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Impurity scattering effect on the specific-heat jump in anisotropic superconductors

Grzegorz Haran´,* Jason Taylor, and A. D. S. Nagi
Department of Physics, University of Waterloo, Waterloo, Ontario, Canada N2L 3G1

~Received 27 September 1996!

The specific-heat jump at a normal-superconducting phase transition in an anisotropic superconductor with
nonmagnetic impurities is calculated within a weak-coupling mean-field approximation. It is shown that its
dependence on the impurity concentration is remarkably different fordx22y2-wave and (dx22y21s)-wave
states. This effect may be used as a test for the presence of ans-wave admixture in the cuprates.
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There now exists a considerable experimental evide
supportingd-wave superconductivity in the cuprates, but t
most direct probes of the superconducting state such as
electromagnetic penetration depth, photoemission, and q
tum phase interference measurements neither confirm no
clude a possible smalls-wave admixture in a predominantl
dx22y2 superconductor.

1 The linear temperature dependen
of the penetration depth at low temperatures2 observed in
YBa2Cu3O72d ~YBCO! agrees with the theoretical predic
tions for ad-wave state.3 However, the measurements on
went down to about 1 K and an exponential behavior belo
this temperature, indicating a small nonzero gap minim
cannot be eliminated. Even by taking data at much low
temperatures, the presence of a smalls-wave component in
the order parameter cannot be entirely excluded in the p
etration depth experiments. Similar constraints limit t
angle resolved photoemission spectroscopy~ARPES!
method. Although ARPES data1,4,5 are consistent with a
dx22y2 scenario in Bi2Sr2CaCu2O8 ~BSCCO! as well as in
YBCO, the experiments cannot decide with an accur
greater than an instrumental resolution if the order param
completely vanishes at thedx22y2 nodal lines. This leaves
the possibility of a small~,2 meV! s-wave admixture.
Therefore the above experimental methods do not rule
the presence of a small isotropic component, but place
upper bound on the minimum of the gap function. As an
lyzed in Ref. 1, the emerging picture from the Joseph
experiments supports a scenario of a real mixture ofs and
dx22y2 states in YBCO, but also does not definitely confir
the presence of thes-wave component. The existence
even a smalls-wave admixture in ad-wave superconducto
may be tested by thermodynamic measurements in the p
ence of nonmagnetic impurities. It is well known that t
d-wave state is strongly suppressed by the defects,6,7 and the
s-wave state is not affected by the nonmagnetic scattere8

In the case of a (d1s)-wave superconductor a power-lawTc
suppression9 should be observed above a certain impuri
doping level and the thermodynamic properties at large
purity concentration should resemble those of thes-wave
state. In fact the critical temperature of YBCO is decrea
below 12 K by the electron-irradiation,1 and the Pr-doping or
ion-beam damage lead to a long tailTc suppression

10 char-
acteristic for a small nonzero value of the gap function in
grated over the Fermi surface.9 However, despite the
electron-irradiation removing the planar oxygens produ
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the nonmagnetic defects,11 it has not been determine
whether the scattering centers created by Pr doping and
beam damage in YBCO are purely nonmagnetic.

In the present paper we suggest that more significant
tures attributed to thes-wave part of the order paramete
may be seen in the specific-heat measurements. We stu
nonmagnetic impurity effect on the specific-heat jump a
superconducting-normal phase transition in anisotropic
perconductors and show that the result depends on the F
surface~FS! averages of the first four powers of the supe
conducting order parameter. A particularly large differen
in the specific-heat jump between the states with a nonz
and a zero value of the order parameter FS average is
served. We suggest that this measurement may be used
test for the presence of ans-wave admixture in adx22y2

state.\5kB51 is taken throughout the paper.
We consider the effect of potential scattering by nonm

netic, noninteracting impurities on the order parameter w
its orbital part defined as

D~k!5De~k!, ~1!

wheree~k! is a momentum-dependent function normaliz
by taking its average value over the Fermi surfa
^e2&5*FSdSkn~k!e2~k!51, where*FSdSk represents the inte
gration over the Fermi surface andn~k! is the angle-resolved
FS density of states, which obeys*FSdSkn~k!51. This nor-
malization givesD the meaning of the absolute magnitude
the order parameter. The functione~k! may belong to a one-
dimensional~1D! irreducible representation of the cryst
point group or may be given by a linear combination of t
basis functions of different 1D representations. The impu
effect is studied in thet-matrix approximation.12,13 This ap-
proach introduces two parameters describing the scatte
process:c51/(pN0Vi) and G5ni /(pN0) , whereN0 , Vi ,
andni are, respectively, the overall density of states at
Fermi level, the impurity~defect! potential, and the impurity
concentration. We assume ans-wave scattering by the impu
rities, that isVi does not have an internal momentum depe
dence. It is particularly convenient to think ofc as a measure
of the scattering strength, withc→0 in the unitary limit and
c@1 for weak scattering, i.e., the Born limit.

The amplitude of the order parameter is determined by
mean-field self-consistent equation
11 778 © 1997 The American Physical Society
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D~k!52T(
v

(
k8

V~k,k8!
D̃~k8!

ṽ21jk8
2

1uD̃~k8!u2
, ~2!

whereT is the temperature,jk is the quasiparticle energy
v5pT(2n11) ~n is an integer!, andV~k,k8! is the phe-
nomenological pair potential taken as

V~k,k8!52V0e~k!e~k8!. ~3!

We have assumed a particle-hole symmetry of a quasipar
spectrum. The renormalized Matsubara frequencyṽ~k! and
the renormalized order parameterD̃~k! are then given by

ṽ5v2S0 , D̃~k!5D~k!1S1 ~4!

with the self-energies defined as

S052G
g0

c21g0
21g1

2 , S15G
g1

c21g0
21g1

2 ~5!

and theg0 , g1 functions determined by the self-consiste
equations

g05
1

N0p
(
k

ṽ

ṽ21jk
21uD̃~k!u2

~6!

g15
1

N0p
(
k

D̃~k!

ṽ21jk
21uD̃~k!u2

. ~7!

To proceed further, we restrict the wave vectors of the e
tron self-energy and pairing potential to the Fermi surfa
and replaceSk byN0*FSdSkn~k!*djk . Integrated overjk the
gap equation~2! can be transformed after a standa
procedure14 into

lnS T

Tc0
D 52pT(

v.0
S f v2

1

v D , ~8!

where thef v function is defined as

f v5E
FS
dSkn~k!

D̃~k!e~k!

D@ṽ21uD̃~k!u2#1/2
. ~9!

We expand Eq.~8! in powers ofD2 aroundD50 using the
relations~4!–~7!. Keeping up to the fourth power terms inD
we get the gap equation in the Ginzburg-Landau regime

lnS T

Tc0
D 52 f 02

1

2
f 1S D

2pTD 21 1

4
f 2S D

2pTD 4 ~10!

where the coefficients are given by

f 0522pT(
v.0

S ~ f v!D502
1

v D , ~11!

f 152~2pT!3(
v

S d fv
dD2D

D50

, ~12!

f 252~2pT!5(
v

S d2f v

d~D2!2
D

D50

. ~13!

Taking the derivatives with respect toD2
le

t

c-
e

d

dD2 5
]

]D2 1(
v

H dṽ

dD2

]

]ṽ
1
dD̃~k!

dD2

]

]D̃~k!
J ~14!

and with a use of the relations given in Eqs.~4!–~7! we
calculatef 0 and f 1 coefficients

f 0~% !5~12^e&2!FcS 121% D2cS 12D G , ~15!

f 1~% !52^e&@2^e3&15^e&327^e&#%22FcS 1
2

1% D
2cS 1

2
D G12^e&@22^e3&23^e&315^e&#%21

3c~1!S 1
2

1% D 14^e&2@12^e&2#%21c~1!S 1
2
D

1
1

2
@2^e4&13^e&414^e&^e3&26^e&2#

3c~2!S 1
2

1% D 2
1

2
^e&4c~2!S 1

2
D 1

1

6
@2~^e&221!2

3~c211!12^e&412^e&221#%c~3!S 1
2

1% D , ~16!

where%5[G/(c211)]/(2pT) and c, c (n) (n51,2,3) are
the polygamma functions.15 In the unitary limit c→0 and
%5G/(2pT). Alternatively for weak scattering (c@1) we
keep only the terms linear in 1/c2 in a Taylor’s expansion
which leads to the Born approximation scattering ra
%5pN0niV i

2/(2pT) and %/(c211)50. Coefficients f 0
and f 1 involve three different types of the Fermi surfac
averages of the order parameter namely,^e&, ^e3&, and^e4&.
These averages enter the free energy and determine the
modynamic properties at the phase transition. In this pa
we discuss a specific-heat jump atTc , DC(Tc)
5CS(Tc)2CN(Tc), whereCS(Tc) andCN(Tc), respectively
are the specific heat of the superconducting and normal s
CN(Tc)5(2p2/3)N0Tc . We obtain14 from Eq. ~10!

DC~Tc!

CN~Tc!
5

12

~ f 1!T5Tc
F11TcS d f0dT D

T5Tc

G 2 ~17!

and finally, f 0 from Eq. ~15! yields

DC~Tc!

CN~Tc!
5

12

f 1~%c!
F11~^e&221!%cc

~1!S 121%cD G2,
~18!

where%c is % at T5Tc . This rather cumbersome formula
when considered along with Eq.~16!, reduces significantly
for the ^e&50 case:

DC~Tc!

CN~Tc!
5

12@12%cc
~1!@~1/2!1%c##2

m

6
%c~3!@~1/2!1%c#2~1/2!^e4&c~2!@~1/2!1%c#

,

~19!
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where m5(12c2)/(11c2). For an appropriate choice o
^e4& value,DC(Tc)/CN(Tc) from Eq. ~19! agrees with the
result obtained by Hirschfeldet al.13 as well as that by Su
zumura and Schulz16 in the Born limit.

It is informative to discuss the limiting cases of Eq.~18!,
that is a pure system where%c50 and a highly impure one
with %c→` in which Tc→0 suppressed by the impuritie
Using a series representation of thef 1 function

17 we get in
the%c50 limit

S DC~Tc!

CN~Tc!
D

%c50

52
24

c~2!~1/2!^e4&
'
1.426

^e4&
. ~20!

The %c→` limit is obtained with a use of Eq.~16! and
asymptotic forms of polygamma functions.15 There are two
cases to distinguish here. First, when the Fermi surface
erage of the order parameter^e&Þ0 then

S DC~Tc!

CN~Tc!
D

%c→`

52
24

c~2!~1/2!
'1.426 ~21!

and the second,18 with ^e&50, which leads to

S DC~Tc!

CN~Tc!
D

%c→`

50. ~22!

We note, that a specific-heat jump value in the%c→` limit
for a nonzero value of̂e& given by Eq.~21! agrees with that
of an isotropics-wave superconductor. This fact has a simp
intuitive interpretation. A nonzero Fermi surface average
the order parameter leads to an asymptotic power-law crit
temperature suppression for large impurity concentrati9

Tc;(Tc0)
1/̂ e&2@G/(c211)# (121/̂ e&2), thereforeTc is almost

constant for largeG values. The impurity effect, then, in th
large impurity concentration range is the same as in the c
of s-wave superconductivity, whereTc is not changed by the
nonmagnetic impurities. Indeed, as it has been shown for
representative order parameters,19,20 the gap anisotropy is
smeared out by the isotropic scattering when^e&Þ0 and the
density of states approaches that of an isotropics-wave su-
perconductor. Alternatively, for̂e&50 we observe a strong
impurity-induced suppression of the critical temperature6,7

leading to a zero value at finite impurity concentratio
which is reflected by a zero specific-heat jump limit value
Eq. ~22!. As a nonzero value of̂e& can be achieved only
when e~k! contains a component belonging to an ident
representation of the crystal point group, the measuremen
the specific-heat jump at the phase transition in the limit
Tc→0 ~and large impurity concentration! may be used as a
stringent test for the occurrence of even a smallA1g admix-
ture to the order parameter. It should be noted that the ef
at large impurity concentration for^e&Þ0 @Eq. ~21!# is inde-
pendent of the amount of thes-wave content in the orde
parameter, however, as we discuss below, it may be har
detect for a very smalls-wave component as it would requir
an experiment at low temperatures.

We discuss our results in a context of high-Tc supercon-
ductivity, considering adx22y2 state,

1 that is the order param
eter given by Eq.~1! with e~k!5(k x

22k y
2)^(k x

22k y
2)2&21/2.

As we have mentioned above, our main result that is
v-

f
al

se

e

,

of
f

ct

to

e

value of the specific-heat jump atTc→0 is independent of
the amplitude of thes-wave component and its origin. How
ever, in order to establish a quantitative behavior ofDC(Tc)
in a whole range of impurity doping we must work with
particular level ofs-wave admixture. We do this by assum
ing that thes-wave component is an artifact of an orth
rhombic anisotropy of the system and relate the amoun
the s-wave admixture to the degree of this anisotropy.9,21

This approach gives a semimicroscopic justification for
(d1s)-wave state. The orthorhombicity in the case
YBCO means that thea- and b-crystal axes in the CuO2
planes become inequivalent, which leads, with a simple
proximation of an elliptical Fermi surface, to the followin
form of an energy band:9

jk5cxkx
21cyky

22eF , ~23!

where a ratio of the effective massescx/cy is a dimensionless
parameter describing the orthorhombic anisotropy of
Fermi surface andeF is the Fermi energy. It is easy to se
within this model, that a (dx22y21s) state emerges from
dx22y2 in a natural way due to the orthorhombic distortion
the crystal lattice. A straightforward calculation based on
transformation from an elliptical FS to a circular one sho
that the normalizeddx22y2 order parameter defined on the F
given by Eq.~23! can be represented on a circular FS as

D~k!5D
11~cx /cy!

@~3/2!2~cx /cy!1~3/2!~cx /cy!
2#1/2

3Fcos 2w1
12~cx /cy!

11~cx /cy!
G , ~24!

wherew is the polar angle. In order to clarify the termino
ogy, we will refer to the circular Fermi surface when clas
fying the superconducting states. Therefore, as adx22y2 we
define a state withe~k! proportional to cos2w and the states
with a nonzeros-wave contribution are called (dx22y21s).
We note, that the order parameter from Eq.~24! is dx22y2

whencx/cy51 only, that is for a tetragonal symmetry, oth
erwise it contains a nonzeros-wave component proportiona
to (12cx/cy). In Table I we present as the functions of th
orthorhombic anisotropy parametercx/cy the Fermi surface
averages which enter the Ginzburg-Landau coefficientsf 0
and f 1 given in Eqs.~15! and ~16!. We emphasize, that th
assumption of the orthorhombic asymmetry as the mec
nism producing thes-wave admixture in the order paramet
does not affect the results since only the amplitude of t
component matters in the calculation. Thus one can ob
the same results in a more phenomenological way assum
the presence of thes-wave phase and taking its level as give
by ^e& in Table I for thecx/cy values considered in this
paper.22

Based on the discussion of the specific-heat jump fo
large impurity concentration in Eqs.~21! and ~22! we can
discuss this limit ford- and (d1s)-wave superconductors
For a puredx22y2 state (cx/cy51) we havê e&50. There-
fore the specific-heat jump decreases to zero with a crit
temperature driven to zero by impurities as in Eq.~22!. On
the other hand, even a slights-wave component yields
^e&Þ0 and the specific-heat jump increases and reach
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finite nonzero value atTc→0 given by Eq.~21!. Below, we
present the specific-heat jump at the phase transition nor
ized by the specific heat in a normal state as a function of
normalized impurity scattering rate%cTc /Tc0 in the Born

limit @Fig. 1~a!#, where%cTc /Tc05pN0niVi
2/(2pTc0) and

in the unitary limit @Fig. 1~b!# with %cTc /Tc05G/(2pTc0).
Note thatN05(cxcy)

21/2S/(2p\2), whereS is a sample sur-
face area, henceTc0 is different for different values of the
cxcy product. In the Figs. 2~a! and 2~b! we show the same
DC(Tc)/CN(Tc) data versus the normalized critical tempe
ture Tc /Tc0. The considered states contain a smalls-wave
admixture varying from about 8 to 16 %, therefore we o
serve a strongTc suppression by the nonmagnetic impuriti
and a fast decrease in the specific-heat jump as long
significantd-wave component is present. Once it is almo
destroyed and thes-wave part, which is insensitive to th
nonmagnetic defects, prevails, the BCS normalized spec
heat jump value of about 1.426 is restored in a sudden
crease ofDC(Tc)/CN(Tc). The general tendency of theTc
suppression, given by Eq.~10! at D50, changes at that dop
ing level too and the critical temperature asymptotically go
to zero~Fig. 3!. For the sake of comparison we show in F
4 the specific-heat jumpDC(Tc) normalized byCN(Tc) as a
function of the impurity scattering rate%cTc /Tc0 in the Born

and unitary limits for the (s1dx22y2) state, where the
s-wave component is large~;60%! and thedx22y2 part is
considered as minor.

One can notice from the above figures that the unitary
Born scattering limits differ for small values of the pai
breaking parameter and fall on the same curve in the ra
where practically thes-wave superconductivity is only left
The pair-breaking parameter%cTc /Tc0, however, has a dif-
ferent meaning in either case.

We have mentioned before that a detection of a sm
s-wave component would need a measurement at low t
peratures. For instance, in a superconductor of the crit
temperature in a clean limitTc0590 K ans-wave content of
about 7.4% (̂e&.0.074) can be observed at a temperat

TABLE I. The elliptical Fermi surface averages of the powe
of the normalized order parametere~k!5(k x

22k y
2)^(k x

22k y
2)2&21/2.

nScxcyD F322
cx
cy

1
3

2 FcxcyG
2G21/2

^e&
nScxcyDF12

cx
cy

G
^e2& 1

^e3&
n3ScxcyDF52 F12FcxcyG

3G2 3

2

cx
cy

F12
cx
cy

GG
^e4&

16n4S cxcyD F 35128 F11
cx
cy

G42 5

4 F11
cx
cy

G31 9

4 F11
cx
cy

G2

22F11
cx
cy

G11G
al-
e
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of ;2.5 K, which is the estimated position of th
DC(Tc)/CN(Tc) minimum in Figs. 2~a! and 2~b!. This mini-
mum is a place where a distinct signal from thes-wave com-
ponent appears, therefore its position is of special interes
possible experiments. We have found the minimum coo
nates (%cTc /Tc0)* ~Fig. 5! and (Tc /Tc0)* ~Fig. 6! as the
functions of the order parameter FS average value^e&, which
multiplied by 100% gives thes-wave fraction in per cent in
the normalized to unity order parameter^e2&51. A plot of
(%cTc /Tc0)* vs ^e& in Fig. 5 may also be of experimenta

use, since the scattering rate%cTc /Tc0 is proportional to the
impurity concentration, which can be estimated in the m
surements. As one can see from Figs. 5 and 6 the meas
ments at low temperatures are required for smalls-wave ad-

FIG. 1. Jump in specific heat atTc normalized by the normal-
state specific heat atTc as a function of the normalized impurit
scattering rate forcx/cy51, i.e., ^e&50 ~solid!, cx/cy50.9, i.e.,
^e&.0.0742 ~short dashed!, cx/cy50.85, i.e., ^e&.0.1139 ~dot
dashed!, cx/cy50.8, i.e.,̂ e&.0.1552~long dashed!: ~a! Born limit,
~b! unitary limit.
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mixtures, however, they are to be performed at the ph
transition which should be accessible as long asTc is mea-
surable. Assuming that a possibles-wave admixture is of the
order of magnitude of the experimental resolution er
~;2.5 meV! in the ARPES measurements5 of the smallest
energy gap values, we can estimate its fraction as a ratio
meV/34 meV.0.07, where 34 meV is a measured ma
mum uDu value. Therefore from Fig. 6 we find that the abru
rise in the normalized specific-heat jump should be obser
at Tc;2.5 K in a superconductor of critical temperature
the absence of impuritiesTc0590 K. Experiments23 investi-
gating the disorder effect on the specific-heat jump atTc in
YBCO showDC(Tc)/Tc suppression to zero with the in
creasing impurity concentration. However, the magnetic

FIG. 2. Jump in specific heat atTc normalized by the normal-
state specific heat atTc as a function of the normalized critica
temperatureTc /Tc0 for ^e&50 ~solid!, ^e&.0.0742~short dashed!,

^e&.0.1139 ~dot dashed!, ^e&.0.1552 ~long dashed!: ~a! Born
limit, ~b! unitary limit. The insets showDC(Tc)/CN(Tc) in the
range of smallTc .
se

r

.5

t
d

-

fects, which act as the pair breakers on both thed-wave and
the s-wave states, were probably present in these studie

It is noteworthy that the effect of an abrupt rise in th
specific-heat jump atTc may be observed even in the pure
d-wave superconductors in the presence of a perpendic
magnetic field~Hic axis!. The s-wave component in this
case may be induced by the vortices.24

We have derived the specific-heat jump from a mean-fi
weak-coupling theory, neglecting the fluctuations and
strong-coupling effects. As the observation of thermod

FIG. 3. Normalized critical temperatureTc /Tc0 as a function of
the normalized impurity scattering rate for^e&50 ~solid!, ^e&
.0.0742 ~short dashed!, ^e&.0.1139 ~dot dashed!, ^e&.0.1552
~long dashed!.

FIG. 4. Jump in specific heat atTc normalized by the normal-
state specific heat atTc as a function of impurity scattering rate fo
^e&.0.6058 (cx/cy50.3) in the Born~dashed! and unitary~solid!
limits.
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namic fluctuations in the specific heat of crystals of YBC
has been reported,25 we expect our BCS result to be modifie
by the deviations from the mean-field approximation. W
hope, however, that the feature of a sharp upturn in the
cific heat will be still present. The strong-coupling corre
tions will rescale the scattering rates7 and may change the
magnitude of the specific-heat jump.26,27

In conclusion, we have calculated the electronic speci
heat difference between the superconducting and nor
state at the phase transition as a function of the nonmagn
impurity scattering rate in the general case of an anisotro

FIG. 5. Position of the minimum in the normalized specific-he
jump DC(Tc)/CN(Tc) on %cTc /Tc0 axis @Figs. 1~a! and 1~b!# as a
function of thes-wave component content^e& in the Born~dashed!
and unitary~solid! limits.
a

.

e-

-
al
tic
ic

superconductor. We have found that the result depends
the symmetry of the order parameter, given by a functi
e~k!, and that of the Fermi surface through the FS avera
^e&, ^e3&, and ^e4&. A remarkably different dependence o
the specific-heat jump on the impurity concentration for t
systems with^e&50 and ^e&Þ0 is observed. We sugges
that this effect may be used as a test for thes-wave compo-
nent in the order parameter of the cuprates.

This work was supported by the Natural Sciences a
Engineering Research Council of Canada.

FIG. 6. Position of the minimum in the normalized specific-he
jump DC(Tc)/CN(Tc) on Tc /Tc0 axis @Figs. 2~a! and 2~b!# as a
function of thes-wave component content^e& in the Born~dashed!
and unitary~solid! limits.
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