PHYSICAL REVIEW B VOLUME 55, NUMBER 17 1 MAY 1997-|

Antiferromagnetic order and frustration in small clusters
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Magnetic properties of small antiferromagnetic clusters are studied within the framework of the nearest-
neighbor Ising model. We analyze in detail several cluster geometries with different lattice structures and
examine the competing effects due to antiferromagnetic order, frustration, and external field. For some geom-
etries in the presence of an external magnetic field, magnetization is found to increase with increasing tem-
perature in a considerable temperature range. We also consider conditions under which antiferromagnetic
clusters can display superparamagnetic behavior. In general, magnetization is found to depend strongly on the
lattice structure of the cluster, but to be rather insensitive to local modifications of the coupling strength. The
approach towards the bulk properties for increasing cluster size and the possibility of deducing the lattice
structure from the observed magnetic behavior are discupSed63-182807)08517-3

I. INTRODUCTION cally weaker than the ferromagnetic ones in, e.g., the transi-
tion metalst! We shall be mainly concerned with the behav-
The magnetic properties of atomic clusters have attractetpr at low temperatures, for which the phenomena related to
intense experimental, practical, and theoretical interes@ntiferromagnetic ordering are most pronounced. We also
recently’ The effects of finite size and reduced dimension-discuss the possibility of a superparamagnetlike behavior in
ality appear to play the key role for clusters with size up toweak external fields for some cluster geometries in Sec. VI
several hundred atoms. The experimenta| results for Smaﬂnd flnlte-SIze “transitions” in Sec. VII. OVera”, we f|nd the
ferromagnetic ironand cobaft clusters can mostly be under- magnetic properties to be strongly dependent on the lattice
stood within the framework of a simple superparamagneti$tructure of the cluster so that no generic “phase diagram”
model®® The most unexpected feature of some measurefor small clusters can be constructed. However, the effects of
ments has been the reportiedtreasein magnetization with locally varying strength of the coupling constants due to sur-
increasing temperatufe. A similar behavior of terbium face effects and disorder seem to be less prominent. Finally,
clusters has been proposed to result from antiferromagneti¥¢e shall discuss the experimental relevance of our conclu-
couplings between the atomic magnetic momémiswever, ~ Sions in Sec. VIII.
there has been some controversy as to the determination of
the cluster temperature in the experimertsnd the physics Il. MODEL AND METHOD
underlying these observations is not well understood. , .
In this paper, we consider systematically the effects of W€ have used the nearest-neighbor Ising m&elhere

antiferromagnetic couplings on the magnetic properties usin§ach atom labeled byin the cluster oN atoms with a given

the nearest-neighbor Ising model. Within this model, quali-9€°metry has a localized spin described by an Ising variable
tative differences in magnetization between icosahedral angi — = 1- The magnetic energy of a microstate with spin con-
cuboctahedral lattice structures have already been examindiguration{Si} is given by

by Reddy and Khanit4 by using Monte Carlo simulations.

In that work the effect of finite size on the frustration inher-
ent in the lattice structure was found to be strongly depen-
dent on geometry. In the present work, this picture is sharp-
ened by a detailed study of magnetic ordering in differentwhere(i,j) denotes a pair of nearest neighbalg, are the
geometries and lattice structures. Our results for clusters ugoupling strengths J; <0 for antiferromagnejs and B is

to 30 spins are obtained by numerical computations for théhe external magnetic field. For clusters with a constant cou-
relevant Hamiltonians. After defining the model in Sec. Il pling strength we have definggf=J, and for the other cases
and discussing the generic features of magnetization for clusiescribed in Sec. V we denote Bythe average o;; over
ters with ideal geometry in Sec. lll, we shall consider lessall couplings within the cluster. The units of temperature and
ideal cases: We examine clusters with incomplete geometriexternal field are then fixed by the choiceb=—1,
shells in Sec. IV and effects of modified interactions forgug=1, andkg=1. In the rest of this papef;;=J unless
surface spins and frozen disorder in Sec. V. In addition to thetated otherwise.

case of weak external magnetic fields studied in Ref. 10, we Some of the studied cluster geometries are shown in Fig.
consider in particular the behavior in the presence of a field. While icosahedr@CO) and cuboctahedra are expected to
strong enough to override the exchange energy betwedpe the most stable shapes at low temperattfralso clusters
spins. In the antiferromagnetic case fairly lar@e units of  with fcc, hcp, and bec lattice structures were studied to pro-
the coupling constantvalues of the field can actually be vide further examples of the effects of lattice structure and to
appropriate, because antiferromagnetic couplings are typaddress the role of frustration. The number of atoms in the

N
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each microstate labeled lvyare determined by two integers
€, andm,, the energy in zero external field and the unnor-

A '
malized magnetization of the spin configuration, respec-
tively. For a given cluster geometry a two-dimensional his-
A togramn(e, ,m,) can be formed, in which for each pair
\ A (€, ,m,) the number of configurations giving these values is
Wi B¢

saved. This histogram does not grow very large:

—N=m,<N and—N;<¢,<Nj;, whereN; is the number of

nearest-neighbor couplings. Now the averatyesand |M|
ICO—-13 FCC-13 can be computed at any temperature simply as a sum over
the histogram. The most time-consuming task, the sorting
out of the configurations into the histogram, has to be done
only once for each cluster geometry. The generalization of
this procedure for cases whelg can have several different
values is rather obvious and is not discussed here. Without
exploiting any symmetries it is difficult to extend these cal-
culations for clusters essentially larger thidr-30, because
adding a new Ising spin multiplies the number of configura-
tions and therefore the computing time by a factor of 2. The
advantages of the present method are that there are no re-
strictions on the cluster geometry, and that the histogram
itself can be used to study the details of energetics for each
cluster.

By the method described above it is possible to study
FIG. 1. Some of the cluster geometries studied in this work. Alllsing clusters with up tdN~30 spins, while the direct nu-
the nearest-neighbor couplings except those to the atom in the cemerical diagonalization of, e.g., the spin-1/2 Heisenberg

ter are shown by lines. Hamiltoniart! is feasible for up tdN~12 spins. In this work
clusters with Heisenberg spins have mainly been studied to
clusters of interest varied between 6 and 30. The clustegxamine the effects of the Ising constraints. A more detailed
HCP-13, where 13 is the number of atoms, can be forme@ccount of Heisenberg clusters will appear in a forthcoming
from the cluster FCC-13 by rotating the triangle formed bypublication. We have also used a simple simulated annealing
the three atoms marked by, B, andC in Fig. 1, and by  procedur&*!® to search for configurations with the lowest
accordingly adjusting the nearest-neighbor couplings, resultenergy for larger Ising clusters. At low temperatures sam-
ing in an hcp stacking of triangular layers of atoms. Note thapling of thermal fluctuations by standard equilibrium Monte
the cluster FCC-13 is of cuboctahedral shape and that thearlo simulation® becomes exceedingly slow. Especially
cluster FCC-19 is an octahedron. In Fig. 1 also the clustefor models with antiferromagnetic couplings, which turn out
OCT-6, an octahedron of six atoms, is shown. Throughouto have a very complicated ground-state structure, difficulties
this work, we shall mean by a “shell” thgeometricshell  with properly weighting all meaningful parts of the configu-
defined as a set of atoms whose distances from the center gftion space appear. Therefore, in this work, sorting out all
the cluster are constant. Other kinds of definition for the shelmicrostates of the system and averaging over all significant
also exist;> which may even be more commonly used, butparts of the configuration space were chosen, while other
they are not suitable for our purposes because we are intefnethods were used mainly to obtain an independent check or
ested in the geometrical effects on the magnetic propertiesin extension to some of the results.
Then a cluster with “complete shells” is one where all lat-
tice sites within each geometric shell of the underlying lattice
up to the outermost shell are occupied by an atom. The clus- IIl. CLUSTERS WITH COMPLETE SHELLS

ters shown in Fig. 1, e.g., all have complete shells. We shall first consider clusters with complete shells to
We have computed numerical thermodynamical averagegyamine the general behavior in high external fields. In Fig.

of magnetizatioM and absolute magnetizatioh| defined 5 \ye show the magnetizatiovl at low temperatures for the

0CT-6 FCC-19

by clusters ICO-13, FCC-13, and HCP-13 as a function of the
1 N external magnetic fiel&. The step structure at zero tempera-

M = —i[kBTInZ]— - 2 s ), 2.2 ture result; from th_e c_ompetition bgtwet_an the field, wh_ich

N ¢B i=1 tends to align all spins in the same direction, and the antifer-

romagnetic coupling that favors opposite alignment between
N nearest-neighbor spingfFor bulk antiferromagnets this be-
> ) 2.3 havior is well known, and leads to the so-called field-induced
transitionst!) In each case, the last step Bt=12 results
where angle brackets denote ensemble average. The brdtem flipping of the spin at the center of the cluster, while all
force summation over all "2 Ising configurations can most the other spins have already become aligned \BithThis
conveniently be carried out by using the following algorithm.value is needed to overcome the energy of 12 nearest-
For J;;=J, the energy and consequently the probability ofneighbor couplings. To understand the origin of the other
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(¢, ,m)=(—6,+5), with M=5/13~0.38 and energy
E’'=—-6—-5B. The step in the isotherm of Fig(a& is lo-
cated where the two energies coincide=E’, i.e., at
B=2. Notice that the value(—12,3)=9 for the cluster
FCC-13 results from configurations of two different symme-
tries with degeneracies 3 and 6, of which the first one actu-
ally corresponds to the ground state of the bulk fcc antifer-
romagnet.

At finite temperatures the steps in th&(B) curves of
Fig. 2 are rounded, and curves at different temperatures can
intersect each other. Therefore, magnetization is not neces-
sarily a monotonically decreasing function of temperature,
which is another feature characteristic of the antiferromag-
netic case. This “anomalous” behavior, typical of antiferro-
magnetic couplings, is better seen in Fig. 3, where we show
the magnetization of clusters FCC-13 and BCC-15 as a func-
tion of temperature for several values of the external field.
The curve aB=1 for the latter cluster even has both a local
minimum and a local maximum. In these figures the discrete
values of M possible at zero temperature provide the pla-
teaus in the magnetization isotherms. At high temperatures
the steps in the isotherms disappear, and the usual paramag-
netic behavior is found. Fol—o naturally M—0. For
some values oB, magnetization can indeed be an increasing
function of temperature for a considerable temperature range
(cf. Ref. 5. In the case of the Ising model, this behavior can
be understood by considering the lowest-energy spin con-
figurations: For suitable values 8f>0, some excited states

FIG. 2. MagnetizatioM for three Ising clusters with=13 as  can, due to the reduction in the antiferromagnetic order, have
a function of the external magnetic fieRifor three temperatures. g larger magnetizatiom, >0 than the ground state. We shall

return to this point in Sec. VI below.

steps in the magnetization curves, a detailed study of the |n the bcc clusters with complete shells, the spin configu-
lowest-energy configurations is required. To this end, we listations display a shell-like structure at low temperatures and
in Table | these configurations Bt=0 for three cluster ge- in low external fields. This is due to two properties charac-
ometries with N=13. Notice that the last column in teristic of the bce lattice structure. First, for small clusters the
n(e ,m;), which is the low-energy part of the histogram coordination numbers of the spins at the same shell are the
described in Sec. I, directly gives the degeneracy of eackame and, second, they never have nearest neighbors at the
state. Consider now the cluster ICO-13. In the intervalsame shell. These two conditions are sufficient for the geo-
0<B<2 the ground state is, from Table I, that with metrical shell structure to determine the magnetic properties.
(e, ,m;)=(—10,+3), and the magnetization at the first pla- For the bcc lattice, the first condition can be shown to fail the
teau in the magnetization curve &&=0 is M=3/13~0.23, very first time at the tenth shell of a cluster with 259 atoms.
corresponding to energfe=—10—-3B. In the interval Based on this fact we conjecture that the shell structure of
2<B<4 the situation changes: The ground state is that wittspin configurations of bcc clusters with complete shells pre-
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TABLE I. Configurations of lowest energies Bt=0 for three Ising clusters withl=13 andJ;;=J. The
last columnn(e, ,m,) shows the number of configurations with eneegy(in units of|J|) and magnetization

m, /N.
Cluster € m, n(e, ,m;)
ICO-13 —-10 +1,+3 192,30
-6 +1,+3,x5 640,315,20
-2 +1,+3,x5 552,480,150
FCC-13 -12 +3 9
~10 + 108
-8 +1,+3 216,96
HCP-13 —14 +1 6
-12 +1,+3 18,9
-10 +1,+3 90,6
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FIG. 3. MagnetizatioM for two small Ising clusters as a func-
tion of temperaturd for different values of the external magnetic
field B.

FIG. 4. Magnetizations of FCC-25 for three geometrical isomers
(plotting symbol$ and their averagésolid curve at two different
temperatures and weighed by the appropriate degeneracy factors.

vails at least up to the cluster size of 229 atoms. tion number. For the bec structure, as described earlier, this
holds up to clusters with several hundred spins, while in the
fcc lattice situation gets complicated already for small clus-
ters due to the fact that atoms within the outermost shells can
To see whether some of the magnetic properties of clusbe nearest neighbors to each other. We have classified the
ters with complete shells are not generic, we next examingeometries for fcc and bcc clusters and calculated their geo-
clusters in which some lattice sites of the outermost shell arenetrical degeneracies.
empty. Because cohesion dominates the total energy in real As an example, for FCC-25 the maximum coordination
clusters, we can safely neglect the magnetic degrees of freeriterion yields three geometrically different configurations
dom in deciding which geometries to study. Then making thewith degeneracy factors 3, 3, and 1. If the clusters are pro-
plausible assumption that the nearest-neighbor attraction beluced in a way that the ratio of the abundances of these three
tween atoms gives the major contribution to cohesion, weyeometries is determined by cohesion only, the magnetiza-
can in each case concentrate on clusters with the maximution is simply a weighed average of these three configura-
number of nearest-neighbor couplings. This does not detetions. In Fig. 4 we show the resulting average magnetization
mine the geometry uniquely, however. The fact that for atogether with the magnetization of the three geometrical iso-
givenN there can be several geometries with the same avemers at two temperatures. Evidently, magnetization has a
age coordination number, but which cannot be transformedtepwise structure similar to that of clusters with complete
to each other by allowed symmetry operations, will be calledgshells. Due to the three different geometrical configurations,
geometrical degeneradyelow. Obviously, fcc and bec clus- extra steps resulting from each individual geometry appear at
ters are invariant under cubic symmetry operations. On théow temperatures. From Fig. 4 we observe that this effect of
other hand, because the center spin must remain fixed undgeometrical degeneracy disappears rapidly for increasing
all symmetry operations, the symmetry group is necessarily gemperature.
point group. However, the largest point group, known as However, some qualitative features can be determined by
Oy, is the full symmetry group of the cube. Therefore, thethe underlying crystal structur®” One such property
symmetry group of the cube is the largest possible symmetrfurns out to be the size dependence of magnetization. This is
group of these clusters. The main advantage of consideringemonstrated for fcc and bcc lattices in Fig. 5, where we
the symmetry groups is in finding the degeneracy factors ofhow magnetization in the presence of an external field as a
different geometries. For small clusters with complete shellsfunctionN. For the chosen values & the size dependence
the empty sites at the next shell all have the same coordinaf M is indeed very different for fcc and bcc clusters. This

IV. CLUSTERS WITH INCOMPLETE SHELLS
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0.6 : bce clusters wittN=12, ... ,27 forT=0.2 andB=0.5. For
these values, the low-lying and possibly highly degenerated
(a) excited states have practically no influence on magnetization.
LO o The magnetizatioNM of the fcc clusters turns out to be
0.4 o, = approximately proportional t@. In the fcc structure with
o © increasingc, more frustratio is induced, which results in
that more spins are able to align themselves with the external
asn a"mgn field, and this explains the observed behavior. For bcc clus-
02 —* ters with N=12, .. .,16, i.e., for increasing filling of the
* %k * K oy o * third shell, NM/c decreases with increasing, dropping to
o almost zero for BCC-16. Then it increases rapidly up to the
o 0 oog BDO0DO0Opao g oo cluster withN=27, which has complete shells again. How-
0.0 ever, at the same time the coordination number decreases
0.6 | | : : monotonically from 4.25 for BCC-16 to 4.15 for BCC-27.
With bcc clusters witiN<9 (data not show) the magneti-
(b) zation monotonically increases as a function of coordination,
when the second shdlhe first shell being the center spis
0.4 ¢ . ] filled, which is easy to understand because the added spins
g B are coupled only to the spin in the center. We can then con-
= ° 8 . - o clude that it is not the average coordination but the size and
i fo geometry of the cluster which dominate in bcc clusters,
02 o o while the magnetization of fcc clusters is mainly determined
o¥®° by the average coordination number.
o . The qualitative differences between the trends in mag-
E netic behavior of fcc and bcc clusters for increadigan be
0'012 15 18 21 24 27 understood by considering the detailed structure of magnetic
N ordering. A crucial difference is that in bcc clusters atoms
never have nearest neighbors within the same shell. There-
FIG. 5. Magnetizations ofa) fcc and(b) bee clusters in four — fore, becaus&\ is increased by adding one spin at a time at
different applied fields at temperature=T.0. a given shell into a similar environment, the effects due to
subsequent new spins add up. In fcc clusters the opposite is
provides an indirect method to determine the crystal structrue: Spins within a given shell have nearest-neighbor cou-
ture from the observed macroscopic behavior. However, welings between them, and due to the criterion of maximum
note that the characteristic features of magnetization for eactohesion used in building these clusters, new atoms are pref-
structure can also depend @n erentially added into locations where there already are neigh-
Qualitative differences between the magnetic propertiebors within the same shell. This leads to a smaller magneti-
of fcc and bcc clusters also appear in their dependence on thiation for fcc clusters than for bcc clusters at low
average coordination number This is most clearly seen at temperatures and in weak external fields, which is also con-
low temperatures with a low but nonzero external magnetisistent with the qualitative conclusions on the role of frustra-
field. This is the case in Fig. 6, where we show the ratio oftion in Ref. 10.
total magnetizatioNM andc as a function ot for fcc and

)
-0 a0
o mo
o ®
om0
w
It
5

(13 ]
O %M

V. EFFECTS OF LOCALLY MODIFIED

3 T T T COUPLING STRENGTHS
o-—27 T=0.2 _ .
o In real clusters the strength of the magnetic interaction
o B=0.5 between two spins is related to the overlap of electron wave
2+ o . functions!! Supposedly this overlap is smaller on theface
{ 2 o than in the bulk. To study the possible effect of this on the
S | u] observed magnetic properties, we have first generalized our
Z o o model to a case in which the coupling parameebetween
F g B . T surface and core spins is smaller than between core spins.
= . - For small clusters, it is reasonable to define a “surface
oo N5 (] ghsese '-'- atom” as one with the coordination number smaller than the
17,"?,16 ! L average coordination of the cluster. With the cluster sizes
03 4 5 6 7 considered in this work, for fcc clusters about a half and for
e bcc clusters more than a half of the atoms are surface atoms.

Then we set the coupling strengfly between the surface
FIG. 6. Total magnetizatiohl M per average coordination num- and the core atoms to be 2/3 of the core value. The results
ber ¢ as a function ofc for bcc (open squarésand fcc (filled  (not shown hergfor clusters with both complete and incom-
square clusters of sizes from 12 to 27 atoms at temperatureplete shells are qualitatively very similar to the cases de-
T=0.2. scribed above. As expected, in some cases extra steps appear
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show the results for the corresponding nonrandomized clus-
ter. We can conclude that the overall structure of the magne-
tization isotherms is not affected by random couplings after
all averages are done. This is consistent with the result in
Ref. 16 that small distortions of the geometry of the;Ni
cluster do not change the level structure of low-lying states.
Another observation from Fig. 7 is that the extra steps in the
M=M(B) curves of individual realizations of the random-
ness disappear for increasidglready at quite low tempera-
tures, and the convergence Mf as a function od is quite
rapid. We find that both fcc and bcc structures are rather
insensitive to random couplings in this sense.

The general picture obtained from above indicates that
10 : ' : : m_agnetic properties for a given geometry can be pred_icted

without exact knowledge about individual coupling

strengths. This rather encouraging result can be interpreted in
the following way. Two clusters with different seftg;;} but
with sameN can actually be considered as two different
geometrical forms. However, this differs from the case of
clusters with incomplete shells discussed in Sec. IV in that
the number of “acceptable” isomers is much larger here.
Therefore, fluctuations due to the randomness can be
smoothened out already at relatively low temperatures.
Based on the geometrical interpretation{df }, we can also
conclude that this should also be the case for more general
random couplings than the binomial distribution used
above®®

FIG. 7. Magnetization of the fcc cluster with 12 spins averaged VI. FRUSTRATION
overd= 2, 10, and 25 different random sets of couplings compared AND THE SUPERPARAMAGNETIC MODEL
with the magnetization of the nonrandomized FCC-12 clustelid
curve at temperature&a) T=0.2 and(b) T=1.0. Besides the usual high-temperature paramagnéfis’m,
finite ferromagneticclusters a completely different phenom-
in the magnetization curves, partly due to the “incommen-€non, superparamagnetism, has been obsérvedt low
surate” value 2/3 chosen here. Also, the role of surface spinimperatures a ferromagnetic cluster can appear as a single

as described in previous sections is more prominent due tgiant paramagnetic spin, formed by the atomic magnetic mo-
the softer coupling with the core spins. ments ferromagnetically aligned to produce the total mag-

Next we consider a more general case in whighis netic moment of the cluster. In the case of free clusters,

allowed to varyrandomly The physical picture behind this rotation of this paramagnetic spin is made possible by cou-
possibility is that due to various relaxation processes, smaRling via magnetic anisotropy of the spin angular momentum
clusters do not necessarily have the exact symmetry of anip cluster rotatlon_§.F0r an lIsing ferromagnet this kind of
Bravais lattice'®!® Thus because of the varying nearest- Superparamagnetism leads to magnetization

neighbor distances, the value&f is expected to vary within

a cluster. For this study, we chose two possible values for M Bu
Jj; differing from each other by a factor of 2/3. The choice of M= Ntan KT/
only two possible values makes the numerical work based on

the algorithm described in Sec. Il easier without affectingwhere the effective total magnetic momenbf the cluster is

our main conclusions. Now the thermodynamic averagesvell approximate®’® by u(T)~N|M|1 go. For a cluster of
have to be calculated over different realizations of frigen  classical Heisenberg spins the corresponding magnetization
disorder Notice that the coupling structure and the coordi-is given by the Langevin functioh.

nation numbers of spins within a given geometry remain The tanh function of Eq(6.1) is of course a result of the
unchanged. For clusters with incomplete shells, we then havievo-state nature of an Ising system, and it is obvious how
to average also over the different geometrical isomers as dentiferromagneticlsing clusters could in principle produce
scribed in Sec. IV. The magnetic properties of these clustersimilar kind of behavior. Consider first a nonfrustrated sys-
were calculated in such a way that a certain number, to beem with nearest-neighbor antiferromagnetic couplings on a
denoted byd below, of randomly picked realizatiods;;} of  bipartite lattice structure which can be decomposed into two
coupling disorder for each geometrical isomer was generinterpenetrating sublattices A and(B.g., the bcc structuye
ated. The final observed magnetization is then the properhjt very low temperatures witif,B<|J|, the two sublattices
weighted average over all these isomers. Typical magnetizaare magnetized in opposite directions. In a finite system it
tion curves are shown in Fig. 7, where the plotting symbolscan happen that the nhumber of spins in the two sublattices
denote results for various values df and the solid lines differ, i.e.,Nao# Ng, which leads to net magnetization at low

(6.9
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TABLE Il. Configurations of lowest energies Bt=0 for four small Ising clusters with complete shells
andJ;j=J. The last columm(e, ,m;) shows the number of configurations with enekgy(in units of [J|)
and magnetizatiom, /N. For the cluster OCT-6 all configurations are listed.

Cluster € m, n(e, ,m;)
BCC-15 —-32 *1 1
-24 +1,+3 8,6
—20 +1 24
BCC-27 —56 +11 1
—52 *9 12
—48 *7,%9 66,6
FCC-19 —20 *1,£3,x5 48,21,3
-18 +1,+3 308,84
-16 +1,+3,*%5 1014,300,12
OCT-6 -4 02 12,3
0 0,2 8,12
+4 +4 6
+12 *6 1

temperatures. For an Ising antiferromagnet there would be igtates fh,=*=9) is lower than that of the ground state
this case two dominating configurations with a total mag-(m,= +11), which leads to decreasinlyl| with increasing
netic momentu~|N,—Ng|. Two such examples, the clus- temperature.

ters BCC-15 and BCC-27 witp~|m,|=1 andu~11, re- We shall next consider thizustrated cases at low tem-
spectively, can be found in Table Il. In the ferromagneticperatures and in weak external fields. The sensitivity of the
case Eq.(6.1) is a surprisingly good approximation up to magnetic properties to lattice structure became obvious while
temperatures a few times the coupling constaror Ising discussing the Fig. 2 in Sec. lll. Interestingly, the clusters
antiferromagnets the situation is different, however. For ferF-CC-13 and HCP-13 are expected to behave like superpara-
romagnets in the superparamagnetic region, the length of tHeagnets because of the simplicity of their ground states at
superparamagnetic “spin” ig.~N, whereas for antiferro- B=0: for these clusters one finds from Table | that
magnets it is considerably lower, roughly proportional to theMr= =3 andm,=x1, respectively. The fact that the num-
surface area of the cluster. Thus, for the latter, thermallyPer Of such configurationsi(e; ,m;), is different from unity
excited single spin flips can result in a much larger relativehas no consequences on &6.D). Notice that in Figs. &)
change in the total magnetic moment of the cluster, and con‘rj—md Zc) the difference by a factor of 3 between the two
sequently, a clear deviation from the low-temperature super-

paramagnetic magnetization occurs much earlier.

In Fig. 8 we show the behavior of the central quantity of 0.30 | 1CO—13
an Ising superparamagnetyl| at B=0, as a function of \ 85— FCC—13
temperature for six small antiferromagnets. It is evident that ! —s8 HCP—13
no simple and coherent behavior can be found in this case of 0.25 - \\ --------- BCC-15 |
antiferromagnets. It is even impossible to tell apart frustrated \ — — —BCC-27
(ico,fce,hep and nonfrustratedbeo structures. The qualita- \ —-—-FCC-19
tive features of the curves in Fig. 8 can, however, be ex- 0.20

plained. The increase dM| with increasing temperature,
beginning at intermediate temperatures, is a result of the in-
crease of disorder with increasing temperature. Disorder 0.15
counteracts the tendency of the antiferromagnetic order to

reduce the net magnetic moment of the cluster. The behavior

at low temperatures, on the other hand, is determined by the 0.10
detailed structure of the configurations with lowest energies.
For the cluster BCC-15, e.g., the absolute magnetization of
the ground state ¢=-32) is, from Table Il

M|

0.05 ' L L

[M|=|m,|/N=1/15. With increasing temperature excited 0 2 4 6 8
states become noticeable, first those with=—24 and T

m,= *1,+3, which means that the absolute magnetization

increases with temperatuf&For the cluster BCC-27, an op- FIG. 8. Absolute magnetizatioM| atB=0 for six small Ising

posite situation occurs. The magnetization of the first excitedlusters as a function of temperature
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0.3 ' ' ' (a) CO—147
t=+3
t=+2

t=-+1

t=—1

t=—2
t=—3

o
FIG. 9. Magnetization of the Ising cluster FCC-19 as a function I
of the external magnetic fielB. The solid curves show the exact o
averages over all configurations and the plotting symbols denote the

low-temperature approximations given by E6.3). FIG. 10. (a) Ground-state configuration Bt=0 of the cubocta-
hedron with N=147 spins. Open circles denote spins with
effective u’s as given bym,’s can directly be seen in the s— 11 and solid circles those wits = — 1. (b) Ordering of the
slopes neaB=0 of the respective magnetization curves for fcc(100) facet formed by the atoms in the laye= + 3.
T=0.5. Despite the fairly similar geometries of these two ] .
clusters, the response to an external fiBlf HCP-13 is, ~have been neglected is onlye=2. This corresponds to re-
because of the value gf, closer to that of ICO-18see Fig.  Versing the sign of the coupling energy of one pair of nearest
2(a)] than to that of FCC-13. However, from Table I, ICO-13 Neighbors. The effect of the omission of these configurations
has a more complicated ground stateBat0 which has IS further amplified by their contribution to entropy which
m,==1,+3. Therefore the functional form ofl is not reflects their relatively high values of(e, ,m;) due to frus-
given by tanh in this case. tration. Notice that the tanh function in E@.2) has nothing
When another shell of atoms is added to FCC-13, FCC-14P do with the simple superparamagnetic description; in this
is formed. This cluster can no more be regarded as a simpfg@se it results from three different values of the effective
superparamagnet: From Table II, its partition function can bénagnetic moment4{=1,3,5). o
approximated at low temperatures and small external fields N addition to the data shown here, we have done similar
by taking into account the configurations with= — 20, with ~ @nalysis of other cluster geometries with consistent conclu-

the result sions. For antiferromagnets in general, the energy @aost
units of J) of single spin excitations is, due to frustration,
Zrce .16~ €2YKT 3x5+ 21x3 lower for close-packedfcc), and otherwise densely packed

(ico) structures, than for more loosely packéelg., bcg
+48+48 1 +21x*+3x7%], (6.2 gtructures. This is of course in contrast with the ferromag-
_ : ‘At netic case.
\i/;/hgei\rg; b(;xp(B/kT). From this the magnetization of FCC-19 One case of special interest is the cuboctahedral cluster
geometry? with the fcc close-packed lattice structure. The
" 1t I‘( B )[ 4 sintt(B/KT) number of atoms in such clusters with complete shells, as
Fcc -16~ g=tann — + : defined in Ref. 13, can have valuds=13,55,147,309. . . .
S7 kT 3+2sintr(B/kT) In Fig. 10@ we show the conjectured ground-state configu-
1 5 ration of the Ising antiferromagnet CO-147. This state con-
~ 5717 T OUB/KT)). (6.3  sists of alternating ordered layers in tli£00) direction,
within which the spins are aligned either “up” or “down,”
In Fig. 9 the result, Eq(6.3), is compared with the result of which is exactly the structure of the ground state of the fcc
a brute force calculation over all significant states shown bybulk Ising antiferromagnet aB=0. For the cuboctahedra,
the solid lines. As expected, agreement between the resultsi®wever, the ground state is highly degenerate. First, there is
excellent at lowest temperatures. However, a clear deviatiothe usual degeneracy arising from the cubic symmetry. Sec-
from the exact result is observed alreadyiat0.6. The rea- ond, in the middle of the topmost and lowerm{Bb0) facets
son for this early deviation is readily seen from Table II: Thethere are spins that can flip “almost freely”: They are de-
difference in the coupling energy between the states taken noted by letters A—D in Fig. 10). They have four nearest
into account in Eq(6.2) and the lowest excited states that neighbors in their own positively magnetized; € +1)
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layer /=3 and other four nearest neighbors w8k —1 in 0.6 E55EoE | — |

the layer/=2. Thus, any of the spins A—D can be reversed ffoq o

without cost in energy, if their neighbors within the same o4 - "o (&) |

layer haveS, = +1. This means that, #=0 and at a time, ) o,

up to four spins can be reversed at two opposite facets of this i T DDUUDDDD

cluster, without cost in energy. Of course, itis not possibleto 02 LT —_—

verify this conjecture for the ground state by going through = LT

all the 2V spin configurations, but we have checked it for 0.0 ~ 7 =

cuboctahedra of sizeN=55-309 by a standard simulated N T o BCC—14

annealing procedutéwith a total simulation length of £0 02}k e i

Metropolis steps per spin. These simulations easily reach the * BCC=27

bulklike configurations, but none have been obtained with a —04 | | ! {

lower energy. Also, it is easy to verify by simple bond- ’

counting arguments that, if the ground state is bulklike, there 0.6 | | | ,

must be “free” spins just as described above. Thus, in a

cuboctahedron withN=55, there does existf. Ref. 10 free o4 L CY

spins atB=0, surprisingly not on the “frustrated” triangular ’

(111) facets but on theg100 facets. The cluster CO-13 800, K N

(FCC-13 is an exception because of the small size of these 0.2 P *D/D o .;'; OooooopnoooooOcoo o)

facetS. E l**-#*\*****************
For the clusters with fcc lattice structure, we conclude that 0.0 ¥ / T

at low temperatures and in weak applied fields, already for v o FCC—14

relatively small cluster sizes the behavior is that of the bulk o2k ! -

antiferromagnet modified by surface effects. In Sec. VIl we \ ! *» FCC-27

give some more evidence that the ground-state spin configu- —04 S | ) {

ration of even a 14-atom cluster resembles very much the o 1 2 3 4 5

bulk configuration. However, it is the surface effects which T

produce the observemet magnetization, and this makes the o
behavior somewhat unpredictable. In the case of the cuboc- F!G- 11. Absolute magnetizations (i) BCC-14 and BCC-27

tahedral shape, the surface spiwhich here means the spins and (b) FCC-14 and FCC-27 Clus.ters. at temperattire 1.0. Th.e

not quenched to the bulk ordeare divided into two inde- second derivatives of the magnetization curves of clusters with 14
pendent domains on facets on the opposite sides of the clugpd 27 atoms are shown with dashed and solid lines, respectively.
ter. For other geometries, there are cases in which the surface
spins form a connected net which spreads over the WhoI%

cluster. This net can be either strongly connected, or it cat} o thermodynamic limit, approaches the usudeNem-
consist O.f domains only weaklfthrough 0”9.59‘“‘ con-- perature. In this case a sharp transition is replaced by a
nected with each other. Therefore, no generic “phase dla],

i b tructed in th tif i rounded cross-over, but it is, however possible to speak
gram can be constructed in the antiferromagnetic case. — ghoyt a low-temperature ordered phase and a high-

temperature disordered or paramagnetic phase, as we have
VII. FINITE-SIZE TRANSITIONS done in previous sections. The ordered phase of antiferro-
) ) ] N _ magnetic spin clusters is characterized by a stepwise struc-
We have also investigated possible “phase transitions™ inyyre of magnetization as a function of the external field.
these finite systems by calculating absolute magnetization qfjnjte-size effects on magnetic transitions have extensively
different shells of the cluster and in the case of bcc clustergeen studied?-1822-24and it is not necessary to discuss them
also the sublattice magnetization. Typical results for the subin, more detail here. We only notice that real clusters exem-
lattice magnetization of bcc clusters are shown in Figajll lify systems for which the introduction of the concept of
The first zero of the second derivative or the turning point Ofﬁnite-size transitionseems indeed very prop&t.
the magnetization curve can be considered as the point sepa-
rating the ordered. antiferromagnetic phasg from the disor- VIII. DISCUSSION AND CONCLUSIONS
dered paramagnetic phase. As expected, this point, known as
the Neel temperature in the bulk limit, is shifted towards We shall now briefly discuss the experimental relevance
higher temperature with increasing system size. In fcc clusef our results. In the ferromagnetic case, it has been shown
ters the situation changes to some extent, as seen from Figarlier that Ising model is able to provide a reasonably good
11(b). The difference between the Bldemperatures of clus- qualitative description of some phenomena like superpara-
ters FCC-14 and FCC-27 is considerably smaller than thamagnetism as observed in the experiments. However, it is
for bece clusters of the same sizes, almost negligible. This isvell known that the difference between the Ising description
consistent with the conclusion made in Sec. VI that, at lowand real quantum interactions is much more pronounced in
temperatures, the magnetic ordering at the innermost shells ike antiferromagnetic than in the ferromagnetic case. For ex-
very similar to that in an infinite fcc lattice already for very ample, the ground state of a Heisenberg antiferromagnet
small clusters. As mentioned above, the results shown hemoes not usually have a simple correspondence with that of a
are typical of all small clusters considered in this work. system with classical spifé:?® To consider this point, we

We have demonstrated that, in these finite-size systems, it
possible to speak of a “transition” temperature which, in
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freedom becomes more complicated. One would therefore
expect more steps in th#(B) curves. A similar effect
would also result from the fact that in realistic situations
several structural isomers can coexist. However, as shown in
this work, these complications do not seem to change the
properties of antiferromagnetic clusters in a qualitative way.
In particular, within a given model for a known lattice struc-
ture, the magnetic behavior is not strongly dependent on the
details of the set of exchange energ{dg}, which makes
possible even quite crude approximations to the correspond-
ing exchange integrals. This indicates that qualitative ther-
modynamic properties of small antiferromagnetic clusters
could reasonably well be described by suitably chosen spin
Hamiltonians, for which the coupling parameters can be ob-
tained from first-principles calculations if desired.

To summarize, we have considered in detail the magnetic
properties of small antiferromagnetic clusters within the

framework of the nearest-neighbor Ising model. For external
B fields large compared with the strength of the coupling be-
tween spins, we observe a step-wise structure of magnetiza-

FIG. 12. Magnetization as a function of the external magnetic,. hich Its f field-ind d o in the |
field B of the cluster OCT-6 for théa) Ising model andb) spin-1/2 tion, which results from field-induced transitions in the inter-

Heisenberg model. Iiib), the units have been chosen to coincide nal magqetic order of "’,‘ cluster. In the'pre.sence of a finite
with those of the Ising model. external field, we also find that magnetization can be an in-
creasing function of temperature for a considerable tempera-

have studied a few small spin-1/2 Heisenberg clusters. AUré range. These features were found, at low temperatures,
typical result is shown in Fig. 12. For the octahedron witht© strongly depend on the lattice structure of the clusters, but
N=86, the main effect of including th8, andS, components ~ ¢an be understood by examining the lowest-lying excited
in the model seems to be to double the steps in the magn&tates in each case. Within each lattice structure, even for
tization curves. The characteristic features of the antiferrononideal structures, the magnetic properties were found to be
magnetic case remain the same: The ground state can charigéher robust against local modifications of the strength of
as a function of the external field, and B0 the magne- 1€ antiferromagnetic couplings between spins. We also ex-
tization is not necessarily a monotonic function of tempera@Mined the possibility of observing low-temperature super-
ture. For many geometries some of the steps in magnetiz@aramagnetism in the antiferromagnetic case. Concerning

tion isotherms are doubled, in some cases they are onigntiferromagnetic ordering, we found that, despite the con-
shifted to a different value oB. Also. it is evident that at Siderable finite-size effects, clusters as small as 20 spins can

very low temperatures and in small applied fields the direcdisPlay bulklike thermodynamic properties. We would ex-

tion of magnetization of real clusters is determined by latticeP€Ct that our main conclusions will hold for clusters of at
anisotropy like in bulk magnetism. This is true for least several tens of spins even though most of the computa-

ferromagnetit and antiferromagnetic clusters alike. How- tions were only perfprmed fpr clusters with less than 3Q
ever, very much as in the ferromagnetic chsbere is an spins. However_, we find no simple general sche_me for anti-
antiferromagnetic blocking temperature above which thermal€'fomagnets, like the one the superparamagnetic model pro-
energy exceeds the magnetic anisotropy energy. Thereforéides for the present understanding of the experimental re-
above this blocking temperature, the directionsfblattice Sults' on ferromagnetlc clustgrs. An intriguing qbservanon is
magnetization can freely rotate with respect to the latticdhat it seems possible to distinguish between d_|ffe_rent crystal
structure, and both Ising and Heisenberg models should pr&iructures from the dependence of magnetization on the
vide an adequate qualitative description. atom_|c numbe.r of the cluster, i.e., from observable macro-
For a complete description of magnetic properties, oneCOPIC properties.

should naturally first calculate the ground state geometry of
the cluster and actually carry out a full calculation of the
electronic structurd Due to relaxation processes, the cluster
is not expected to have the ideal symmetry of a crystal lattice This work has been supported by the Academy of Finland
in most cases. An obvious consequence would then be thand the University of Jywskyla One author(J.M.) also
the structure of energy level$or the magnetic degrees of thanks the Emil Aaltonen Foundation for financial support.
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