
le-

f
use
i-
where theRab
r 5(kmPab,m^ lkmur & are usual the second

rank Raman tensors. The summation in the first term is ta
over all the Raman-active modes.

III. APPLICATION TO AN ICOSAHEDRAL
BETHE LATTICE

Now, let us look at the detailed problem of th
icosahedron-based network, and apply the theory given
the previous section to the icosahedral Bethe lattice. I
previous paper,20 we sought the solution under the very r
stricted condition of central forcesa anda1 only. Here, we
n

in
a

have sought the solution under more general and hopef
realistic conditions, i.e., noncentral forces of theintraicosa-
hedralb and theintericosahedralb1 are included. For boron
solids, however, there is a reason that theintraicosahedral
forceb can be ignored. It becomes clear, from the study
lattice vibrations of various crystalline borons, that the ang
bending force of theintraicosahedral bond is very small25,26

or ~surprisingly! even negative.10 This is partly because o
the electron-deficient property of boron, and partly beca
of the intrinsic instability of polyhedral molecules in a sim
lar way to the Jahn-Teller instability. Hence, we ignoreb in
the present problem. On the other hand, theintericosahedral
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55 12 247VIBRATIONS OF ICOSAHEDRON-BASED NETWORKS: . . .
bonds of boron crystals are covalent, and so it is reason
to assume a relatively large angle-bending forceb1 .

10 For
the Bethe lattice, only the Born model is usable in t
present mathematical manipulation. However it is kno
that Born forces mimic the more realistic Keating or valen
forces quite closely.

Accordingly, we use three parameters,a, a1 , and b1 .
Throughout this paper, we use seta51 for convenience. For
the boron case, the frequency 1 in this unit correspond
395 cm21 in reality, so this sets the scale factor. Accordi
to the procedure described in Sec. II, the dynamical matri
reduced to 36336, and is further reduced by the icosahed
symmetry to block diagonal form asAg1T1g12T1u1T2u
1Ug1Uu12Vg1Vu . Out of these,T1u is infrared active,
whereasAg andVg are Raman active. By taking the coord
nates in a way that the fivefold axis around atom 1 is taken
the z axis ~a convention that is used throughout this pap!
many symmetry vectors have value zero for theu1z& compo-
nent, and thereby many terms in the summation~2.4! can be
dropped.

We are now left to solve the self-consistent equatio
which are two simultaneous equations with two unknow
say,h1

i andh1
' . In terms of real variables, we have to sol

four simultaneous equations of polynomials with four u
knowns, the degree of polynomials being more than 16. S
problems can be numerically solved by an iterative meth

Although the final spectra are always obtained by us
all the force constants in the model, frequently use is m
of the simpler limiting case of the two-force constant mod
(a anda1 only!. When the two-force constant model is use
the self-consistent equations are reduced to a single equ
with respect to the parallel components. In this case, to s
the equation and to determine the physical solution i
simple task.

A. Density of states

As usual, the DOSr(v) is given by

r~v!52
2v

mp
ImH(

r

3s
1

v22v r~h!2 J . ~3.1!

Let us first consider the simplest case of central forces o
and examine the development of the DOS when theinteri-
cosahedral forcea1 is varied from the case of an isolate
molecule to that of a continuous network. In Fig. 2, the ev
lution of the DOS as a function ofa1 is shown. Since the
parallel component of the self-consistent equation has
singletsAg andT1u and two doubletsT2u andVg only, all
the remaining modes ared functions. We broaden thesed
function modes by introducing an imaginary part in the f
quency, i.e.,«50.02. The limiting case of an isolated icos
hedral molecule,a150, is shown at the bottom portion by
line spectrum. At the top of the figure, we show the fin
result obtained by using the full parameters, which is co
pared with the experimental spectrum of the inelastic neu
scattering for amorphous boron.14 In order to fit to experi-
ment, a51.2 ~mdyn/Å! is used, and the real value of th
frequency is shown in the top panel.

It is interesting to see in the figure that most of the eig
frequencies donot change significantly witha1 , except the
le
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highest and lowest frequency bands. This is true not only
the molecular crystal limit (a1!a), but also for the opposite
extreme (a1@a). Because the central forcea1 acts on the
icosahedron effectively only parallel to theintericosahedral
bond, intraicosahedral vibrations which have no compone
in this direction are not affected bya1 . Theseintraicosahe-
dral modes coalesce into a broad band ranging fr
v50.7 to 1.85, when disorder is introduced. Thus, we m
regard a broad band from 400 cm21 up to 1000 cm21 in the
experiment as originating from theintraicosahedral vibra-
tions.

On the other hand, higher frequency bands, which a
from Ag , T1u , andVg in the isolated icosahedron, move
higher frequencies asa1 is increased, and are singled o
from the continuous band fora1.1. This may correspond to
the secondary feature appearing around 1100 cm21 in the
experiment. The result that theintericosahedral force is twice
the intraicosahedral force is quite reasonable, consider
the crystal case.26 Also in the amorphous state, theinteri-
cosahedral bond has covalent character, as mentioned in
I, and hence it is reasonable to use a strong force for
bond.

Agreement between the calculation and the experimen
quite satisfactory overall, as shown in the top of Fig. 2. In
previous paper,20 we used only central forces. In that case
peak remains at low frequencies,v,100 cm21 ~see Fig. 3 of
Ref. 20!, where there is no such peak in the experiment. T

FIG. 2. Showing the evolution of the DOS. Except for the t
panel, the intericosahedral forcea1 increases upward from the bo
tom, with «50.02 andb150. The top panel shows the final calcu
lation using the full parameters:a152.0, b150.4, «50.14, rela-
tive to a. The spectrum is compared with a neutron scatter
experiment~Ref. 14! indicated by dots. For comparison with ex
periment, the value,a51.2 ~mdyn/Å! is used.
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12 248 55K. SHIRAI AND M. F. THORPE
peak arises from the acousticT1u and the rotationalT1g
modes of the icosahedral molecule. The librational mo
T1g has a zero frequency~floppy mode! when b1 is ne-
glected. Whenb1 is introduced, the librational modes have
finite frequency, and the acoustic modes have a dispers
which eliminates the unrealistic peak. Therefore, a grad
increase in the DOS withv at the low-frequency side can b
regarded as evidence of a relatively large noncentral fo
for the intericosahedral bonds.

B. Optical spectra

As described in Sec. II, the first terms in Eqs.~2.9! and
~2.11! give a usable approximation for the optical properti
Let us first evaluate the infrared and Raman spectra u
this approximation, and simply ignoring the matrix elemen
For the infrared spectra, the summation is a single term
T1u . For the Raman spectra, the summation consists
singletAg and a doubletVg possessing fivefold degenerac
The correction due to the first shell will be investigated l
ter. To see how the spectra develop from the isolated m
ecule, we initially used the two-force constant model. T
results are shown in Fig. 3 for the infrared spectra and in F
4 for the Raman spectra. For the infrared spectra, a prefa
v is included in order to compare with the absorption co
ficient. Comparison is made with the lattice vibrations of t
crystal boron~a boron!. The symmetry of the crystal ha
been lowered toD3d . Topologically, the structure of crysta
line a boron is similar to our model of the icosahedron-bas

FIG. 3. Evolution of the infrared activity using the two-force
constant model, with a broadening parameter«50.02. The zone-
center modes of crystalline boron are shown by the line spectra
comparison. The infrared active modes of the crystal are essen
independent ofa1 . The value 1.2~mdyn/Å! is used fora.
e

n,
al

e

.
ng
.
of
a

-
l-
e
.
tor
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d

network. But, in the crystal case, only half of the atoms o
of the 12 icosahedral atoms have the nearest-neighbor ic
hedron; i.e.,z56 while s512. The zone-center vibrations o
the crystal are shown by line spectra in Figs. 3 and 4. D
tailed analyses of the crystal spectra are described in Refs
and 26.

Becausez,s for the crystal, the frequencies are, on a
erage, smaller than those of the icosahedral Bethe lattice
shown in Figs. 3 and 4. However, it is interesting to note t
both the highest infrared and the Raman bands in the B
lattice increase in frequency with increasinga1 , although in
the crystal case the infrared active modes are essentially
dependent ofa1 . The difference can be explained by co
sidering the contribution of theintericosahedral bonds.

In the crystal case, the center of the icosahedron is al
center of inversion. For infrared active modes, the pair
atoms whose locations are interchanged by inversion, vib
antisymmetrically. The nearest-neighbor atom in the adjac
unit, accordingly, vibrates antisymmetrically for the zon
center modes~see the left-hand side of Fig. 5!. Of course,
those zone-center modes are the only modes which are
served in the spectra. There is no contribution to the f
quency from the force constanta1 . For Raman-active
modes, on the contrary, the opposite-site atoms with res
to the inversion center, vibrate symmetrically, and also fo
pair of atoms of an intericosahedral bond. The effect ofa1 is
maximized in this configuration. This is why the top Ram
band is appreciably higher than the top infrared band in
crystal boron.

or
lly

FIG. 4. Evolution of the Raman activity using the two-forc
constant model. The zone-center modes of the crystal boron
shown by the line spectra for comparison. The parameters are
same as in Fig. 3.
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55 12 249VIBRATIONS OF ICOSAHEDRON-BASED NETWORKS: . . .
Going towards the zone boundary, those symmetrical
antisymmetrical vibrations of theintericosahedral bond are
interchanged~the right-hand side of Fig. 5!. The frequency
of the Raman branch is decreased, while that of the infra
branch is increased. As a consequence, these two freque
averaged over all the zone become almost the same. A
ally, the experimental infrared and Raman spectra of am
phous boron have a secondary feature around 1100 cm21,
which will be seen later.

For comparing with experimental spectra, it is necess
to consider the matrix elements and to correct the spectr
taking the influence of further-distant shells into accou
The following subsections are addressed to these issues

1. Infrared spectrum

Even for those solids which are composed of the sa
chemical elements, infrared active modes can occur. The
namic and distortion effect of the charge distribution is t
cause of the infrared activity.27 To describe this situation, a
tensor expression for the effective charge is used. Such
sors are subjected to the strict requirement of the local s
metry. The form of the tensor for the icosahedral molecule
given in Ref. 25, and is used in this study. Another form
this tensor which is frequently used for amorphous solid
the Alben model.28 In that model, the symmetry restriction
are relaxed; only general requirements, such as the rotati
invariance, are assumed. Comparison between these
forms are discussed elsewhere.29

For an icosahedral molecule, there is only one infra
active mode,T1u , and accordingly the effective charge te
sors have only one independent parameter. In terms of
shell model,25 the effective charge of this modeQ* is given
by 2A12a12Z, whereZ is the shell charge anda12 is an
appropriate coupling constant between the core and s

FIG. 5. The highest infrared and Raman-active modes of c
talline boron. The zone-center modes~the left-hand side! are com-
pared to those of the zone boundary~the right-hand side!.
d
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motions. On converting the normal coordinates to the Ca
sian coordinates, the longitudinal componentei of the effec-
tive charge of atom 1 is given by&a12Z. The trans-
verse componente' is equal to2ei/2. The contribution
from a pair of atoms in an intericosahedral bond,
(m8n8emm8(1)enn8(2)Gm8n8(01;12), is then diagonalized
along thez direction, whose parallel component is given b
(ei)2Gi8 and the perpendicular component is given
(e')

2G'8 . Here, we use a shorthand,Gi85Gi(21) and
G'8 5G'(21). The other contributions are readily obtained
symmetry. The contribution from the whole of the first she
as well as that from the zeroth shell, becomes isotropic
expected. The final form of the dielectric susceptibility
given by

x~v!54~a12Z!2H 1

M

3

vT1u
~h!22v2 2~G'8 12Gi8!J . ~3.2!

The first and second terms in parentheses correspond to
contributions from the zeroth and first shells, respectively

In Fig. 6, the absorption coefficient calculated by E
~3.2! and the contribution of the zeroth and first shells a
indicated. The parameters are the same as those of the
figure of Fig. 2. In Fig. 6 are also shown the spectra
amorphous borons in different forms; a thin film~denoted by
CVD! ~Ref. 13! and powders~AST!.12 These spectra are ba
sically similar. There is the primary continuous band fro

s-

FIG. 6. The final calculation of the infrared absorption spe
trum, compared with experiments. Each contribution from
zeroth and first shells, the total absorption, are separately plo
The parameters area152.0, b150.4, «50.14, relative toa. For
real values,a51.2 ~mdyn/Å! is used. Two experimental spectra a
quoted in different forms of samples: a film~CVD! ~Ref. 13! and a
powder sample~AST! ~Ref. 12!.
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400 cm21 up to 1000 cm21, which has a maximum at aroun
800 cm21. As in the inelastic neutron scattering, a second
band around 1100 cm21 is identified.

These basic features are reproduced in the present c
lation. The broad continuous bond has a small peak aro
800 cm21, which originates partly from the infrared activ
T1u mode of the isolated icosahedral boron molecule. Ho
ever, the highest band about 1100 cm21 and the lowest band

FIG. 7. The calculated polarization characteristics of the Ram
scattering. The total scattering efficiency is compared with the
periments of a film~CVD! ~Ref. 13! and a powder sample~AST!
~Ref. 12!. The parameters are the same as those in Fig. 6.
experimental intensity is shown by removing the Bose factor.
o
e

ar
n
no
fi
er
th
y

cu-
nd

-

about 300 cm21 are more intense than those of the expe
ments. These two are ascribed to the highest infrared ac
T1u mode and to the acoustic branch, respectively, a
thereby a large absorption intensity is expected.

As shown in the calculated spectra, the contribution fro
the zeroth shell is dominant. The influence from the fi
shell is not very significant. Roughly speaking, the seco
contribution in Eq.~3.2! reflects the total DOS, while the firs
term emphasizes the infrared active zone-center modes.

2. Raman spectrum

The transformation property of the fourth-rank tens
I ag,bl is the same as that of the elastic constantscag,bl .
Since the icosahedral symmetry is higher than the cubic s
metry, the symmetry ofI ag,bl is the same as the isotropi
case. Hence, they have only two independent compone
that is, I 11,11 and I 12,12. These correspond to those expe
mental situations, which are called theHH andHV configu-
rations. Correspondingly, there are two independent par
eters, saya for Ag andb for Vg , in the second-rank Rama
tensors for the icosahedral symmetry. The form of t
second-rank tensor is determined by symmetry, which
given in Ref. 30. The value of these two parameters can
calculated by the bond-polarizability model, where ax
symmetry is assumed for each bond.31,32 Two bond polariz-
abilities,a i(R) anda'(R), are used and are functions of th
bond lengthR. For an isolated icosahedral molecule, the tw
parameters are calculated to be,

a52A10~52A5!

3
ad~R!8,

b52A10~51A5!

10
adS ln ad

R2D 8
, ~3.3!

where the prime denotes the derivative with respect toR and
ad(R)5a i(R)2a'(R).

30

For the polarizabilities of theintericosahedral bond, dif-
ferent parameters,g, should be used. In this way, we ca
obtain the formulas for the scattering efficiency as

n
-

e

I 11,11~v!5ImH a2

v22vAg
~h!2

1
4

3 (
i

2
b2

v22vVgi
~h!2 J 1Im

4

5 H ~3~g8! i
214~g8! i~g8!'18~g8!'

2 !Gi818H gd

R J 2G'8 J ,
I 12,12~v!5ImH (

i

2
b2

v22vVgi
~h!2 J 1Im

4

5 H ~gd8!2Gi816H gd

R J 2G'8 J . ~3.4!
top
ec-
fer-
ncy
he

ol-
al
The first and second terms on the right-hand side corresp
to the contributions from the zeroth and first shells, resp
tively.

Accordingly, we have five parameters for the bond pol
izabilities. Experimentally, there are only two independe
polarization characteristics possible. Therefore, we did
try to find all the combinations of the parameters which
the experiment. What is more disconcerting in the exp
mental data is that there is a significant discrepancy in
nd
c-

-
t
t
t
i-
e

Raman spectra of amorphous boron. This is shown in the
of Fig. 7. Even though these two samples gave similar sp
tra for the infrared absorption, the Raman spectra are dif
ent. The difference may be caused by the laser freque
used for the excitation. For the spectrum of a CVD film, t
usual Ar laser~488 nm! was used,13 while a low frequency
laser (1.06mm) was used for an AST sample.12 The authors
in Ref. 12 recently showed Raman spectra of boron-rich s
ids different from those obtained by a more tradition
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method.33 This issue is currently unresolved. In spite of th
discrepancy, there is a common feature in both spectra in
there is again a secondary peak around 1100 cm21.

In Fig. 7, an example of the calculated polarization ch
acteristics is shown in the lower panel. The bond polariza
ities used aread(R)850.8, ad(R)/R50.5, g i(R)851.6,
g'(R)850, andgd(R)/R50.8. The force constants are th
same as those in Fig. 2. The sum of these two componen
drawn in the top of Fig. 7. The calculated total scatter
efficiency is similar to the CVD spectrum in that there
broad continuous band below 1000 cm21, and is similar to
the AST spectrum in that the highest band is clearer.

In obtaining these polarizabilities, we have investiga
the following issues. First, large polarizabilities are assum
for the intericosahedral bonds, compared with those ofintra-
icosahedral bonds. In general, there is a trend that the s
tering efficiency of semiconductors is larger than that of m
als. Hence, the above assumption is qualitatively reasona
considering the covalent character of theintericosahedral
bonds. This means that the contribution from the first she
greater than that of the zeroth shell, compared to situa
with the infrared spectra. As a consequence, the Raman s
tra more closely reflect the total DOS than the infrared sp
tra. Second, we assumed that the polarizabilitiesg of the
intericosahedral bonds are more anisotropic than those o
intraicosahedral bondsa. In the second brackets in bot
I 11,11 and I 12,12 in Eq. ~3.4!, the perpendicular componen
G'8 gets more weight thanGi8 for the present parameter
Since the perpendicular componentG'8 has more low-
frequency modes, the contribution from the first shell emp
sizes the low-frequency side of the spectrum.
a
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IV. CONCLUSIONS

By using a model of the icosahedral Bethe lattice, w
have made a study of the vibrational properties
icosahedron-based random networks. Amorphous boro
the only example of an amorphous semiconductor which
based on such a structure.

Most of theintraicosahedral vibrations with intermediat
frequencies are not affected by theintericosahedral central
force a1 , and form a continuous band in the amorpho
state. Only the highestAg , Vg , andT1u modes are affected
by a1 . If a1.a, theseintericosahedral modes form a dis
tinct band above the continuous band. The secondary p
around 1100 cm21 in the experimental spectra is ascribed
this, from which we can conclude thata1.a for amorphous
boron. This supports the idea that theintericosahedral bond-
ing has largely covalent character, which is reasonable us
the analogy with the crystal boron. The shape of the den
of states at the low-frequency side also supports this. A re
tively large noncentral force, which is a characteristic of t
covalent bond, is assigned to theintericosahedral bonds.

The highest secondary band exhibits both infrared a
Raman activities. The symmetrical and antisymmetrical
brations of these bonds, which have crucial significance
the crystal case, are averaged and hence the effects are
important on the vibrational responses in the amorpho
spectra.
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