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Connection between the true vibrational density of states and that derived
from inelastic neutron scattering
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The correction function connecting the true vibrational density of states with that measured in inelastic
neutron experiments is defined. Use of this function is essential for multicomponent systems containing
elements characterized by rather different scattering lengths or masses. The correction function, calculated for
a particular model systertvitreous silica constructed using molecular dynamics, is shown to be of the order
of unity in this case. In the evaluation of the correction function, it has been found that the coherent contri-
bution is negligible and so the incoherent approximation can be successfully applied. The frequency depen-
dence of the correction function arises mainly from that of the partial vibrational density of states. A compari-
son of the true vibrational density of states with the effective one obtained from an analysis of the dynamical
structure factor is presentef50163-18207)05201-9

[. INTRODUCTION cally the same correction functions, which shows the univer-
sal character of the correction function, at least for the

Inelastic neutron scattering is a powerful technique forsystem under consideration.
investigating the dynamical properties of solids and, in par- The structure of this paper is as follows. In Sec. Il we
ticular, atomic vibrationgsee, e.g., Ref.)1One of the basic define the correction function, connecting the true VDOS
functions used to characterize atomic dynamics is the vibra@nd the effective VDOS, obtained from inelastic neutron
tional density of state€/DOS). It can be extracted, in prin- scattering, and give a simple analytical expression for it. De-

ciple, from an analysis of the dynamical structure factort@ilS of computer simulations are presented in Sec. lil. The
S(Q,w), which is proportional to the double differential results of simulations for vitreous silica and a discussion of

the behavior of the correction function with variation of dif-
ferent parameters can be found in Sec. IV. Conclusions are
given in Sec. V.

cross section, measured experimentaflyThe difficulty is
that the dynamical structure factor is only roughly propor-
tional to the true VDOS especially for the case of multicom-
ponent systems, and several approximations and simplifica-

tions have to be made in order to obtain a connection Il. BASIC RELATIONS

be:wcleen thel VDOS anst(_Q,w()j.. Gsn;ergll)r/] speaklgg, I(;IS i One of the main characteristics which can be extracted
not always clear, as mentioned in ket. 2, how good an Valqrom an analysis of inelastic neutron scattering is the dy-

these approximations are and how large is the difference b‘?famical structure factd(Q, ). For a multicomponent sys-
tween the true and the effective VDOS. By effective VDOS o1, it can be written ds

we mean that obtained from an analysis of the dynamical
structure factor. We focus on this question below.

This paper contains a description of the proper way ofg ,w):;_ N > bib_iI<eiQ.Ri(O)eiQ-Rif(t))eiwtdt,
extracting the true VDOS from inelastic neutron scattering. 27hN(b?) ] =17
For that purpose, we have introduced a correction function. )

This correction function must be calculated in each case for a o - o

structural model, e.g., constructed using molecular dynamicwhere(b?)=N"13b?, with b; the neutron scattering length
(MD). Then the correction function can be used for extractof atomi (b_i:b_i*), N the number of atoms in the system
ing the true VDOS from the dynamical structure factor, as(the bar overb means spin and isotope averagingnd
shown below. The quality of the model structure essentiaIIyRi(t) denotes the position of atoimin space at time. For
depends on the interatomic potential implemented in thene-phonon processes within the standard harmonic approxi-
simulations. For the present purpose, we have chosen thaation, this expression becomese, e.g., Ref.)3

system vitreous silicgSiO,), because, on the one hand, its

interatomic potential is well known and, on the other, vitre-

ous silica is of general interest since it can be regarded as S(Q,w)= 1_ > me*WwQ%Ww(Q)
being a canonical glass. 2N(b%) 77
The theoretical analysis has been performed in a general , .
form and is valid both for crystalline and noncrystalline con- 2 (Q.ql)(Q'elj’) 4 1)elQ (Ri—R)
densed atomic structures. The MD simulations, however, X J- \/Ww (nj+1)e
were made only for vitreous silica. Different interatomic po- R
tentials implemented in the MD simulations result in practi- X 80— w;), 2
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where €(w;) are normalized ¥i|€|?>=1) 3N-component
eigenvectors(eigenfrequencigsof the dynamical matrix;
m; is the mass of atom andn; is the thermal-equilibrium
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The effective VDOS depends not only on frequency but
on Q as well. The standard way of avoiding this dependence
is to averaga®.(Q,w) overQ vectors in a definite range of

occupation number of the vibrational state characterized b@ﬁz

frequencyw; at temperaturd,

— 1

N~ explho; KT} -1 @

where the bar ovem_j means thermal-equilibrium averaging.
The exponential term in the Debye-Waller factor satisfies the

relation

D
(Q-¢) (nj+§), “

with u; the displacement of atorinandézQ/Q.
It is seen from relatior(2) that the dynamical structure
factor is related to the true VDO& w) given by

1 hQ?
vvi<Q>=§<<Q-ui>2>=2—(ri_§

i Wj

1 3N
9(0)= 32, e w), (5)
so that we can define an effective VDOS as
Jer( Q) =B(Q,0)S(Q,w). (6)
Usually, the functiorB(Q, ) is chosen to ke
B(Qw)= %"Zezw[n_(wmrl, (7

where M 1=N"13;m ! and W=N"13,W,. The Debye-
Waller factor in Eq.(7) is averaged over alQ-vector direc-
tions separately in exp{®) andW; is expressed by E¢4) in
which (Q-€) is replaced bye/|%3.

We can write the functioB(Q,w) in a slightly different
way, i.e.,

2(b%)  (m)
hQ? (b2e~2W)

where (m)y=N"13;m; and (bZ%e 2Wy=N"13,b%e W,

B(Q.w)= [n(w)+1]74, 8

Such a choice 0B(Q,w) results in the coincidence of the
effective and true VDOS for the zero-frequency modes char-

acterizing the displacement of a sample as a wigde also
below).
The dynamical structure fact@(Q,w) in Eqg. (6) can be

_ _ 1 sz q 10
geff(w)_Qz_Ql Ql(Qeﬁ(Q,w»n Q, (10

with

(Geil(Q,w))o= L}geﬁ(Q,w)dﬂ, (11)

where the angular brackets denote the averaging over
Q-vector directions and is the solid angle. In the case of
systems of finite size that are used in computer simulations,
only a restricted set of wave vectors is available, i.e.,

_ 2
Q= L—znz ,
wherelL , are the box side lengths amg, are integer num-
bers. Averaging ove® in this case can be done as

2T

—n,, —n
Ly *

Ly v

1
(@)= N_Q% 9el(Q, ). (12)

Here the sum is taken over all availal@feor Q belonging to
a particular range, andg stands for the number of terms in
the sum. This simple averaging gives a slightly different re-
sult to that arising from Eq€10) and(11), but seems to be
closer to the procedure used in experimental neutron scatter-
ing data processing.

SubstitutingC(Q, w) from the definition(9) in Egs. (10)
and(11) one can obtain similar expressions for the averaged
correction function

c( —;f% C d (13
(w)_QZ_Ql Ql< (Q!w)>ﬂ Q
or
1
Clw)= -2 C(Qw), (14
QQ
so that
efi( @) =C(w)g(w). (15

obtained from an analysis of inelastic neutron scattering data,

while the average Debye-Waller factor in E¢&) and(8) is
available from a comparison of th@ dependence of the

elastic line for neutron scattering with diffraction data.

To extract the main contribution ©6(w) when averaging
overQ it is convenient to separate the coherent and incoher-
ent parts inC(Q, ), bearing in mind Egs(2), (6), and(9):

Therefore the effective VDOS is an experimentally measur-

able function. The problem is that it is related to the true

VDOS via the correction functiol©(Q, ), defined by the
relation

3N

1
geﬁ(Q,w)=C(Q,w)9(w)=ﬁ; C(Qwj) d(w—wj), (9

andC(Q, w) is not necessarily close to unity.

C(Qrwj):Cincor{Qawj)+Ccor{Qawj)r (16)
where
[
Cincol Q ) =A% ™2 Q(Qe)? (17
and
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) o o FIG. 2. Static structure factor for vitreous silica: dots, numerical
FIG. 1. Co_heren(dqts) and incoherentsolid line) cqntrlbutlo.r?s averaging over availabl® vectors; solid line, analytical averaging
to the correction function calculated for a model of vitreous silica atoverQ directions; dashed line, experimental déRef. 12.
a frequencyy= w/27=3.02 THz and temperature=50 K.

these oscillations mainly cancel each other out when averag-

b_i E WOV W (O), A i ing overQ (as also follows from our numerical analysis; see
)= -Wi(Q)-W;"(Q)r . . i r o
Coo( Q@) Aiz, We (Q-¢) Fig. 5, so that only the incoherent part makes the major
o contribution to the integral(13) or the sum (14). In
X(Q-¢€,)el @ R =R, (18)
with e ‘ ' E T
{a) v=3.02 THz
3(m) -
(b2%e~2W) S 1o}
Here we have used the definitié®) of the correction func- %
tion and the connectio6) of the effective VDOS to the i
dynamical structure factoi2) via the functionB(Q,w) de- =
fined in Eq.(8). G o5
For isotropic systems, an analytical averaging dedi- @
rections can be done, resulting in the following expression:
C(vaj):<CinCOh(Q1wj)+CCOh(Q1wj)>9. 0.0 '
0 4 8 12 16 20
:Cincokn(Qawj)+Ccorn(Qawj) Q@
0.5 T T T

A b2
— _ A—2Wi(Q) 2
= e |

32 m €]

by by,

+AY e Q- WIQR, (Q), g
i MM :
20 %
where the functiorF;;,(Q) is given by ;
_ , g
(Rii-€)(Ryi-€)) _ sing @
Fii (Q)= R 3cosq+qsmq—3T

i’

(¢-¢)

+——
Ri/

|

sing
q

(21)

QA"

FIG. 3. Dependence of the dynamical structure fa8@®,v)

with Rji;» =R, —R; andq=QR;;,. The incoherent part of EqQ. on q for vitreous silica at two different frequencies for which com-
(20) is practically independent & because this dependence parison with experimentRef. 12 is available:(a) v;=3.02 THz

is only due to a slight monotonic variation of the Debye-and(b) v,=11.49 THz(the same notations as in Fig. The same
Waller factor withQ [see Eq(4)]. The coherent part, on the scaling factor for the dynamical structure factor was used at both
other hand, oscillates strongly wif (see Fig. 1. However, frequencies.
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. \/ma
)= o—— (24)
24 My

4 for atoms of typew. Then, the zero-frequency partial VDOS
/ p®=p (0), asfollows from Eq.(23), obviously satisfies the
relation

C(v)

(O)ZEiaami _ Nama _Nama

7 Pa EiN=lmi _Ea/Na/ma/_N<m>.

(25

0.9

08 1 Substituting this expression in E(R2) and bearing in mind
the definition(19) one can easily see th&(Q,w=0)=1.
This property allows us to rewrite ER2) in the following

more convenient form

0.7 ;
0 5 10 15 20 25 30 35 40

v (THz)
FIG. 4. Frequency dependence of the calculated correction func- c(Q w<)21+éz Ee—zv_va(o)[p (w')_p(O)]
tion for vitreous silica at two temperatures. The dashed line repre- T 3% m, el @

sents smoothed data &&= 300 K.
=1+ 6C(Q,wj) (26)

the inczoherent approximation, which is of_ten used for;q separate the deviatiofC(Q, ;) of the correction func-
Ger(@),” C(Q,0))=Cinco( Q, @) and expression20) can  tion from unity. It should be noted that the equality

be rewritten as C(Q,w=0)=1 is based on the proper choice of the normal-
ization constant19) following from the definition(8).

A b2 _ A further simplification in the expressiof26) can be
C(Q,w))= §Z m—ae*ZWa(Q)pa(wj), (220  made by putting the Debye-Waller factors equal to unity,
e Wo(Q— g~ QXD 1 27)

with @ running over all species of atoms in the system. Here
p.(w;) is the relative partial VDOS for atoms of type i.e., ~ which is valid for Q%(u2)/3<1, with (u2) being the mean
square atomic displacement. For vitreous silica, as follows
) . from our simulations, (u3)=0.0017 A and (u?)
L= 1d)% (23)  =0.00096 R atT=50 K and therefore approximatida?)
CINEY is relevant forQ=17 A~1. If relation (27) is fulfilled, then
the correction functior{26) reduces to

al
g

pa(wj):

wherei signifies all atoms of type. An important property

of the correction function written in this way is that it is A
equal to unity for the zero-frequency modhe rigid-body C(w):1+§2
displacement Indeed, for the zero-frequency mode the “
sample is displaced as a whole, so that the displacements @fich depends now only on frequency.

b2

a

. [Pal@) =Pl (28)

different atoms|u;|~|el=|//m; are equal to each other, " f the correction function equals unity, thepg(w) obvi-
resulting in the following atomic components of the normal-gysly coincides with the true VDOS. This is the case when
ized eigenvector the partial density of states does not depend on frequency
and is equal to the zero-frequency valpi®’. However, in
0.010 . x . . . reality the situation is quite different ar@C+# 0. The behav-

ior of 6C(w) is mainly due to the frequency dependence of
1 the partial VDOS or, to be more exact, fp,(w)—p'?]

~1. The value of6C also depends on the relative masses
. and the relative neutron scattering lengths of atoms of differ-
' ent types. To estimate the minimum and maximum values
that the correction function can take, let us consider the sim-
plest case, namely, a two-component systam,1,2. In this
case, expressiof28) can be rewritten as

0.005 ..

0.000 [~

Ccoh (V)

-0.005 |-

-0.010 [ . 7

T=50K ! A b_i bg
-0, 1 ! 1 1 1 — — i (0) — — —
o 0 5 10 15 20 25 30 35 40 C(w)—l+ 3[p1(a)) P1 ](ml mz). (29)

v {THz) . i
Here we took into account the relation

FIG. 5. Coherent contribution to the correction function for vit- 0) 0)
reous silica. po(w)—py’=—[p1(w)—p1 '], (30
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following from the normalization of the relative partial Tsuneyuki and Van Beedtpotentials. At small interatomic
VDOS: p(w)=p1(w)+p,(w)=1. Let us suppose, for defi- distances, these potentials have an energy barrier. However,
niteness, thab3/m,>b3/m,. Then, the minimum and maxi- the energy barrier is not high enough to prevent atoms at

mum values of the correction function can be easily estihigh temperatures from hopping over it and becoming coin-
mated from Eq(29): cident. We have therefore used the modified Tsuneyuki and

Van Beest potentiafSyhich are free of this fault due to the
b_g(m) inclusion of an increased energy barrier at small interatomic
C(@)=Cpyin=C() |, () =0~ — =5 (3)  separations.
my(b%) The systems were quenched from the liquid state at 5000
while the maximum value is K, decreasing the temperature by 100 K steps. At every fixed
temperature, a MD run of-60 ps was made to equilibrate
b_f(m) the system by velocity rescaling every #0ps. The time
— = (32)  step was chosen to be 1 ps, being significantly smaller
my(b%) than the smallest vibrational time in silica,n~ 1/vmax
From Egs. (31) and(32), it follows that the deviation of the ~1/40 THz~2.5x10"? ps. The quench continued until the
correction function from unity is determined by the relative temperature was reached at which atomic diffusion stopped.
mass m,/(m) and the relative neutron scattering crossFor the Van Beest potential, the diffusion stopyéat a run
section bi/(?}. For the majority of multicomponent sys- Iastlng. fort<10? ps atTj:ZSOO K, while for the Tsuneyuki
tems, these quantities are of the order of unity, iB€=<1, potential the corresponding temperature W@OO K. Then .
e.g., for vitreous siliceC,;;=0.58 andC, =148 (cf. the & zero-temperature energy minimization, implemented in
range of variation of the correction function calculated for DLPOLY, Was per?rmedﬂon_the models. The systems reached
vitreous silica in Fig. % However, for compounds contain- their metastable “glass” minima and the fact that the system

ing elements characterized by very different scatteringga”y was in the energy minimum was checked by both con-

Clw)=Cpa= C(w)|P1(“’):l:

lengths or masses, the correction function can deviate appr lgate and steepest-descent methods. The dY”am'C‘?" matf'x
ciably from unity, €.g.C,=0.18 andC,, .= 2.59 for AIN. or the relaxed system was calculated and diagonalized di-

It should be noted that the effective VDOS defined in Eqs_rectly, giving the eigenvectore'} and eigenvaluesaf;).
(9)-(12) is not normalized by unity. Indeed, as follows from
Egs.(9), (12), and(14), IV. RESULTS AND DISCUSSION

All the models of vitreous silica that we have studied
show similar vibrational properties. Both the TsuneYudd
) o o the Van Beedtpotentials used in the MD simulations are
In the incoherent approximatid@2), the normalization con-  pased orab initio calculations of small molecular clusters,
stantG can be easily calculated, using the normalizationyt the high-frequency edge of the vibrational spectrum of
property of eigenvectorsX|el[*=3, with the summation the Tsuneyuki system is shifted to lower frequencies by
over frequencigsand neglecting the Debye-Waller factors —5 THz (Ref. 9, while the vibrational spectrum of the Van
being close to unity, Beest system coincides with experiment much béftaxe
— — have also investigated the vibrational properties of a r_n_odel
G=S C(w-)=i b _ (m)(b*/m) of vitreous silica created with the three-body empirical

j PTINT M (o) Feuston-Garofalini potentidl. Unlike the two above- .
mentioned systems, the Feuston-Garofalini structure contains
For most substances the value®is close to unity; e.g., for a few coordination defects and gives relatively poor agree-
vitreous silicaG=1.14. ment with the experimental dynamical structure factor.

The above analysis has been performed in a general formherefore the Van Beest potential seemed to give the best
and is valid both for crystalline and noncrystalline condensedesults overal(all figures reported here represent the numeri-
atomic structures. The MD simulations described belowcal data calculated for a vitreous silica model constructed
however, were made only for vitreous silica. Different inter- with the Van Beest potentigl and the resulting structure
atomic potentials, implemented in the MD simulations, resuligave very good agreement with experimental neutron-
in practically the same correction functions, thus showing thescattering datdésee Figs. 2 and)3
universal character of the correction function, at least for the Figure 2 shows the dependence of the static structure fac-

” 1
szo geff(w)deﬁEj: C(w)). (33

(34

system under consideration. tor S(Q) on the magnitude of the wave vector for both simu-
lated and experimental data. The computational results are
IIl. DETAILS OF SIMULATIONS based on the following general expression for the static

. N _ structure factoiS(Q):*
The analysis of the VDOS described in the previous sec-

tion was performed numerically for a particular system, vit-

reous silica. Several models of vitreous silica containing 648 1 = W0 (Ri—RyY)

atoms were constructed using the molecular dynamics pack- ~ S(Q)=1+ mz b bj,e” Mire TR, (35)
age bLPOLY (Ref. 5 (NVE ensemble, periodic boundary 17

conditions, Ewald summation for Coulombic interactipns

Different atomic potentials were implemented, namely, thewith
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hQ? e e, n;+1/2 0.3
Wii’:TZ (——; J : (36)
] \/ﬁ vy i 02 | 4
For isotropic systems, analytical averaging overCaldlirec- | |
tions gives the Debye expression I
S(Q)=(S(Q)a = 1
1 « — . siQR-R/| f 01 f 1
=1+ ——2 bbje Vi —————. (37
N<b2>i¢i’ ! Q|Ri_Ri’| 02 N
The results obtained from E¢37) for our system are indi- s . . . L s
cated by the solid curve in Fig. 2, and the dots represent the o s 10 15 206 25 30 a5 40
result of simple(arithmetig averaging, according to relation v (THz)
(35), over all availableQ vectors with a fixed magnitude of
: 1
Q. The dashed curve represents the experimental‘d#ta. FIG. 6. The calculated partial vibrational density of states for

experimental curve reasonably well. A slight deviation ap-

_1 .
pears, however, =15 A~%, where the experimental data  pg temperature dependence of the correction function is
could be less reliable. ) ) ) mainly due to the Debye-Waller factor. At higher tempera-

tal datd® for the dynamical structure factor at two fixed fre- jycreases. and the Debye-Waller factor correspondingly de-
quenciesy; =3.02 THz andv,=11.49 THz. The experimen- creases, since exﬂj~exp{—QZ<u2)/6}. This leads to the de-

tal curve for the frequencys, has a very_fronounced crease of the correction function deviatié@ from unity at
structure and all its peak@xcept forQ=15 A~1, as men- higher temperaturesee Fig. 4

tioned abovg are well reproduced in our calculations. The It should be noted that the correction function depends

dots in Fig. 3, as in Fig. 2, are obtained by directional aver- : ; L
. . . o only slightly on the range of over which the averaging is
aging over allQ vectors with fixedQ, while the solid line 1perf0rmed. The change in the calculated valueCét) is

results from an analytical averaging over all directions a : :
. . . only about a few percent when the averaging dyes made
fixed Q. At the higher frequency,, the dynamical structure irastead in the range 0.3 Al<Q=<19 A~ 1.

factor has less pronounced features, but again the calculate According to the definition(15), the correction function

dat_?hf't the experlrpebntfll curvethratherl Wle"t' d d can be used to obtain the true VDOS from an effective
€ agreement between the calculaled and Measureg, .., gerived VDOS, as demonstrated in Fig. 7. Here the

static and dynamical structure factors demonstrates the hig&perimental datétriangles (Ref. 13 have to be compared

gi%%l;%ig;the model of the vitreous silica system under CONwith the dotted line related to the effective VDOS obtained

. . . from the computer simulations. To make a proper compari-
The goal of our analysis is the correction function P brop P

son between these two curves, we normalized the integrated

C(w). We can easily calculate it knowing the eigenvectors, . ¢ihe experimental VDOS by the const@nas defined

and eigenvalues of the dynamical matrix of the silica strucs Eq. (33), because the area under the dashed line is nor-

ture in question. The calculated frequency dependence of ﬂ}%alized as well by the same value Gf[see Eqs(33) and
correction function at two different temperatures is illus-

trated in Fig. 4. The calculations were made according to

expressior(14) in which averaging ove® was performed in 0.05 ' ' R '
the range 6 A*<Q=13 A~. This correction function is ¥
mainly due to the incoherent contribution in EQO). The 0.04 . i

coherent contribution to the correction function is shown in
Fig. 5. It is practically independent of temperature and is two ~
orders of magnitude smaller than the incoherent part. This is
due to the fluctuations of.,(Q,w) with Q which cancel
each other out on averaging ov@. The negligible contri-
bution of the coherent part to the correction function con-
firms the validity of the incoherent approximation, at least
for silica (see Ref. 2

The shape of the correction function results mainly from
the frequency dependence of the oxygen-based partial o0.00 . ' ’ 4
VDOS, namely~[ pod @) — p¥], as follows from Eq(22): 0 0 20 () 80 40 50
(b2 /mq,>bZ/mg for silica). The frequency dependence of
[Pox(w)_Pg)()] is presented in Fig. 6, which clearly shows  FIG. 7. True(solid line), effective(dotted ling, and experimen-
that the shape of this function is reproduced in the correctioral (triangles (Ref. 13 vibrational densities of states for vitreous
function (see Fig. 4. silica, the former two obtained from computer simulations.

0.03

0.02

VDOS (Tl

0.01

effective
experimental
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(34)]. The effective VDOS mainly follows the true ofgolid  experiments. The incoherent approximation is relevant in the
line), because the correction function is of the order of unity.correction function evaluation, and the frequency depen-
However, some specific features in the true VDOS could notlence of the correction function is mainly due to that of the
be reproduced by the effective VDOS, e.g., low-frequencypartial vibrational density of statéprojected on a particular
peculiarities such as the boson peak. Our calculated results atom type. The magnitude of the correction function for
this frequency region are not sufficiently reliable because omulticomponent systems depends on the relative masses and
the finite size of the systertsimilar simulations with larger scattering lengths and appears to be of the order of unity for
systems are in progress the majority of substances. This means that the effective vi-

The main purpose of our analysis has been to show howrational density of states measured in inelastic neutron scat-
properly to extract the true VDOS from inelastic neutrontering experiments generally fits the true density of states
scattering data. Based on the considerations presented abosgefficiently well. This correction function was calculated for
we propose the following way to do this. First, the dynamicala particular system—vitreous silica—and appeared to differ
structure factor is to be calculated. Then the effective VDOSrom unity by not more than 20% in that case.
in accordance with definition€s) and (8) should be calcu- We think that this correction function will be very useful
lated and averaged ov€J-vector directions. Next, the cor- in obtaining vibrational densities of states from analyses of
rection function has to be found, e.g., from a vibrationalinelastic neutron scattering data. It can be calculated for
analysis of a model structure constructed by using, for exmodel structures, e.g., constructed using molecular dynam-
ample, molecular dynamics. The last step involves the mulics, and then used for processing the experimental data.
tiplication of the effective VDOS by the correction function,
resulting in the true VDOS.
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