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Antiferromagnetic order and frustration in small clusters

E. Viitala, J. Merikoski, M. Manninen, and J. Timonen
Department of Physics, University of Jyva¨skylä, P.O. Box 35, FIN-40351 Jyva¨skylä, Finland

~Received 9 December 1996!

Magnetic properties of small antiferromagnetic clusters are studied within the framework of the nearest-
neighbor Ising model. We analyze in detail several cluster geometries with different lattice structures and
examine the competing effects due to antiferromagnetic order, frustration, and external field. For some geom-
etries in the presence of an external magnetic field, magnetization is found to increase with increasing tem-
perature in a considerable temperature range. We also consider conditions under which antiferromagnetic
clusters can display superparamagnetic behavior. In general, magnetization is found to depend strongly on the
lattice structure of the cluster, but to be rather insensitive to local modifications of the coupling strength. The
approach towards the bulk properties for increasing cluster size and the possibility of deducing the lattice
structure from the observed magnetic behavior are discussed.@S0163-1829~97!08517-2#
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I. INTRODUCTION

The magnetic properties of atomic clusters have attrac
intense experimental, practical, and theoretical inte
recently.1–4 The effects of finite size and reduced dimensio
ality appear to play the key role for clusters with size up
several hundred atoms. The experimental results for sm
ferromagnetic iron5 and cobalt6 clusters can mostly be unde
stood within the framework of a simple superparamagn
model.2,3 The most unexpected feature of some measu
ments has been the reportedincreasein magnetization with
increasing temperature.5,7 A similar behavior of terbium
clusters has been proposed to result from antiferromagn
couplings between the atomic magnetic moments.8 However,
there has been some controversy as to the determinatio
the cluster temperature in the experiments,7,9 and the physics
underlying these observations is not well understood.

In this paper, we consider systematically the effects
antiferromagnetic couplings on the magnetic properties us
the nearest-neighbor Ising model. Within this model, qu
tative differences in magnetization between icosahedral
cuboctahedral lattice structures have already been exam
by Reddy and Khanna10 by using Monte Carlo simulations
In that work the effect of finite size on the frustration inhe
ent in the lattice structure was found to be strongly dep
dent on geometry. In the present work, this picture is sha
ened by a detailed study of magnetic ordering in differ
geometries and lattice structures. Our results for clusters
to 30 spins are obtained by numerical computations for
relevant Hamiltonians. After defining the model in Sec.
and discussing the generic features of magnetization for c
ters with ideal geometry in Sec. III, we shall consider le
ideal cases: We examine clusters with incomplete geome
shells in Sec. IV and effects of modified interactions f
surface spins and frozen disorder in Sec. V. In addition to
case of weak external magnetic fields studied in Ref. 10,
consider in particular the behavior in the presence of a fi
strong enough to override the exchange energy betw
spins. In the antiferromagnetic case fairly large~in units of
the coupling constant! values of the field can actually b
appropriate, because antiferromagnetic couplings are t
550163-1829/97/55~17!/11541~11!/$10.00
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cally weaker than the ferromagnetic ones in, e.g., the tra
tion metals.11 We shall be mainly concerned with the beha
ior at low temperatures, for which the phenomena related
antiferromagnetic ordering are most pronounced. We a
discuss the possibility of a superparamagnetlike behavio
weak external fields for some cluster geometries in Sec.
and finite-size ‘‘transitions’’ in Sec. VII. Overall, we find th
magnetic properties to be strongly dependent on the lat
structure of the cluster so that no generic ‘‘phase diagra
for small clusters can be constructed. However, the effect
locally varying strength of the coupling constants due to s
face effects and disorder seem to be less prominent. Fin
we shall discuss the experimental relevance of our con
sions in Sec. VIII.

II. MODEL AND METHOD

We have used the nearest-neighbor Ising model,11 where
each atom labeled byi in the cluster ofN atoms with a given
geometry has a localized spin described by an Ising varia
Si561. The magnetic energy of a microstate with spin co
figuration$Si% is given by

E~$Si%!52(
^ i , j &

Ji j SiSj2gmBB(
i51

N

Si , ~2.1!

where^ i , j & denotes a pair of nearest neighbors,Ji j are the
coupling strengths (Ji j,0 for antiferromagnets!, and B is
the external magnetic field. For clusters with a constant c
pling strength we have definedJi j[J, and for the other case
described in Sec. V we denote byJ the average ofJi j over
all couplings within the cluster. The units of temperature a
external field are then fixed by the choicesJ521,
gmB51, andkB51. In the rest of this paperJi j[J unless
stated otherwise.

Some of the studied cluster geometries are shown in
1. While icosahedra~ICO! and cuboctahedra are expected
be the most stable shapes at low temperatures,12 also clusters
with fcc, hcp, and bcc lattice structures were studied to p
vide further examples of the effects of lattice structure and
address the role of frustration. The number of atoms in
11 541 © 1997 The American Physical Society
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11 542 55VIITALA, MERIKOSKI, MANNINEN, AND TIMONEN
clusters of interest varied between 6 and 30. The clu
HCP-13, where 13 is the number of atoms, can be form
from the cluster FCC-13 by rotating the triangle formed
the three atoms marked byA, B, andC in Fig. 1, and by
accordingly adjusting the nearest-neighbor couplings, res
ing in an hcp stacking of triangular layers of atoms. Note t
the cluster FCC-13 is of cuboctahedral shape and that
cluster FCC-19 is an octahedron. In Fig. 1 also the clu
OCT-6, an octahedron of six atoms, is shown. Through
this work, we shall mean by a ‘‘shell’’ thegeometricshell
defined as a set of atoms whose distances from the cent
the cluster are constant. Other kinds of definition for the sh
also exist,13 which may even be more commonly used, b
they are not suitable for our purposes because we are i
ested in the geometrical effects on the magnetic proper
Then a cluster with ‘‘complete shells’’ is one where all la
tice sites within each geometric shell of the underlying latt
up to the outermost shell are occupied by an atom. The c
ters shown in Fig. 1, e.g., all have complete shells.

We have computed numerical thermodynamical avera
of magnetizationM and absolute magnetizationuM u defined
by

M5
1

N

]

]B
@kBTlnZ#5

1

N K (
i51

N

Si L , ~2.2!

uM u5
1

N K U(
i51

N

SiU L , ~2.3!

where angle brackets denote ensemble average. The
force summation over all 2N Ising configurations can mos
conveniently be carried out by using the following algorith
For Ji j[J, the energy and consequently the probability

FIG. 1. Some of the cluster geometries studied in this work.
the nearest-neighbor couplings except those to the atom in the
ter are shown by lines.
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each microstate labeled byr are determined by two integer
e r andmr , the energy in zero external field and the unno
malized magnetization of the spin configuration, resp
tively. For a given cluster geometry a two-dimensional h
togram n(e r ,mr) can be formed, in which for each pa
(e r ,mr) the number of configurations giving these values
saved. This histogram does not grow very larg
2N<mr<N and2NJ<e r<NJ , whereNJ is the number of
nearest-neighbor couplings. Now the averagesM and uM u
can be computed at any temperature simply as a sum
the histogram. The most time-consuming task, the sor
out of the configurations into the histogram, has to be do
only once for each cluster geometry. The generalization
this procedure for cases whereJi j can have several differen
values is rather obvious and is not discussed here. With
exploiting any symmetries it is difficult to extend these c
culations for clusters essentially larger thanN'30, because
adding a new Ising spin multiplies the number of configu
tions and therefore the computing time by a factor of 2. T
advantages of the present method are that there are n
strictions on the cluster geometry, and that the histogr
itself can be used to study the details of energetics for e
cluster.

By the method described above it is possible to stu
Ising clusters with up toN'30 spins, while the direct nu
merical diagonalization of, e.g., the spin-1/2 Heisenb
Hamiltonian11 is feasible for up toN'12 spins. In this work
clusters with Heisenberg spins have mainly been studie
examine the effects of the Ising constraints. A more deta
account of Heisenberg clusters will appear in a forthcom
publication. We have also used a simple simulated annea
procedure14,15 to search for configurations with the lowe
energy for larger Ising clusters. At low temperatures sa
pling of thermal fluctuations by standard equilibrium Mon
Carlo simulations15 becomes exceedingly slow. Especial
for models with antiferromagnetic couplings, which turn o
to have a very complicated ground-state structure, difficul
with properly weighting all meaningful parts of the config
ration space appear. Therefore, in this work, sorting out
microstates of the system and averaging over all signific
parts of the configuration space were chosen, while ot
methods were used mainly to obtain an independent chec
an extension to some of the results.

III. CLUSTERS WITH COMPLETE SHELLS

We shall first consider clusters with complete shells
examine the general behavior in high external fields. In F
2 we show the magnetizationM at low temperatures for the
clusters ICO-13, FCC-13, and HCP-13 as a function of
external magnetic fieldB. The step structure at zero temper
ture results from the competition between the field, wh
tends to align all spins in the same direction, and the anti
romagnetic coupling that favors opposite alignment betw
nearest-neighbor spins.~For bulk antiferromagnets this be
havior is well known, and leads to the so-called field-induc
transitions.11! In each case, the last step atB512 results
from flipping of the spin at the center of the cluster, while
the other spins have already become aligned withB. This
value is needed to overcome the energy of 12 near
neighbor couplings. To understand the origin of the oth

l
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55 11 543ANTIFERROMAGNETIC ORDER AND FRUSTRATION IN . . .
steps in the magnetization curves, a detailed study of
lowest-energy configurations is required. To this end, we
in Table I these configurations atB50 for three cluster ge-
ometries with N513. Notice that the last column in
n(e r ,mr), which is the low-energy part of the histogra
described in Sec. II, directly gives the degeneracy of e
state. Consider now the cluster ICO-13. In the inter
0,B,2 the ground state is, from Table I, that wi
(e r ,mr)5(210,13), and the magnetization at the first pl
teau in the magnetization curve atT50 is M53/13'0.23,
corresponding to energyE521023B. In the interval
2,B,4 the situation changes: The ground state is that w

FIG. 2. MagnetizationM for three Ising clusters withN513 as
a function of the external magnetic fieldB for three temperatures.
e
t

h
l

h

(e r ,mr)5(26,15), with M55/13'0.38 and energy
E852625B. The step in the isotherm of Fig. 2~a! is lo-
cated where the two energies coincide,E5E8, i.e., at
B52. Notice that the valuen(212,3)59 for the cluster
FCC-13 results from configurations of two different symm
tries with degeneracies 3 and 6, of which the first one ac
ally corresponds to the ground state of the bulk fcc antif
romagnet.

At finite temperatures the steps in theM (B) curves of
Fig. 2 are rounded, and curves at different temperatures
intersect each other. Therefore, magnetization is not ne
sarily a monotonically decreasing function of temperatu
which is another feature characteristic of the antiferrom
netic case. This ‘‘anomalous’’ behavior, typical of antiferr
magnetic couplings, is better seen in Fig. 3, where we sh
the magnetization of clusters FCC-13 and BCC-15 as a fu
tion of temperature for several values of the external fie
The curve atB51 for the latter cluster even has both a loc
minimum and a local maximum. In these figures the discr
values ofM possible at zero temperature provide the p
teaus in the magnetization isotherms. At high temperatu
the steps in the isotherms disappear, and the usual para
netic behavior is found. ForT→` naturally M→0. For
some values ofB, magnetization can indeed be an increas
function of temperature for a considerable temperature ra
~cf. Ref. 5!. In the case of the Ising model, this behavior c
be understood by considering the lowest-energy spin c
figurations: For suitable values ofB.0, some excited state
can, due to the reduction in the antiferromagnetic order, h
a larger magnetizationmr.0 than the ground state. We sha
return to this point in Sec. VI below.

In the bcc clusters with complete shells, the spin config
rations display a shell-like structure at low temperatures
in low external fields. This is due to two properties chara
teristic of the bcc lattice structure. First, for small clusters
coordination numbers of the spins at the same shell are
same and, second, they never have nearest neighbors a
same shell. These two conditions are sufficient for the g
metrical shell structure to determine the magnetic propert
For the bcc lattice, the first condition can be shown to fail t
very first time at the tenth shell of a cluster with 259 atom
Based on this fact we conjecture that the shell structure
spin configurations of bcc clusters with complete shells p
TABLE I. Configurations of lowest energies atB50 for three Ising clusters withN513 andJi j[J. The
last columnn(e r ,mr) shows the number of configurations with energye r ~in units of uJu) and magnetization
mr /N.

Cluster e r mr n(e r ,mr)

ICO-13 210 61,63 192,30
26 61,63,65 640,315,20
22 61,63,65 552,480,150

FCC-13 212 63 9
210 61 108
28 61,63 216,96

HCP-13 214 61 6
212 61,63 18,9
210 61,63 90,6
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11 544 55VIITALA, MERIKOSKI, MANNINEN, AND TIMONEN
vails at least up to the cluster size of 229 atoms.

IV. CLUSTERS WITH INCOMPLETE SHELLS

To see whether some of the magnetic properties of c
ters with complete shells are not generic, we next exam
clusters in which some lattice sites of the outermost shell
empty. Because cohesion dominates the total energy in
clusters, we can safely neglect the magnetic degrees of
dom in deciding which geometries to study. Then making
plausible assumption that the nearest-neighbor attraction
tween atoms gives the major contribution to cohesion,
can in each case concentrate on clusters with the maxim
number of nearest-neighbor couplings. This does not de
mine the geometry uniquely, however. The fact that fo
givenN there can be several geometries with the same a
age coordination number, but which cannot be transform
to each other by allowed symmetry operations, will be cal
geometrical degeneracybelow. Obviously, fcc and bcc clus
ters are invariant under cubic symmetry operations. On
other hand, because the center spin must remain fixed u
all symmetry operations, the symmetry group is necessar
point group. However, the largest point group, known
Oh , is the full symmetry group of the cube. Therefore, t
symmetry group of the cube is the largest possible symm
group of these clusters. The main advantage of conside
the symmetry groups is in finding the degeneracy factors
different geometries. For small clusters with complete she
the empty sites at the next shell all have the same coord

FIG. 3. MagnetizationM for two small Ising clusters as a func
tion of temperatureT for different values of the external magnet
field B.
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tion number. For the bcc structure, as described earlier,
holds up to clusters with several hundred spins, while in
fcc lattice situation gets complicated already for small clu
ters due to the fact that atoms within the outermost shells
be nearest neighbors to each other. We have classified
geometries for fcc and bcc clusters and calculated their g
metrical degeneracies.

As an example, for FCC-25 the maximum coordinati
criterion yields three geometrically different configuratio
with degeneracy factors 3, 3, and 1. If the clusters are p
duced in a way that the ratio of the abundances of these t
geometries is determined by cohesion only, the magnet
tion is simply a weighed average of these three configu
tions. In Fig. 4 we show the resulting average magnetiza
together with the magnetization of the three geometrical i
mers at two temperatures. Evidently, magnetization ha
stepwise structure similar to that of clusters with compl
shells. Due to the three different geometrical configuratio
extra steps resulting from each individual geometry appea
low temperatures. From Fig. 4 we observe that this effec
geometrical degeneracy disappears rapidly for increas
temperature.

However, some qualitative features can be determined
the underlying crystal structure.10,16,17 One such property
turns out to be the size dependence of magnetization. Th
demonstrated for fcc and bcc lattices in Fig. 5, where
show magnetization in the presence of an external field a
functionN. For the chosen values ofB, the size dependenc
of M is indeed very different for fcc and bcc clusters. Th

FIG. 4. Magnetizations of FCC-25 for three geometrical isom
~plotting symbols! and their average~solid curve! at two different
temperatures and weighed by the appropriate degeneracy fact
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55 11 545ANTIFERROMAGNETIC ORDER AND FRUSTRATION IN . . .
provides an indirect method to determine the crystal str
ture from the observed macroscopic behavior. However,
note that the characteristic features of magnetization for e
structure can also depend onT.

Qualitative differences between the magnetic proper
of fcc and bcc clusters also appear in their dependence on
average coordination numberc. This is most clearly seen a
low temperatures with a low but nonzero external magn
field. This is the case in Fig. 6, where we show the ratio
total magnetizationNM andc as a function ofc for fcc and

FIG. 5. Magnetizations of~a! fcc and ~b! bcc clusters in four
different applied fields at temperature T51.0.

FIG. 6. Total magnetizationNM per average coordination num
ber c as a function ofc for bcc ~open squares! and fcc ~filled
squares! clusters of sizes from 12 to 27 atoms at temperat
T50.2.
-
e
ch

s
he
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bcc clusters withN512, . . . ,27 forT50.2 andB50.5. For
these values, the low-lying and possibly highly degenera
excited states have practically no influence on magnetizat
The magnetizationNM of the fcc clusters turns out to b
approximately proportional toc. In the fcc structure with
increasingc, more frustration10 is induced, which results in
that more spins are able to align themselves with the exte
field, and this explains the observed behavior. For bcc c
ters with N512, . . .,16, i.e., for increasing filling of the
third shell,NM/c decreases with increasingN, dropping to
almost zero for BCC-16. Then it increases rapidly up to
cluster withN527, which has complete shells again. How
ever, at the same time the coordination number decre
monotonically from 4.25 for BCC-16 to 4.15 for BCC-27
With bcc clusters withN<9 ~data not shown!, the magneti-
zation monotonically increases as a function of coordinati
when the second shell~the first shell being the center spin! is
filled, which is easy to understand because the added s
are coupled only to the spin in the center. We can then c
clude that it is not the average coordination but the size
geometry of the cluster which dominate in bcc cluste
while the magnetization of fcc clusters is mainly determin
by the average coordination number.

The qualitative differences between the trends in m
netic behavior of fcc and bcc clusters for increasingN can be
understood by considering the detailed structure of magn
ordering. A crucial difference is that in bcc clusters atom
never have nearest neighbors within the same shell. Th
fore, becauseN is increased by adding one spin at a time
a given shell into a similar environment, the effects due
subsequent new spins add up. In fcc clusters the opposi
true: Spins within a given shell have nearest-neighbor c
plings between them, and due to the criterion of maxim
cohesion used in building these clusters, new atoms are p
erentially added into locations where there already are ne
bors within the same shell. This leads to a smaller magn
zation for fcc clusters than for bcc clusters at lo
temperatures and in weak external fields, which is also c
sistent with the qualitative conclusions on the role of frust
tion in Ref. 10.

V. EFFECTS OF LOCALLY MODIFIED
COUPLING STRENGTHS

In real clusters the strength of the magnetic interact
between two spins is related to the overlap of electron w
functions.11 Supposedly this overlap is smaller on thesurface
than in the bulk. To study the possible effect of this on t
observed magnetic properties, we have first generalized
model to a case in which the coupling parameterJi j between
surface and core spins is smaller than between core sp
For small clusters, it is reasonable to define a ‘‘surfa
atom’’ as one with the coordination number smaller than
average coordination of the cluster. With the cluster si
considered in this work, for fcc clusters about a half and
bcc clusters more than a half of the atoms are surface ato
Then we set the coupling strengthJi j between the surface
and the core atoms to be 2/3 of the core value. The res
~not shown here! for clusters with both complete and incom
plete shells are qualitatively very similar to the cases
scribed above. As expected, in some cases extra steps a
e
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11 546 55VIITALA, MERIKOSKI, MANNINEN, AND TIMONEN
in the magnetization curves, partly due to the ‘‘incomme
surate’’ value 2/3 chosen here. Also, the role of surface sp
as described in previous sections is more prominent du
the softer coupling with the core spins.

Next we consider a more general case in whichJi j is
allowed to varyrandomly. The physical picture behind thi
possibility is that due to various relaxation processes, sm
clusters do not necessarily have the exact symmetry of
Bravais lattice.16,18 Thus because of the varying neare
neighbor distances, the value ofJi j is expected to vary within
a cluster. For this study, we chose two possible values
Ji j differing from each other by a factor of 2/3. The choice
only two possible values makes the numerical work based
the algorithm described in Sec. II easier without affecti
our main conclusions. Now the thermodynamic avera
have to be calculated over different realizations of thisfrozen
disorder. Notice that the coupling structure and the coor
nation numbers of spins within a given geometry rem
unchanged. For clusters with incomplete shells, we then h
to average also over the different geometrical isomers as
scribed in Sec. IV. The magnetic properties of these clus
were calculated in such a way that a certain number, to
denoted byd below, of randomly picked realizations$Ji j % of
coupling disorder for each geometrical isomer was gen
ated. The final observed magnetization is then the prop
weighted average over all these isomers. Typical magne
tion curves are shown in Fig. 7, where the plotting symb
denote results for various values ofd, and the solid lines

FIG. 7. Magnetization of the fcc cluster with 12 spins averag
overd5 2, 10, and 25 different random sets of couplings compa
with the magnetization of the nonrandomized FCC-12 cluster~solid
curve! at temperatures~a! T50.2 and~b! T51.0.
-
s
to

ll
ny
-

r
f
n

s

-
n
ve
e-
rs
e

r-
ly
a-
s

show the results for the corresponding nonrandomized c
ter. We can conclude that the overall structure of the mag
tization isotherms is not affected by random couplings a
all averages are done. This is consistent with the resul
Ref. 16 that small distortions of the geometry of the Ni13
cluster do not change the level structure of low-lying stat
Another observation from Fig. 7 is that the extra steps in
M5M (B) curves of individual realizations of the random
ness disappear for increasingd already at quite low tempera
tures, and the convergence ofM as a function ofd is quite
rapid. We find that both fcc and bcc structures are rat
insensitive to random couplings in this sense.

The general picture obtained from above indicates t
magnetic properties for a given geometry can be predic
without exact knowledge about individual couplin
strengths. This rather encouraging result can be interprete
the following way. Two clusters with different sets$Ji j % but
with sameN can actually be considered as two differe
geometrical forms. However, this differs from the case
clusters with incomplete shells discussed in Sec. IV in t
the number of ‘‘acceptable’’ isomers is much larger he
Therefore, fluctuations due to the randomness can
smoothened out already at relatively low temperatur
Based on the geometrical interpretation of$Ji j %, we can also
conclude that this should also be the case for more gen
random couplings than the binomial distribution us
above.19

VI. FRUSTRATION
AND THE SUPERPARAMAGNETIC MODEL

Besides the usual high-temperature paramagnetism,11 in
finite ferromagneticclusters a completely different phenom
enon, superparamagnetism, has been observed.1–3 At low
temperatures a ferromagnetic cluster can appear as a s
giant paramagnetic spin, formed by the atomic magnetic m
ments ferromagnetically aligned to produce the total m
netic moment of the cluster. In the case of free cluste
rotation of this paramagnetic spin is made possible by c
pling via magnetic anisotropy of the spin angular moment
to cluster rotations.2 For an Ising ferromagnet this kind o
superparamagnetism leads to magnetization

M5
m

N
tanhSBm

kT D , ~6.1!

where the effective total magnetic momentm of the cluster is
well approximated20 by m(T)'NuM uT,B50. For a cluster of
classical Heisenberg spins the corresponding magnetiza
is given by the Langevin function.2

The tanh function of Eq.~6.1! is of course a result of the
two-state nature of an Ising system, and it is obvious h
antiferromagneticIsing clusters could in principle produc
similar kind of behavior. Consider first a nonfrustrated sy
tem with nearest-neighbor antiferromagnetic couplings o
bipartite lattice structure which can be decomposed into
interpenetrating sublattices A and B~e.g., the bcc structure!.
At very low temperatures withT,B!uJu, the two sublattices
are magnetized in opposite directions. In a finite system
can happen that the number of spins in the two sublatt
differ, i.e.,NAÞNB , which leads to net magnetization at lo

d
d
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TABLE II. Configurations of lowest energies atB50 for four small Ising clusters with complete shel
andJi j[J. The last columnn(e r ,mr) shows the number of configurations with energye r ~in units of uJu)
and magnetizationmr /N. For the cluster OCT-6 all configurations are listed.

Cluster e r mr n(e r ,mr)

BCC-15 232 61 1
224 61,63 8,6
220 61 24

BCC-27 256 611 1
252 69 12
248 67,69 66,6

FCC-19 220 61,63,65 48,21,3
218 61,63 308,84
216 61,63,65 1014,300,12

OCT-6 24 0,62 12,3
0 0,62 8,12

14 64 6
112 66 1
e
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temperatures. For an Ising antiferromagnet there would b
this case two dominating configurations with a total ma
netic momentm'uNA2NBu. Two such examples, the clus
ters BCC-15 and BCC-27 withm'umr u51 andm'11, re-
spectively, can be found in Table II. In the ferromagne
case Eq.~6.1! is a surprisingly good approximation up t
temperatures a few times the coupling constant.20 For Ising
antiferromagnets the situation is different, however. For f
romagnets in the superparamagnetic region, the length o
superparamagnetic ‘‘spin’’ ism'N, whereas for antiferro-
magnets it is considerably lower, roughly proportional to t
surface area of the cluster. Thus, for the latter, therm
excited single spin flips can result in a much larger relat
change in the total magnetic moment of the cluster, and c
sequently, a clear deviation from the low-temperature sup
paramagnetic magnetization occurs much earlier.

In Fig. 8 we show the behavior of the central quantity
an Ising superparamagnet,uM u at B50, as a function of
temperature for six small antiferromagnets. It is evident t
no simple and coherent behavior can be found in this cas
antiferromagnets. It is even impossible to tell apart frustra
~ico,fcc,hcp! and nonfrustrated~bcc! structures. The qualita
tive features of the curves in Fig. 8 can, however, be
plained. The increase ofuM u with increasing temperature
beginning at intermediate temperatures, is a result of the
crease of disorder with increasing temperature. Disor
counteracts the tendency of the antiferromagnetic orde
reduce the net magnetic moment of the cluster. The beha
at low temperatures, on the other hand, is determined by
detailed structure of the configurations with lowest energ
For the cluster BCC-15, e.g., the absolute magnetization
the ground state (e r5232) is, from Table II,
uM u5umr u/N51/15. With increasing temperature excite
states become noticeable, first those withe r5224 and
mr561,63, which means that the absolute magnetizat
increases with temperature.21 For the cluster BCC-27, an op
posite situation occurs. The magnetization of the first exc
in
-
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states (mr569) is lower than that of the ground sta
(mr5611), which leads to decreasinguM u with increasing
temperature.

We shall next consider thefrustratedcases at low tem-
peratures and in weak external fields. The sensitivity of
magnetic properties to lattice structure became obvious w
discussing the Fig. 2 in Sec. III. Interestingly, the cluste
FCC-13 and HCP-13 are expected to behave like superp
magnets because of the simplicity of their ground state
B50: for these clusters one finds from Table I th
mr563 andmr561, respectively. The fact that the num
ber of such configurations,n(e r ,mr), is different from unity
has no consequences on Eq.~6.1!. Notice that in Figs. 2~b!
and 2~c! the difference by a factor of 3 between the tw

FIG. 8. Absolute magnetizationuM u atB50 for six small Ising
clusters as a function of temperatureT.
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effectivem ’s as given bymr ’s can directly be seen in th
slopes nearB50 of the respective magnetization curves f
T50.5. Despite the fairly similar geometries of these tw
clusters, the response to an external fieldB of HCP-13 is,
because of the value ofm, closer to that of ICO-13@see Fig.
2~a!# than to that of FCC-13. However, from Table I, ICO-1
has a more complicated ground state atB50 which has
mr561,63. Therefore the functional form ofM is not
given by tanh in this case.

When another shell of atoms is added to FCC-13, FCC
is formed. This cluster can no more be regarded as a sim
superparamagnet: From Table II, its partition function can
approximated at low temperatures and small external fie
by taking into account the configurations withe r5220, with
the result

ZFCC -19'e20J/kT@3x5121x3

148x148x21121x2313x25#, ~6.2!

wherex5exp(B/kT). From this the magnetization of FCC-1
is given by

MFCC -19'
1

57
tanhS BkTD F131 4 sinh2~B/kT!

312 sinh2~B/kT!G
;
13

57

B

kT
1O„~B/kT!3…. ~6.3!

In Fig. 9 the result, Eq.~6.3!, is compared with the result o
a brute force calculation over all significant states shown
the solid lines. As expected, agreement between the resu
excellent at lowest temperatures. However, a clear devia
from the exact result is observed already atT50.6. The rea-
son for this early deviation is readily seen from Table II: T
difference in the coupling energye r between the states take
into account in Eq.~6.2! and the lowest excited states th

FIG. 9. Magnetization of the Ising cluster FCC-19 as a funct
of the external magnetic fieldB. The solid curves show the exac
averages over all configurations and the plotting symbols denote
low-temperature approximations given by Eq.~6.3!.
9
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have been neglected is onlyDe52. This corresponds to re
versing the sign of the coupling energy of one pair of near
neighbors. The effect of the omission of these configurati
is further amplified by their contribution to entropy whic
reflects their relatively high values ofn(e r ,mr) due to frus-
tration. Notice that the tanh function in Eq.~6.2! has nothing
to do with the simple superparamagnetic description; in t
case it results from three different values of the effect
magnetic moment (m51,3,5).

In addition to the data shown here, we have done sim
analysis of other cluster geometries with consistent con
sions. For antiferromagnets in general, the energy cost~in
units of J) of single spin excitations is, due to frustratio
lower for close-packed~fcc!, and otherwise densely packe
~ico! structures, than for more loosely packed~e.g., bcc!
structures. This is of course in contrast with the ferroma
netic case.

One case of special interest is the cuboctahedral clu
geometry12 with the fcc close-packed lattice structure. Th
number of atoms in such clusters with complete shells,
defined in Ref. 13, can have valuesN513,55,147,309, . . . .
In Fig. 10~a! we show the conjectured ground-state config
ration of the Ising antiferromagnet CO-147. This state co
sists of alternating ordered layers in the~100! direction,
within which the spins are aligned either ‘‘up’’ or ‘‘down,’’
which is exactly the structure of the ground state of the
bulk Ising antiferromagnet atB50. For the cuboctahedra
however, the ground state is highly degenerate. First, the
the usual degeneracy arising from the cubic symmetry. S
ond, in the middle of the topmost and lowermost~100! facets
there are spins that can flip ‘‘almost freely’’: They are d
noted by letters A–D in Fig. 10~b!. They have four neares
neighbors in their own positively magnetized (Si511)

he

FIG. 10. ~a! Ground-state configuration atB50 of the cubocta-
hedron with N5147 spins. Open circles denote spins wi
Si511 and solid circles those withSi521. ~b! Ordering of the
fcc~100! facet formed by the atoms in the layerl 513.
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layer l 53 and other four nearest neighbors withSi521 in
the layerl 52. Thus, any of the spins A–D can be revers
without cost in energy, if their neighbors within the sam
layer haveSi511. This means that, atB50 and at a time,
up to four spins can be reversed at two opposite facets of
cluster, without cost in energy. Of course, it is not possible
verify this conjecture for the ground state by going throu
all the 2N spin configurations, but we have checked it f
cuboctahedra of sizesN555–309 by a standard simulate
annealing procedure14 with a total simulation length of 108

Metropolis steps per spin. These simulations easily reach
bulklike configurations, but none have been obtained wit
lower energy. Also, it is easy to verify by simple bon
counting arguments that, if the ground state is bulklike, th
must be ‘‘free’’ spins just as described above. Thus, in
cuboctahedron withN>55, there does exist~cf. Ref. 10! free
spins atB50, surprisingly not on the ‘‘frustrated’’ triangula
~111! facets but on the~100! facets. The cluster CO-13
~FCC-13! is an exception because of the small size of th
facets.

For the clusters with fcc lattice structure, we conclude t
at low temperatures and in weak applied fields, already
relatively small cluster sizes the behavior is that of the b
antiferromagnet modified by surface effects. In Sec. VII
give some more evidence that the ground-state spin con
ration of even a 14-atom cluster resembles very much
bulk configuration. However, it is the surface effects whi
produce the observednetmagnetization, and this makes th
behavior somewhat unpredictable. In the case of the cub
tahedral shape, the surface spins~which here means the spin
not quenched to the bulk order! are divided into two inde-
pendent domains on facets on the opposite sides of the
ter. For other geometries, there are cases in which the su
spins form a connected net which spreads over the wh
cluster. This net can be either strongly connected, or it
consist of domains only weakly~through one spin! con-
nected with each other. Therefore, no generic ‘‘phase
gram’’ can be constructed in the antiferromagnetic case.

VII. FINITE-SIZE TRANSITIONS

We have also investigated possible ‘‘phase transitions’
these finite systems by calculating absolute magnetizatio
different shells of the cluster and in the case of bcc clus
also the sublattice magnetization. Typical results for the s
lattice magnetization of bcc clusters are shown in Fig. 11~a!.
The first zero of the second derivative or the turning point
the magnetization curve can be considered as the point s
rating the ordered antiferromagnetic phase from the dis
dered paramagnetic phase. As expected, this point, know
the Néel temperature in the bulk limit, is shifted toward
higher temperature with increasing system size. In fcc c
ters the situation changes to some extent, as seen from
11~b!. The difference between the Ne´el temperatures of clus
ters FCC-14 and FCC-27 is considerably smaller than
for bcc clusters of the same sizes, almost negligible. Thi
consistent with the conclusion made in Sec. VI that, at l
temperatures, the magnetic ordering at the innermost she
very similar to that in an infinite fcc lattice already for ve
small clusters. As mentioned above, the results shown
are typical of all small clusters considered in this work.
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We have demonstrated that, in these finite-size system
is possible to speak of a ‘‘transition’’ temperature which,
the thermodynamic limit, approaches the usual Ne´el tem-
perature. In this case a sharp transition is replaced b
rounded cross-over, but it is, however possible to sp
about a low-temperature ordered phase and a h
temperature disordered or paramagnetic phase, as we
done in previous sections. The ordered phase of antife
magnetic spin clusters is characterized by a stepwise st
ture of magnetization as a function of the external fie
Finite-size effects on magnetic transitions have extensiv
been studied,17,18,22–24and it is not necessary to discuss the
in more detail here. We only notice that real clusters exe
plify systems for which the introduction of the concept
finite-size transitionsseems indeed very proper.25

VIII. DISCUSSION AND CONCLUSIONS

We shall now briefly discuss the experimental relevan
of our results. In the ferromagnetic case, it has been sh
earlier that Ising model is able to provide a reasonably go
qualitative description of some phenomena like superpa
magnetism as observed in the experiments. However,
well known that the difference between the Ising descript
and real quantum interactions is much more pronounce
the antiferromagnetic than in the ferromagnetic case. For
ample, the ground state of a Heisenberg antiferromag
does not usually have a simple correspondence with that
system with classical spins.11,26 To consider this point, we

FIG. 11. Absolute magnetizations of~a! BCC-14 and BCC-27
and ~b! FCC-14 and FCC-27 clusters at temperatureT51.0. The
second derivatives of the magnetization curves of clusters with
and 27 atoms are shown with dashed and solid lines, respectiv
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have studied a few small spin-1/2 Heisenberg clusters
typical result is shown in Fig. 12. For the octahedron w
N56, the main effect of including theSx andSy components
in the model seems to be to double the steps in the ma
tization curves. The characteristic features of the antife
magnetic case remain the same: The ground state can ch
as a function of the external field, and forBÞ0 the magne-
tization is not necessarily a monotonic function of tempe
ture. For many geometries some of the steps in magne
tion isotherms are doubled, in some cases they are
shifted to a different value ofB. Also, it is evident that at
very low temperatures and in small applied fields the dir
tion of magnetization of real clusters is determined by latt
anisotropy like in bulk magnetism. This is true fo
ferromagnetic1 and antiferromagnetic clusters alike. How
ever, very much as in the ferromagnetic case,1 there is an
antiferromagnetic blocking temperature above which ther
energy exceeds the magnetic anisotropy energy. There
above this blocking temperature, the direction of~sublattice!
magnetization can freely rotate with respect to the latt
structure, and both Ising and Heisenberg models should
vide an adequate qualitative description.

For a complete description of magnetic properties, o
should naturally first calculate the ground state geometry
the cluster and actually carry out a full calculation of t
electronic structure.3 Due to relaxation processes, the clus
is not expected to have the ideal symmetry of a crystal lat
in most cases. An obvious consequence would then be
the structure of energy levels~for the magnetic degrees o

FIG. 12. Magnetization as a function of the external magne
field B of the cluster OCT-6 for the~a! Ising model and~b! spin-1/2
Heisenberg model. In~b!, the units have been chosen to coinci
with those of the Ising model.
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freedom! becomes more complicated. One would therefo
expect more steps in theM (B) curves. A similar effect
would also result from the fact that in realistic situatio
several structural isomers can coexist. However, as show
this work, these complications do not seem to change
properties of antiferromagnetic clusters in a qualitative w
In particular, within a given model for a known lattice stru
ture, the magnetic behavior is not strongly dependent on
details of the set of exchange energies$Ji j %, which makes
possible even quite crude approximations to the correspo
ing exchange integrals. This indicates that qualitative th
modynamic properties of small antiferromagnetic clust
could reasonably well be described by suitably chosen s
Hamiltonians, for which the coupling parameters can be
tained from first-principles calculations if desired.

To summarize, we have considered in detail the magn
properties of small antiferromagnetic clusters within t
framework of the nearest-neighbor Ising model. For exter
fields large compared with the strength of the coupling
tween spins, we observe a step-wise structure of magne
tion, which results from field-induced transitions in the inte
nal magnetic order of a cluster. In the presence of a fin
external field, we also find that magnetization can be an
creasing function of temperature for a considerable temp
ture range. These features were found, at low temperatu
to strongly depend on the lattice structure of the clusters,
can be understood by examining the lowest-lying exci
states in each case. Within each lattice structure, even
nonideal structures, the magnetic properties were found t
rather robust against local modifications of the strength
the antiferromagnetic couplings between spins. We also
amined the possibility of observing low-temperature sup
paramagnetism in the antiferromagnetic case. Concern
antiferromagnetic ordering, we found that, despite the c
siderable finite-size effects, clusters as small as 20 spins
display bulklike thermodynamic properties. We would e
pect that our main conclusions will hold for clusters of
least several tens of spins even though most of the comp
tions were only performed for clusters with less than
spins. However, we find no simple general scheme for a
ferromagnets, like the one the superparamagnetic model
vides for the present understanding of the experimental
sults on ferromagnetic clusters. An intriguing observation
that it seems possible to distinguish between different cry
structures from the dependence of magnetization on
atomic number of the cluster, i.e., from observable mac
scopic properties.
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