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Recovery of superfluorescence in inhomogeneously broadened systems through rapid relaxation
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This paper shows that time-dependent hyperfine interactions of the nucleus with electrons can enhance the
superfluorescencéSH intensity by countering the destructive effect of inhomogeneous broadening on SF.
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[. INTRODUCTION In this paper we concentrate on the effect of inhomoge-
neous broadening in SF emission. We show how inhomoge-
The emission of a superfluorescer&H pulse from the neous broadening produces dephasing and inhibits coopera-
ends of a thin, cylindrically shaped active medium is highlytive emission, thus reducing the intensity of the SF pulse. We
directional. The process is characterized by the SF time dealso show how electronic relaxation or time-dependent hy-
fined by perfine interactions can mitigate the effect of inhomogeneous
broadening so that SF can be recovered.

87,
TSF=3—>\21, 1) II. EMISSION FROM A SYSTEM OF IDENTICAL NUCLEI
P IN DIFFERENT ENVIRONMENTS
wherer, is the natural lifetime of an excited levep is the For N atoms that are identical except for small differences

density of excited atoms or nuclei, is the emission wave- in energy caused by inhomogeneous broadehithg, emis-
length, and is the length of the cylindrical inverted region. Sion probability is given by
Following a fast inversion, a pulse is emitted after a time
delay?® The time delayrp, is characteristically much shorter T R ot "
) k _ (=) pm\g(+) (47 iw(t’ —t")—T/2(t' +1")
than 7, but several times longer tharye. During 7o, the P(w) 0 dt 0 drr (Vi vir))e
N individual radiators become correlated so that they can N
radua;te as a single dipole with a peak intensity proportional XE ai(Byt’ — Ao +ile o) ©
to N“. < )
The presence of a dephasing mechanism, characterized by b
a _dephasmg time,, may slow down or completely_lnh|p|t where V(5)(t) =eHtv(He Mt and v(*) is the interaction
this process so that SF cannot occur. If the dephasing time {8, of the Hamiltonian responsible for the emission and
sufficiently short, correlations between radiators do not deabsorption of a photor is the reciprocal of the lifetime of
velop, and each radiator responds individually to the instang, o oy cited stateH is the Hamiltonian for the total system,
taneou; el_ectromagnetlc field, resulting in natural spontanthluding all nuclear and solid-state energy tertisy; is the
ousoemllstsmn.t_ SF st f the followi i _transition energy between the two nuclear levels of jitihe
ur interest in stems irom the following expectation:, a5 divided byi, and¢; is a spatial phase factor which

it a y-ray lasef is developeq, it will probably emit in a SF depends on the relative position of the nucleus in the lattice.
mode because characteristic features of SF decay may prﬂihomogeneous broadening occurs when, in geneval,
vide ways of overcoming specific nuclear problems that pre- ' !

vent more conventional continuous wave or pulsed-laser ac-
tion. These specific nuclear problems are discussed in Ref. %o
where we investigated the possibility of experimentally real-
izing nuclear SF and provided several reasons why obtaining
atomic (or moleculay SF is easier. One of these reasons,
perhaps the most important impediment to SF in long-lived
nuclear states, is the high level of inhomogeneoué’vhere

broadenind, which can destroy the resonant condition when

narrow nuclear lines are involved. Several authors have ad- [ ae [ Ao emag () e

dressed the problem of inhomogeneous broadening as it per- INl(w)_Nfo dt fo dt <V( V! (t )

tains to Mwmsbauer experiments angray laser develop-

ment, and have proposed techniques for dealing witf it. x gle(t’ —t)—T/2At' +t") (4)

It is convenient to write Eqg(2) in the form that separates
operative(SF) and noncooperative emissions, so that

P(w)=In(w)+In2(w), (€©)
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and lll. TIME-DEPENDENT PERTURBATIONS
A. In absorption measurements

INz(w)=f dt’f dt"(V v Inhomogeneous broadening in samples used in a reso-
0 0 nance experiment can reduce the resonance effect observed.

><(t’)>e“°<t'*t">*”2<t'“"> However, for fluctuations that are fast enough, if the inho-
mogeneous broadening is caused by resonances that are

N , . coupled by fluctuating fields, the resonance effect often can

X >, ot maadrite e, (5)  be recovered.
k2] For example, assume that the field at the nucleus is jump-

ing between two values at a particular site in the source or

The first term on the right-hand side of E) as defined absorber, so that the resonance energy correspondingly
by Eq. (4) represents the total single nucleus uncooperativeumps betweent 8. Blume® has shown how to calculate the

emission. The second term on the right side of B).as  emission and absorption line shapes for resonators acting

defined by Eq.(5) represents the SF cooperative emissionindependently when the system under consideration is sub-
with the characteristic narrow angular distribution and shortjected to time-dependent perturbing fields. We follow his

ened emjs_sion tir_ne following an initial de_Iay. This double ana|ysi3, assuming a time_dependent field acting on the
sum exhibits the inhomogeneous broadening effect. Assumycleus, and write

ing that the nuclei are identical except for the different posi-
tions in the solid lattice and different amounts of detuning, H(t)=Hgq+ 5f(t), (8
the expectations in Ed3) are the same for any two atoms, . o .
and, therefore, the double sum involves only the exponentigh€€Ho is the unperturbed Hamiltoniar(t) is a random
terms. function oft, §&; is the perturbation energy with=0 for the
Since our primary interest is the total intensity as a func-9round state, and=1 for the excited state. .
tion of time and not as a function of the line shape or photon FOr the equilibrium case, Blume derives the emission
energy distribution, we can integraltgz(w) over w, to get  Probability

2 ® -
1 o0 w P =—R J’ dt jot—(I/2)t V(*)v(Jr) t , 9
Zf |N2(w)dw=f Iy2(t")dt’, (w) T e 0 € ( (1)) 9

where the bar indicates an average with respect to all func-

where tions f(t), so that
~ Tl Y, B _ _ : _ t ' !
(1) = (VI )V (t)) (VOVE(1)) =€l (Bom B VIV (el o ofof 'y
N (10
X >, eldejm et —Tt' + (g =gy, (6) For convenience, we have selected units for which1.
ik Blumeé also shows that the following identity holds for any
value of a= §p— d;:
The exponential on the right-hand side of E6). exhibits
phase differences in the contributions of the different radia- , .t/ ary _ 1 . ot
tors to the SF emission term. This effect of inhomogeneous<e 0 Ja=| cOXQt+ — sinxQt|e"=G(Q,a1),

broadening reduces the intensity of the emitted SF pulse. (11
Assuming that the inhomogeneously broadened line shape

can be modeled by a Lorentzian distribution, EbEtly Where

showed that the SF intensity given by Ef) after the sum- o? 2

mation is performed takes the fottn x=| gz 1 (12)
In2(t) =N2|(V)|2e~2, (7) Qs the relaxation rate, or rate of jumping between values of

f(t)=+1 and —1, with equal probabilities of finding the
wherel™ is the inhomogeneously broadened linewidth andsystem in either+ 1 or —1. The identity given in Eq(11)
(V) is the product of the matrix elements in E@). For fast  can be used to calculate the average on the right side of Eq.
pumping, essentially completed net+0 (pumping time (10) and the emission probabilitfine shapg given by Eq.
toump< 7sp< 1 <1/T"), inhomogeneous broadening has (9).
little effect on the SF emission because the nuclei do not To apply Eq.(11) to inhomogeneous broadening, we fur-
have time to dephase. An examination of the exponentiather assume tha# is a random variable with a probability
factor on the right-hand side of E({) shows that only after density y. In this paper, we consider both Gaussian and
a relaxation time of the order of3 =1T* do the phase Lorentzian distributions as examples. For a Gaussian distri-
differences caused by the energy differences between diffelution, we characterize the broadening by the standard de-
ent nuclei[i, ], (Aw;— Awj)t] become large enough to affect viation o. For a Lorentzian distribution, the broadening is
the emission significantly or prevent the SF pulse from oc<characterized by the inhomogeneous broadening paraieter
curring. a. Thus, for a Gaussian distribution
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1 - The average can then be calculated as in @@). After
a,0)= e af20", approximatingN>—N by N2, the result is
Y(a,0) =
The inhomogeneous broadening factor is given by ]Nz(t): N2<V(*)V<+)>e*“6m2, (16)
G(Q,0,t)= f, Y(a,0)G(Q,a,t)de, (13)  whereG(Q,a,t) is given by Eq.(11).

As expected from the previous emission results based on
which can be used with Eq9) to calculate the inhomoge- Eg. (11), for > «, the inhomogeneous broadening effect
neously broadened line. that destroys the coherence disappears, and a maximum SF

We can now examine two special casésla>1 and pulse is obtained. Fofl<«, the maximum phase destruc-
Q/a<1. From Eq.(11), for O>a, G(t)~1 and the inho- tion occurs and the SF pulse disappears.
mogeneous broadening effect disappears. Beta, G(t) We now examine the dependence of the reduction factor
~1/2(e'**+ e~ ") and with« as a random variable distrib- G(Q,,t)? on the inhomogeneous broadening that produces
uted so that it represents the appropriate inhomogeneoutephasing(characterized by) and the relaxation that re-
broadening in Eq(13), the maximum broadening effect oc- duces the dephasir{gharacterized by the relaxation rad.
curs. In Fig. 2, we showG (€, o,t)? with parameter§) =0 and
For values of}/ « between these two extremes, we do notg=0, 1, 10, or 100, plotted as a function of time normalized
get such simple results, and a complete calculation usingy the natural lifetimer,. The horizontal line labeled=0
Egs. (9), (10), (11), and(13) is required to obtain the line shows no reduction in the SF pulse intensity because no
shape of an inhomogeneously broadened system in the preghomogeneous broadening exists. The other curves show
ence of relaxation. Figure 1 depicts the effect of such flucthe decrease in SF pulse intensity when different dephasing
tuations in the fields causing relaxation between resonancegates caused by different amounts of inhomogeneous broad-
The first column shows the effect of fluctuations on the ab-ening are present.
sorption cross section at a particular site. The second column Figure 3 shows the effect of relaxation on the reduction
shows the effect on the inhomogeneously broadened systefactor wheno=10° for different values of the relaxation
of nuclei with a Gaussian distribution of (the positions of rate,(). The curves decay rapidly for small values@fand
the resonances shown in the first column indicated by artess rapidly ag) increases, approaching the limit of 1.0@s
rows). The third column shows the observed line shape in approaches infinity. The results shown in Fig. 3 indicate that
Mossbauer experiment when both the source and absorbgime-dependent hyperfine interactions can reduce the effect
have the same amount of inhomogeneous broadening. In rovf innomogeneous broadening. As the relaxation @Qten-
(@, o=0, implying no inhomogeneous broadening. Thecreases, the intensity factor also increases. In the limit of
maximum effect is observed. For rowls)—(f), the inhomo- (> ¢, the SF pulse intensity approaches unity, which is the
geneous broadening is assumed constart-a0, and the value it would have all the time if no inhomogeneous broad-
relaxation rate(}, varies from 0.001 to 500, in units of the ening (c=0) were present.
natural lifetime. At high relaxation ratd&ig. 1(f)], the in-
homogeneous broadening is essentially wiped out and the
line shape approaches the result obtained when no broaden-
ing is presenfFig. 1(a)]. For arbitraryo, the relaxation rate In Ref. 5, we showed that inhomogeneous broadening de-
has to be much greater than the inhomogeneous broadeniggades the SF pulse shape and that this effect is more pro-
(> o) for the broadening effects to be wiped out. nounced than the degradation resulting from homogeneous
broadening. In the previous sections, we also showed how
B. Effect on the SF intensity this effect of inhomogeneous broadening can be mitigated
To illustrate the effect of time-dependent perturbations onthroth. tme-dependent hyperfine interactions. .
the SF pulse, we generalize EqO) by introducing the ran- In this sgctlon, we employ th? MaxweII—BIoch equauons
dom functionsf;(t), which represent mutually independent developed in Rgf. 5 and summarized in the Appendix here to
! c . how how the time-dependent effects alter the total SF pulse
random processes that are otherwise identical #(ith, and Sh With thi h dv the eff f 1i
by replacingAw; , for all i, with af(t). To simplify the ~S-ape- With this approach, we can study the effect of time-
lculation we assume in additiof = ¢, thus ignorin dependent interactions in mhomogeneo_usly _broadened sys-
caict | oh - We th | f ko 9 9 tems on the complete SF pulse shape, i.e., time delay, mul-
spatial phase variations. We then get from ). tiplicity of peaks, and the peak intensities. In this formalism,
— e the effect of both the inhomogeneous broadening and time-
I2(t) = (VIOV)e T (gialofjt)dt —iafof(t)dt’y dependent hyperfine interactions is contained in what was
7k originally a “coupling constant”(in the Appendix and is
(14) now a time-dependent functiayi(t), as discussed in Ref. 5.
Since the exponential factors on the right-hand side of EqWe use Eqgs(11) and (13) to calculateg’(t)=G({,0,t)
(14) are statistically independent, the average of the produathich replaces the constagtin Eq. (1) of Ref. 5. The SF

C. Effect on the SF pulse shape

is equal to the product of the averages; therefore, pulse shape is calculated using the resulting equation.
- L Figure 4 shows some typical results. The solid curves give
In2(t) = (N2= N)(VOV)e T (glalofthdt’y 12 the result obtained when a Lorentzian distributibis as-

(15 sumed for the inhomogeneous broadening, and the dashed
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FIG. 1. Effect of relaxation on inhomogeneously broadened lines. Column | shows two resonances that contribute to the inhomoge-
neously broadened lin@bsorption cross sectipshown in column Il. Column 11l shows the \dsbauer line shape, assuming both the source
and absorber are broadened as in column Il. R@ks(e) give the results for different values of broadening and relaxation. Rbshows
the result when there is no broadening=0) and no relaxation{y =0). Rows(b)—(f) show the result whew=20 and the relaxation
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increases {1 =0.01-500). For all these results, the natural linewidth is assumed ko-ie

curves give the result when a Gaussian distribution is as- Figure 5 shows the effect of relaxation on the system with
sumed. The curve labeldd) is obtained assuming no inho- an inhomogeneous broadening paramaterl0°. The curve
labeled (a) is obtained with some relaxation preserfd (
curves labeledb)—(e) are obtained by increasing inhomoge- =0.001). The curves labele)—(e) are obtained with in-
neous broadening and exhibit the degradation of the SEreasing relaxation. Af)=10" [curve (e)], the optimal SF

mogeneous broadening and no relaxati@s 0, 1 =0). The

pulse. We next consider the recovery of the SF pulse.

[curve 4a)] is almost fully recovered.
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FIG. 2. SF pulse emission intensity reduction as a function of \ J \ ,.")c_\
inhomogeneous broadening and time. For each curve shfwn, 0 T T T T )
=0 ando=0, 1, 10, or 100. 0 20 40 60 80 100

IV. CONCLUSIONS 0.048 7 \
1
' a=200

The number of cooperating nuclei and the inherent
nuclear properties determine the SF pulse intensity. Our re-
sults show that if a candidate exists that, when inverted, (c)
would produce SF were it not for inhomogeneous broaden-
ing, it is still possible to get an SF emission if a fast enough
relaxation of the levels producing the inhomogeneous broad-

ening can be realized.
Our calculations show that inhomogeneous broadening af-

fects an SF emission by causing a dephasing of the different
X ; . . . 0.045 - ’
nuclear dipoles that are forming correlations. This dephasing A "
is time dependent and has a rate proportional to the inhomo- ,' ' a=400
geneous broadening. Immediately after inversion, SF emis- . : ‘\
sion is less affected by the broadening than later. Thus, for a(d) P
strong SF pulse, the SF delay time should be much shorter } h
than the dephasing times<T3 . {1 '/ A\,
We also show that time-dependent hyperfine interactions / L\ L
of the nucleus with electrons can induce a reduction of the 0 o 2'0 4'0 slo alo 1(1)0
dephasing and an increase in the probability of SF emission
0.038 - "
10— —T /1 a=600
\ ~—— Q=10 i : |\ -
Q=10 (e) . "oy
o~ P
— - ! \
- 4
5 os \ Q=10° ’ N
e} \< 0 T T T T 1
0 20 40 60 80 100
© Q=10 \ ~
1
0
0 0.0015 0.003 FIG. 4. SF pulse shape in the presence of inhomogeneous broad-
YTy ening.(a)—(e) show the results for increasing broadening character-
ized by the full width at half maximum in units of the natural

FIG. 3. SF pulse emission intensity reduction as a function ofunbroadened linewidth' or the inhomogeneous broadening param-

inhomogeneous broadening and relaxation. For each curve showatera. The solid lines give the results for a Lorentzian distribution,
and the dashed lines give the results for a Gaussian distribution.

o=10° and the relaxation rat® =10, 1¢, 10", or 1C.
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FIG. 6. Energy-level structure assumed in the calculation dis-
cussed in this paper.

over a large time range. These electronic relaxation effects
are well known for their line-shape modification as observed

in Mossbauer and nuclear magnetic resonance
experimentsS:*4~18 For SF, relaxation effects provide a
means of reducing the dephasing caused by inhomogeneous
broadening and, thus, may be useful in overcoming one of

the more difficult obstacles to nuclear SF.
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APPENDIX: THE NUCLEAR SUPERFLUORESCENCE
MODEL

In this appendix, we present a summary of the modified
Haake-Reibold ModelMaxwell-Bloch equationsof nuclear
SF for reference. The model is discussed in detail in Ref. 5.
The nuclear transitions are shown in the energy-level dia-
gram given in Fig. 6, wher&ly, N;, N,, andNj represent

the populations of the levels and I'1, I',, and the transi-
tion rates between levels as shown. The pumping mechanism

(d)
is modeled by the transition from level 3 to level 2. The SF
transition occurs between levels 2 and 1. The modified
Haake-Reibold equations in dimensionless units are
N3
0.0482 ¢ ~ Na, (A1)
N, L
(e) 7=—(E*R*+E R™)—TI',N,+ yNj, (A2)
INy L
o 7=+(E+R++E R7)+TI,N,—T';N;,  (A3)
0 20 40 60 80 100
t/1, oN
F —r =Ny, (A4)

FIG. 5. SF line shape in the presence of inhomogeneous broad-
ening and relaxatior(a) shows the SF pulses when inhomogeneous

+

IR~ = 1 + +
T:(Nz_Nl)E+_ > (F';+Ty)R=+&-,  (A5)

broadening witha=1000 is present(b)—(e) show the pulses for
The .
- 1
(AB)

increasing values of the relaxation rddegiven in units ofl".
solid lines give the results for a Lorentzian distribution,

dashed lines give the results for a Gaussian distribution.

aE —n/ RI Et

and the
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The first set of equationgA1l)—(A4), govern the time rate Haake-Reibold theory. When the line broadening statistical
of change of the level populations. Equati@®) determines  distribution is Lorentzian, the time-dependent parameter is
the rate of buildup of the system polarizatidR$, resulting ~ given by an exponential function as discussed in Ref. 5. In
from the electric field€* and a noise source”. A repre- the present paper we also deal with Gaussian distributions
sentation of the noise source used in this model has beef'd relaxation effects which also modiy(t). The second
derived from quantum electrodynamic considerations b)}erm in Eq.(A6) models the attenuation of the beam as it

. propagates through the system. In the equatiois the lin-
Polder, Schuurmanns, and Vrehifihe last equation, Eq. ear attenuation coefficient, anfi,, is the homogeneous

(AB), governs the spatial transport of the fields and connectggadening dephasing rate. Inhomogeneous and homoge-
the system polarization with the electric-field gradientpeous broadening play quite different and distinct roles in
through a coupling parametgt(t). This coupling parameter  this model, unlike some of the earlier models where they
is time dependent because we assume inhomogeneous broagere assumed to have essentially indistinguishable effects on
ening; otherwise, it would be a constant as in the originathe emission of SF.
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