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Impurity scattering effect on the specific-heat jump in anisotropic superconductors
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The specific-heat jump at a normal-superconducting phase transition in an anisotropic superconductor with
nonmagnetic impurities is calculated within a weak-coupling mean-field approximation. It is shown that its
dependence on the impurity concentration is remarkably differendfer,.-wave and @,2_,2+s)-wave
states. This effect may be used as a test for the presence afweaave admixture in the cuprates.
[S0163-18297)04417-3

There now exists a considerable experimental evidencthe nonmagnetic defects, it has not been determined
supportingd-wave superconductivity in the cuprates, but thewhether the scattering centers created by Pr doping and ion-
most direct probes of the superconducting state such as theam damage in YBCO are purely nonmagnetic.
electromagnetic penetration depth, photoemission, and quan- In the present paper we suggest that more significant fea-
tum phase interference measurements neither confirm nor efires attributed to the-wave part of the order parameter
clude a possible smadwave admixture in a predominantly may be seen in the specific-heat measurements. We study a
d,2_,2 superconductol.The linear temperature dependencenonmagnetic impurity effect on the specific-heat jump at a
of the penetration depth at low temperatﬁregserved in superconducting-normal phase transition in anisotropic su-
YBa,Cu,0;_5 (YBCO) agrees with the theoretical predic- perconductors and show that the result depends on the Fermi
tions for ad-wave staté. However, the measurements only surface(FS) averages of the first four powers of the super-
went down to aboul K and an exponential behavior below conducting order parameter. A particularly large difference
this temperature, indicating a small nonzero gap minimunin the specific-heat jump between the states with a nonzero
cannot be eliminated. Even by taking data at much loweand a zero value of the order parameter FS average is ob-
temperatures, the presence of a srsallave component in  served. We suggest that this measurement may be used as a
the order parameter cannot be entirely excluded in the periest for the presence of aswave admixture in a2 2
etration depth experiments. Similar constraints limit thestate.fi=kg=1 is taken throughout the paper.
angle resolved photoemission spectroscopfRPES We consider the effect of potential scattering by nonmag-
method. Although ARPES ddt4® are consistent with a netic, noninteracting impurities on the order parameter with
dy2_y2 scenario in BjS,CaCyOg (BSCCO as well as in its orbital part defined as
YBCO, the experiments cannot decide with an accuracy
greater than an instrumental resolution if the order parameter
completely vanishes at thé,>_,2 nodal lines. This leaves
the possibility of a small(<2 meV) s-wave admixture.
Therefore the above experimental methods do not rule ouwvheree(k) is a momentum-dependent function normalized
the presence of a small isotropic component, but place ahy taking its average value over the Fermi surface
upper bound on the minimum of the gap function. As ana(e2>=fFSdS(n(k)e2(k):1, wherefdS, represents the inte-
lyzed in Ref. 1, the emerging picture from the Josephsomration over the Fermi surface an¢k) is the angle-resolved
experiments supports a scenario of a real mixture ahd FS density of states, which obeysdSn(k)=1. This nor-
dy2_y2 states in YBCO, but also does not definitely confirm malization givesA the meaning of the absolute magnitude of
the presence of the-wave component. The existence of the order parameter. The functiefk) may belong to a one-
even a smalk-wave admixture in a-wave superconductor dimensional(1D) irreducible representation of the crystal
may be tested by thermodynamic measurements in the prepeint group or may be given by a linear combination of the
ence of nonmagnetic impurities. It is well known that the basis functions of different 1D representations. The impurity
d-wave state is strongly suppressed by the defetes)d the  effect is studied in the-matrix approximatiort?3 This ap-
s-wave state is not affected by the nonmagnetic scattérersproach introduces two parameters describing the scattering
In the case of adq+ s)-wave superconductor a power-l&w  process:c=1/(7wNyV;) and I'=n;/(7Ng), where Ny, Vi,
suppressiohshould be observed above a certain impurity-and n; are, respectively, the overall density of states at the
doping level and the thermodynamic properties at large imfermi level, the impuritydefec} potential, and the impurity
purity concentration should resemble those of tawave  concentration. We assume siwave scattering by the impu-
state. In fact the critical temperature of YBCO is decreasedities, that isV; does not have an internal momentum depen-
below 12 K by the electron-irradiatichand the Pr-doping or dence. It is particularly convenient to think ofas a measure
ion-beam damage lead to a long t@jl suppressiolf char-  of the scattering strength, with— 0 in the unitary limit and
acteristic for a small nonzero value of the gap function intec>1 for weak scattering, i.e., the Born limit.
grated over the Fermi surfaGeHowever, despite the The amplitude of the order parameter is determined by the
electron-irradiation removing the planar oxygens producesnean-field self-consistent equation

A(k)=Ae(k), ()
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AK)=-TX X V(kk') = —5. (2 e
v @2+ &+ |AK)|? dAZ  gAZ dAZ 95 dA2 gA(K)

whereT is the temperaturegy is the quasiear_ticle energy, and with a use of the relations given in Eqg)—(7) we
wo=7T(2n+1) (n is an integey, and V(k,k’) is the phe- calculatef, and f, coefficients
nomenological pair potential taken as

V(k,k")=—Vge(k)e(k'). 3 fole)=(1—(e)?)
We have assumed a particle-hole symmetry of a quasiparticle

A(K") d 9 [dzr) 9 dAk) d ] ”
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spectrum. The renormalized Matsubara frequetély) and 1
the renormalized order parametk(k) are then given by f1(0)=2(e)[2(e®)+5(e)°—7(e)]o 2| ¥ §+ 0
B=0w-30, AK)=AK)+3, (4)
with the self-energies defined as ~¥ 5 +2(e)[—2(e®)—3(e)°+5(e)]e !
Yo 01 1 1
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and thegg, g4 functions determined by the self-consistent

. 1
equations +5 0= (e +3(e)*+4(e)(e®) —6(e)?]
Gom— © ©®)
O Nom ¥ @2+ &+|AK)|2 X 2 E+Q _E<e>4¢,<2> — +E[2(<e>2—1)2
B 2 2 2) 6
1 A(K)
_ . 7 1
91 Nowzk: D2+ E2+|AK)|? @ X (c2+1)1—(e)*+2(e)?>—1]oy® EJFQ , (16)

To proceed further, we restrict the wave vectors of the elec-
tron self-energy and pairing potential to the Fermi surfacevhere ¢ =[T/(c?>+1)]/(2xT) and ¢, 'V (n=1,2,3) are
and replace, by No[rdSn(k)fd&, . Integrated oveg, the  the polygamma function§. In the unitary limitc—0 and
gap equation(2) can be transformed after a standarde=1I/(2=T). Alternatively for weak scatteringcé1) we
procedur&® into keep only the terms linear in &7 in a Taylor's expansion
T L which Ieadg to the Born apz)proximation scattering rate
o=7mNgn,V{/(27T) and po/(c“+1)=0. Coefficients f
In(—) =277 2, (fw_ Z)' ®  and f, involve three different types of the Fermi surface
averages of the order parameter namédy, (e*), and(e?).
where thef , function is defined as These averages enter the free energy and determine the ther-
~ modynamic properties at the phase transition. In this paper
‘ :f ds.n(k) A(k)e(k) @ Ve discuss a specific-heat jump al., AC(T,)
2 Jes A[@%+]|A(k) |22 =Cq(T.) —Cn(T), whereCg(T,.) andCy(T,), respectively
. ) ] are the specific heat of the superconducting and normal state,
We _expand Eq(8) in powers ofA* aroundA=0 using the Cn(To) = (27213)N,T,.. We obtairt* from Eq. (10)
relations(4)—(7). Keeping up to the fourth power terms in

Co 0w>0

we get the gap equation in the Ginzburg-Landau regime AC(T,) 12 df, 2
= 1+T| == 1
| T _ 1f A \? 1f A \4 10 Cn(To) (fl)T=TC c( dT)T=T v
"7, T T2z Tt e 19

and finally, f, from Eq. (15) yields
where the coefficients are given by

AC(Ty) 12 1+ (e)-1) l/f(l)(1+ )r
1 = €)r—1le. 5T0c||
- - Cn(Te)  fa(eo) 2
fo=—27T 2 ((fw)H w), (11) c ¢ a9
df wherep. is ¢ at T=T.. This rather cumbersome formula,
f,= —(277T)32 ( “‘) (12) when considered along with E¢16), reduces significantly
o \dA?) o for the (€)=0 case:
sy ( d?f,, AC(T,) 11—y V(12 + .11
f2:2(2’7TT) ) . (13) C (T ) - “ !
o 1A% T 5 euPI(L2)+ o) - (L2(eh) p [ (112) + o]

Taking the derivatives with respect &F (19
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where u=(1-c?)/(1+c?). For an appropriate choice of value of the specific-heat jump @ —0 is independent of
(e*) value, AC(T,)/Cy(T,) from Eq. (19) agrees with the the amplitude of ths-wave component and its origin. How-
result obtained by Hirschfeldt al!® as well as that by Su- ever, in order to establish a quantitative behavioAGf(T,)
zumura and Schut? in the Born limit. in a whole range of impurity doping we must work with a
It is informative to discuss the limiting cases of E48),  particular level ofs-wave admixture. We do this by assum-
that is a pure system whepe,=0 and a highly impure one ing that thes-wave component is an artifact of an ortho-
with ¢.—o in which T,—0 suppressed by the impurities. rhombic anisotropy of the system and relate the amount of
Using a series representation of thefunction'’ we get in  the s-wave admixture to the degree of this anisotrdpy.

the 0.=0 limit This approach gives a semimicroscopic justification for the
(d+s)-wave state. The orthorhombicity in the case of
AC(T,) 24 1.426 YBCO means that tha- and b-crystal axes in the CuQ
Cu(T Py N (20 planes become inequivalent, which leads, with a simple ap-
MTo ), o vP W) (e s b IV | ;
c proximation of an elliptical Fermi surface, to the following

The @.— limit is obtained with a use of Eq(16) and [orm of an energy bant:

asymptotic forms of polygamma functiofsThere are two
cases to distinguish here. First, when the Fermi surface av-
erage of the order paramet@)#0 then

k= CykE+cykl— e, (23

where a ratio of the effective massggc, is a dimensionless

AC(T,) o4 parameter describing the orthorhombic anisotropy of the
c . > ) )
( ) - 1426 (21) Fermi surface andg is the Fermi energy. It is easy to see
Cu(To)/, .. P2 (1/2) within this model, that a d,2_,2+s) state emerges from
dy2_y2 in @ natural way due to the orthorhombic distortion of
and the secontf with (e)=0, which leads to the crystal lattice. A straightforward calculation based on a
transformation from an elliptical FS to a circular one shows
AC(T,) ,p  thatthe normalized,._y2 order parameter defined on the FS
Cn(To) o (22) given by Eq.(23) can be represented on a circular FS as
We note, that a specific-heat jump value in the—oe limit 1+(ck/cy)
for a nonzero value ofe) given by Eq.(21) agrees with that A(k)=A [(3/2)— (¢, /cy) +(3/2)(c, /cy)?]H2
of an isotropics-wave superconductor. This fact has a simple Ty Ty
intuitive interpretation. A nonzero Fermi surface average of 1—(c4/cy)
the order parameter leads to an asymptotic power-law critical X | cos 2p+ (24)

temperature suppression for large impurity concentration 1+(ckley)
TCN(TCO)l/<e>2[F/(C2+ 1)]0-14), thereforeT, is almost where ¢ is the polar angle. In order to clarify the terminol-
constant for largd” values. The impurity effect, then, in the ogy, we will refer to the circular Fermi surface when classi-
large impurity concentration range is the same as in the cadging the superconducting states. Therefore, a@kza > we
of s-wave superconductivity, whefg, is not changed by the define a state witke(k) proportional to cosg and the states
nonmagnetic impurities. Indeed, as it has been shown for theith a nonzeros-wave contribution are calledd(z_y2+s).
representative order paramet&té® the gap anisotropy is We note, that the order parameter from E24) is dy2_y2
smeared out by the isotropic scattering wiieh+0 and the whenc,/c,=1 only, that is for a tetragonal symmetry, oth-
density of states approaches that of an isotr@picave su- erwise it contains a nonzeswave component proportional
perconductor. Alternatively, fofe)=0 we observe a strong to (1—c,/c,). In Table | we present as the functions of the
impurity-induced suppression of the critical temperdtire orthorhombic anisotropy parametey/c, the Fermi surface
leading to a zero value at finite impurity concentration,averages which enter the Ginzburg-Landau coefficiégts
which is reflected by a zero specific-heat jump limit value inand f; given in Egs.(15) and(16). We emphasize, that the
Eqg. (22). As a nonzero value ofe) can be achieved only assumption of the orthorhombic asymmetry as the mecha-
when e(k) contains a component belonging to an identity nism producing the-wave admixture in the order parameter
representation of the crystal point group, the measurement afoes not affect the results since only the amplitude of this
the specific-heat jump at the phase transition in the limit oftomponent matters in the calculation. Thus one can obtain
T.—0 (and large impurity concentratipmay be used as a the same results in a more phenomenological way assuming
stringent test for the occurrence of even a sMg|] admix-  the presence of thewave phase and taking its level as given
ture to the order parameter. It should be noted that the effedty (e) in Table | for thec,/c, values considered in this
at large impurity concentration fge)#0 [Eq. (21)] is inde-  paper??
pendent of the amount of thewave content in the order Based on the discussion of the specific-heat jump for a
parameter, however, as we discuss below, it may be hard farge impurity concentration in Eq$21) and (22) we can
detect for a very smali-wave component as it would require discuss this limit ford- and (d+ s)-wave superconductors.
an experiment at low temperatures. For a pured,2_,2 state €,/c,=1) we have(e)=0. There-

We discuss our results in a context of hih-supercon- fore the specific-heat jump decreases to zero with a critical
ductivity, considering @22 state! that is the order param- temperature driven to zero by impurities as in E2p). On
eter given by Eq(1) with e(k)=(kZ—k?)((ki—k7)?) "2  the other hand, even a sligltwave component yields
As we have mentioned above, our main result that is thée)#0 and the specific-heat jump increases and reaches a
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TABLE I. The elliptical Fermi surface averages of the powers
of the normalized order paramet(k)=(k2—k2)((kZ—k2)3) 2
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finite nonzero value at,—0 given by Eq.(21). Below, we
present the specific-heat jump at the phase transition normal-
ized by the specific heat in a normal state as a function of the

normalized impurity scattering rate.T./T.  in the Born
limit [Fig. 1a)], where o T/Tc = mNon;Vi/(27T,) and
in the unitary limit[Fig. 1(b)] with @ T/T, =T'/(27 T, ).
Note thatNo= (c,c,) *?S/(2%?), whereS is a sample sur- %
face area, henc§CO is different for different values of the

C,Cy product. In the Figs. @) and 2b) we show the same
AC(T.)/C\(T,) data versus the normalized critical tempera-

ture T./T. . The considered states contain a snsalave
admixture varying from about 8 to 16 %, therefore we ob-

serve a strond . suppression by the nonmagnetic impurities

and a fast decrease in the specific-heat jump as long as a
significantd-wave component is present. Once it is almost %9 5
destroyed and ths-wave part, which is insensitive to the

nonmagnetic defects, prevails, the BCS normalized specific- (o) pelelTe
Efeztsjgmoaéa(u':'JS/CgN?'?'S)u.t'I}f.lizgelr?ei’glsgfge;nc; osfutdh%cen n FIG. 1. _J_ump in specific heat arc normalized by_the r_lorma_l-

. { _ state specific heat &, as a function of the normalized impurity

suppression, given by E¢L0) at A=0, changes at that dop- ; ¢ - . a '

ing level too and the critical temperature asymptotically goe scattering rate foc,/c,=1, i.e., (€)=0 (solid), c,/c,=0.9, ie.,

X . 22 %e>:0.0742 (short dashexd c,/c,=0.85, i.e.,(€)=0.1139 (dot

to zero(Fig. 3). For the sake of comparison we show in Fig. yagney ¢ /c,~0.8, i.e. (e)=0.1552(long dashey (a) Born limit,

4 the specific-heat jJumAC(T,) normalized byC\(T.) as a (b) unitary limit.

function of the impurity scattering ra@chc/TCO in the Born

and unitary limits for the §+d,2_,2) state, where the Of ~2.5 K, which is the estimated position of the
s-wave component is large~60%) and thed,z_2 partis ~ AC(Tc)/Cn(Tc) minimum in Figs. 2a) and 2b). This mini-

considered as minor. mum is a place where a distinct signal from gieave com-

One can notice from the above figures that the unitary anfonent appears, therefore its position is of special interest for
Born scattering limits differ for small values of the pair- POssible experiments. We have found the minimum coordi-
breaking parameter and fall on the same curve in the rangeates €.T¢/T¢)* (Fig. 5 and (T./T.)* (Fig. 6) as the
where practically thes-wave superconductivity is only left. functions of the order parameter FS average vaiewhich
The pair-breaking paramet@rCTC/Tco, however, has a dif- multiplied by 100% gives the-wave fraction in per cent in
ferent meaning in either case. the normalized to unity order paramet@?)=1. A plot of

We have mentioned before that a detection of a small@cTc/Tc)* Vs (€) in Fig. 5 may also be of experimental
s-wave component would need a measurement at low temuise, since the scattering ra@@Tc/TCO is proportional to the
peratures. For instance, in a superconductor of the criticanpurity concentration, which can be estimated in the mea-
temperature in a clean limit, =90 K ans-wave content of  syrements. As one can see from Figs. 5 and 6 the measure-
about 7.4% (e)=0.074) can be observed at a temperaturements at low temperatures are required for sreallave ad-

0.05 0.10 0.15 0.20
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Cn(T)

AC(T)
Cn(Te)

T./T,

FIG. 2. Jump in specific heat ai, normalized by the normal-
state specific heat @, as a function of the normalized critical
temperaturdl. /T, for (e)=0 (solid), (e)=0.0742(short dashed
(e)=0.1139 (dot dashey] (e)=0.1552 (long dashed (a) Born
limit, (b) unitary limit. The insets showAC(T.)/Cyn(T.) in the
range of smallT .

mixtures, however, they are to be performed at the phas
transition which should be accessible as londgrass mea-
surable. Assuming that a possilsl@vave admixture is of the
order of magnitude of the experimental resolution error
(~2.5 meV} in the ARPES measurementsf the smallest
energy gap values, we can estimate its fraction as a ratio 2.
meV/34 meV=0.07, where 34 meV is a measured maxi-
mum |A| value. Therefore from Fig. 6 we find that the abrupt

rise in the normalized specific-heat jump should be observed

at T.~2.5 K in a superconductor of critical temperature in
the absence of impuritie‘Eco=90 K. Experiment® investi-

gating the disorder effect on the specific-heat jumf atn

GRZEGORZ HARAN JASON TAYLOR, AND A. D. S. NAGI

55
1.0 T T T
08
0.6
Te/Te,
1Y
04 F \\ 4
N\
\\
N
02t W .
\‘Q\
\
X
A
4
0.0 N 1 \\\\1\
0.00 0.05 0.10 0.15 0.20
peTe/Te,

FIG. 3. Normalized critical temperatuﬂQ/Tco as a function of
the normalized impurity scattering rate fde)=0 (solid), (e)
=0.0742 (short dashex (e)=0.1139 (dot dashel] (e)=0.1552
(long dashed

fects, which act as the pair breakers on bothdhgave and
the s-wave states, were probably present in these studies.

It is noteworthy that the effect of an abrupt rise in the
specific-heat jump &b, may be observed even in the purely
d-wave superconductors in the presence of a perpendicular
magnetic field(H|c axis). The s-wave component in this
case may be induced by the vorti&s.

We have derived the specific-heat jump from a mean-field
weak-coupling theory, neglecting the fluctuations and the
strong-coupling effects. As the observation of thermody-

1.5

AC(T)
Cn(T.)

e

5

0.0
0.0

0.5 1.0 15

pTe/ To

FIG. 4. Jump in specific heat &, normalized by the normal-

state specific heat &t; as a function of impurity scattering rate for

YBCO show AC(T,)/T. suppression to zero with the in- (e)=0.6058 ¢,/c,=0.3) in the Born(dashedi and unitary(solid)
creasing impurity concentration. However, the magnetic delimits.



55 IMPURITY SCATTERING EFFECT ON THE SPECIFIC.. 11783

0.200 T T T 0.20 T T T

/
/
/
/
/
//
0.15 | / N
//
0.180 s
/
/
Ve
//
(PcTC/TCo)* (Te/Te)" 0.10 // 1
7/
4
7/
//
0.160 | e
4
//
0.05 | //
7
7
7,
z
72
S
0.140 L L L 0.00 I s L
0.00 0.10 0.20 0.30 0.40 0.00 0.10 0.20 0.30 0.40

(e) (e}

FIG. 5. Position of the minimum in the normalized specific-heat  FIG. 6. Position of the minimum in the normalized specific-heat
jump AC(T)/C\(Tc) on @ T, /T, axis[Figs. Xa) and ¥b)Jasa  jump AC(T,)/Cn(T,) on T. /T, axis[Figs. 2a) and 2b)] as a
function of thes-wave component contef¢) in the Born(dashed function of thes-wave component contefi¢) in the Born(dashed
and unitary(solid) limits. and unitary(solid) limits.

namic fluctuations in the specific heat of crystals of YBCOSUPerconductor. We have found that the result depends on
has been reportedwe expect our BCS result to be modified the symmetry of the order parameter, given by a function
by the deviations from the mean-field approximation. We€(k), and that of the Fermi surface through the FS averages
hope, however, that the feature of a sharp upturn in the spd€). (%), and(e*). A remarkably different dependence of
cific heat will be still present. The strong-coupling correc-the specific-heat jump on the impurity concentration for the
tions will rescale the scattering rafesnd may change the systems with(e)=0 and(e)#0 is observed. We suggest
magnitude of the specific-heat jurip?’ that this effect may be used as a test for sh@ave compo-

In conclusion, we have calculated the electronic specifichent in the order parameter of the cuprates.
heat difference between the superconducting and normal
state at the phase transition as a function of the nonmagnetj
impurity scattering rate in the general case of an anisotropi
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ngineering Research Council of Canada.
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