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Thermal expansion and anharmonicity of solid Kr studied
by extended x-ray-absorption fine structure
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Kr K-edge extended x-ray-absorption fine-structure spectra of solid Kr were measured over the temperature
range of 24–43 K. The thermal expansion and Debye temperature were obtained by the analysis of the first-,
third-, and fourth-nearest-neighbor~NN! Kr-Kr shells. For the third- and fourth-NN shells, the conventional
Gaussian-distribution approximation was found to give the proper thermal expansion. On the other hand, for
the first-NN shell, the cumulant-expansion analysis including the third-order asymmetry of the distribution
function is necessary, although the higher-NN shells are more largely disordered in terms of the mean-square
relative displacements. These results were confirmed by the classical Monte Carlo simulations. Effective
cancellation of the asymmetric contribution was thus clarified for the higher-NN shells. The quantum-statistical
calculations of the first-NN cumulants of Kr clusters were also carried out by varying the cluster size in order
to examine the relationship between the pair potential and observed cumulants, and to justify the employed
Kr-Kr pair potential.@S0163-1829~97!14917-7#
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I. INTRODUCTION

Thermal expansion is one of the direct measures of an
monicity in molecules and solids. Since the interatomic p
tential is generally asymmetric with respect to the poten
minimum, the average interatomic distance is tempera
dependent and usually increases with a temperature rise
cause of a looser barrier at a longer distance side. Exten
x-ray-absorption fine-structure~EXAFS! spectroscopy gives
information on local thermal expansion and anharmonic
for solids,1–4molecules,5–7 and noncrystalline materials2 ow-
ing to the establishment of the cumulant-expans
technique.8 Very recently, the relationship between th
EXAFS cumulants and the anharmonic interatomic poten
has also been clarified,3,5–7,9–11 including many-atom
systems5–7,10,11and many-body forces.6,7

Since thermal expansion originates from anharmonicity
a pair potential, it happens to be believed that, when
asymmetric distribution is neglected in the EXAFS analy
by assuming the Gaussian distribution function, thermal
pansion cannot be estimated and the obtained distanc
erroneously getting shorter with a temperature rise.12 The
third-order cumulant which describes the mean-cubic re
tive displacement~degree of asymmetric distribution! should
be taken into account in order to estimate appropriate t
perature dependence of the average distance. Very rece
however, Di Ciccoet al.13 have investigated EXAFS spectr
of solid and liquid Kr under high pressure at room tempe
ture, and remarked that asymmetry of the distribution fu
tions for higher-nearest-neighbor~NN! Kr-Kr shells can be
neglected, while it should be taken into account for t
first-NN shell. Although this assumption was confirmed
their classical Monte Carlo~MC! simulations, they did not
address the finding in detail since their main purpose wa
550163-1829/97/55~17!/11320~10!/$10.00
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account for the structural and vibrational properties at h
pressure.

This remark given by Di Ciccoet al.13 is quite interesting,
because usually higher-NN shells without direct interactio
between the atom pairs show larger disorder. Actually, th
found that the mean-square relative displacement is large
higher-NN shells than for the first-NN one. If this is com
monly true, the EXAFS formula can be significantly simp
fied and thermal expansion is appropriately estimated w
out taking the asymmetry of the radial distribution functio
into account. In the present study, we have thus investiga
EXAFS of solid Kr at low temperature in order to clarif
their remark by analyzing the first- and higher-NN Kr-K
shells. The thermal expansion of solid Kr is large enough
estimate within the errors of EXAFS in rather a narrow te
perature range. The vibrational properties have subseque
been simulated using a classical Monte Carlo simulation
cording to the manner by Di Ciccoet al.,13 in order to ex-
plain the present experimental results.

The other purpose in the present study is to carry
analytical quantum-statistical calculations of the EXAFS c
mulants of solid Kr. In our previous studies, we have inve
tigated simple molecules of linear,5 tetrahedral,6 and
octahedral7 MXn (n53,4,6) systems. In such cases, the c
mulants of the first-NN shells are not so different from tho
given by assuming a simple two-body Einstein system, si
there exist chemical bonds only for theM -X pairs without
direct X-X interactions. Thus we have paid our attenti
mainly to higher-NN shells by taking not only the stretchin
force constants, but also the bending modes into account
the other hand, solid Kr shows fcc structure, in which t
first-NN Kr atoms surrounding the central~x-ray-absorbing!
Kr have also the first-NN interactions with each other. It
worthwhile investigating the EXAFS cumulants by varyin
11 320 © 1997 The American Physical Society
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55 11 321THERMAL EXPANSION AND ANHARMONICITY OF . . .
the size of Kr clusters. It should also be noted that solid K
a suitable example since its solid-state property is descr
within a two-body interatomic potential~many-body forces
can be ignored! and that a temperature-dependent EXA
study of solid Kr has never been reported in spite of fun
mental noble-gas systems.

The present paper is described in the following sequen
After experimental details are briefly given in Sec. II, t
EXAFS spectra are analyzed in Sec. III mainly to obtain
temperature dependence of the cumulants. The Debye
perature and the thermal expansion are consequently d
mined in this section. Section IV deals with the classical M
simulations, by which the asymmetry of the radial distrib
tion functions of the first- and higher-NN shells is clarifie
In Sec. V, the analytical quantum-statistical calculations
the cumulants are described. We will show the cluster-s
dependence of the cumulants for the first-NN shell. Sec
VI gives concluding remarks of the present investigation

II. EXPERIMENTAL DETAILS

Kr K-edge EXAFS spectra of solid Kr were measured
BL-10 B ~Ref. 14! of the Photon Factory in the Nationa
Laboratory for High Energy Physics~KEK-PF, the ring op-
eration energy of 2.5 GeV and stored current of 350–2
mA! with the transmission mode using a Si~311! channel-cut
monochromator. Ionization chambers were employed for
measurement of intensities of incident (I 0) and transmitted
(I ) x rays. Data acquisition time was 1 s for each data point
Commercially available high-purity Kr gas was condens
on an Al foil ~15 mm! at 24 K. The KrK-edge absorption
jump was found to be 0.9. EXAFS spectra were taken at
25, 29, 35, 38, and 43 K. No desorption of Kr was detec
during the EXAFS measurements judging from the ed
jump, and abrupt desorption took place at 45 K. Tempe
tures were monitored with a calibrated Si diode attached
the Al foil. The accuracy of temperature was estimated to
less than61 K.

III. EXAFS

A. Reduction of experimental data

In order to extract reliable EXAFS oscillation function
x(k) ~k is the photoelectron wave number!, the atomic back-
ground originating from the double-electron excitation p
cesses was subtracted from the raw EXAFS spectra acc
ing to the method proposed by Di Ciccoet al.13 The
background-corrected spectra were analyzed with w
established procedures: post-edge background subtra
using cubic-spline polynomials and subsequent normal
tion with the absorption coefficients given in th
literature.15,16 The inflection point of the KrK edge at 24 K
was tentatively chosen as the edge energyE0 . The tempera-
ture dependences of the extracted EXAFS oscillation fu
tions k3x(k) are resultantly shown in Fig. 1~a!.

The EXAFS functions obtained were subsequently F
rier transformed intor space (DkFT53.2–10.4 Å21), these
being depicted in Fig. 1~b!. The magnitude of the Fourie
transform is clearly found to decrease with the tempera
rise. It is noted that when the double-electron excitations
not taken into account for the extraction ofx(k), a strong
s
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peak emerges at a short-distance region. Since solid
shows a fcc structure, the assignments of the Fourier pe
are straightforward. The first-NN shell~coordination number
N512! appears at;3.7 Å, while the third-NN (N524) and
fourth-NN (N512) shells are found at;6.9 and;7.5 Å,
respectively. The second-NN shells are not explicitly seen
the Fourier transforms even at the lowest temperature o
K, probably because the coordination number is compa

FIG. 1. ~a! Kr K-edge EXAFS oscillation functionsk3x(k) of
solid Kr at 24, 25, 29, 35, 38, and 43 K, where the contribution
double-electron excitations were subtracted;~b! Fourier transforms
of ~a! using the Fourier range ofDkFT53.2–10.4 Å21; ~c! filtered
k3x(k) for the first-NN shell using the Fourier ranges ofDkFT
53.2–10.4 Å21 andDR52.9–4.2 Å21.
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11 322 55TOSHIHIKO YOKOYAMA, TOSHIAKI OHTA, AND HITOSHI SATO
tively small (N56) and the mean-square relative displac
ment ~the EXAFS Debye-Waller factor! is larger than those
for the other shells. The fourth-NN shell is known to conta
the multiple-scattering path because of the collinear confi
ration in fcc solids. The filteredk3x(k) for the first-NN shell
(DkFT53.2–10.4 Å21 andDR52.9–4.2 Å! are depicted in
Fig. 1~c!. One can obviously find the amplitude reductio
and phase delay at higher temperatures, which originate f
the enhancements of the mean-square and cubic relative
placements, respectively.

B. Analysis of the lowest-temperature data

The lowest-temperature data were at first analyzed. In
der to obtain the scattering amplitudes and phase shifts
performed FEFF6 ~Ref. 17! calculations of a
Kr55 ~KrKr12Kr6Kr24Kr12! cluster for the temperature of 2
K. Here the interatomic distanceR was referred to from the
literature,18 and the values of the mean-square relative d
placementC2 were estimated by assuming the correlated D
bye model19 using the Debye temperatureQD561 K ~see
below!. The mean-cubic relative displacementC3 was ne-
glected. The remaining two variables ofS0

2 ~the intrinsic loss
factor! andDE0 ~edge energy shift! were roughly optimized
to be 1.35 and20.8 eV, respectively. AlthoughS0

2 of 1.35
seems a little too large, this is partly because in the pre
experimental spectra the double-electron excitation contr
tions were subtracted in advance from the raw spectra.
ure 2 shows theFEFF6results, together with the experiment
data at 24 K. TheFEFF6calculation was found to reproduc
up to the fourth-NN shell fairly well. Especially, as found
the experimental Fourier transform, the second-NN shell w
not seen well also in the theoretical one. The obtained F
rier transform of theFEFF6spectrum was Fourier filtered fo
the shell of interest to derive the scattering amplitudes i
similar manner to the experimental data.

For the third- and fourth-NN shells, these two contrib
tions were slightly superposed with each other, as seen in
experimental data of Fig. 2~b!. In order to distinguish these
two contributions,FEFF6 calculations were performed sep
rately; for the third-NN shell, the EXAFS function origina
ing only from the first- and third-NN shells was first calc
lated and then Fourier filtered, while for the fourth-NN she
the EXAFS function originating only from the first- an
fourth-NN shells was similarly calculated and Fourier fi
tered. Although theFEFF6calculation of the Kr cluster auto
matically yields each backscattering amplitude and ph
shift separately, these functions might not directly be co
pared with the Fourier-filtered experimental EXAFS spec
because of the truncation effects in the Fourier transfor
tion. In order to reduce the artificial effects, it seems bette
perform similar treatments of the Fourier and inverse Fou
transforms for the theoretical standard as well.

It is also noted that the fourth-NN shell contains five d
ferent kinds of the scattering path; three of them corresp
to collinear paths @Kr0-KrIV-Kr0 ~single scattering!,
Kr0-KrI-KrIV-Kr0 ~double!, and Kr0-KrI-KrIV-KrI-Kr0 ~triple!,
where the x-ray-absorbing Kr0, the first-NN KrI, and the
fourth-NN KrIV are located collinearly#, and the remains two
consist of twice-backscattering paths@Kr0-KrI-Kr0-KrI-Kr0

and Kr0-KrI-Kr0-KrI8-Kr0 ~triple scattering!#. The last two
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paths were found to be essentially weak and are negligi
This implies that the scattering amplitude obtained by
Fourier filtering for the fourth-NN shell is the averaged o
among the three collinear inequivalent paths. This appro
mation is meaningful as long as the dynamical effect of
scattering amplitude is negligible,20 since theC2 andC3 val-
ues should be all equal in these three paths.5,7

The curve-fitting analysis was performed for the firs
third-, and fourth-NN shells. For the first-NN shell, the on
shell analysis can be applied by employing the ranges
DkFT53.2–10.4 Å21, DR52.9–4.2 Å, and Dkfit
54–10 Å21 ~the number of independent data points,Nind
;6!. For the third- and fourth-NN shells, the two-shell fi
ting was performed by using the ranges ofDkFT
53.2–10.4 Å21, DR55.8–8.2 Å, andDkfit54–10 Å21

(Nind;10). In both fitting procedures we usedS0
2, the inter-

atomic distanceR, the edge-energy shiftDE0 , andC2 as
fitting parameters. SinceS0

2 andDE0 were allowed to vary
depending on the shell, the numbers of fitting parame
were thus 4 and 8 for the analyses of the first- and higher-
~third- and fourth-NN! shells, respectively. The obtained r
sults are summarized in Table I. The interatomic distan
are found to be in excellent agreement with the x-ray da18

for all the shells, although corrections due toC2 and C3
discussed below were neglected in these fittings. As m

FIG. 2. ~a! Kr K-edge EXAFS oscillation functionsk3x(k) and
~b! their Fourier transforms of solid Kr at 24 K obtained by th
FEFF6calculation~dashed line!, together with the experimental data
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tioned above, theS0
2 values were again overestimated, par

because of the subtraction of the double-electron excita
contributions in advance. On the other hand, it is rather s
prising that the absolute values ofC2 also show good agree
ment with the correlated Debye model, in spite of the f
that only the temperature dependence ofC2 may often be
meaningful.

C. Analysis of the temperature dependence

The temperature dependence was subsequently anal
In order to discuss small differences of the interatomic d
tance, let us here carefully define the EXAFS formula o
single shell within the fourth-order cumulant-expansion te
nique as

x~k!5A~k!sinF~k!,

TABLE I. Structural parameters of the first-, third-, an
fourth-NN shells of solid Kr at 24 K given byFEFF6~Ref. 17!. The
interatomic distanceR in parentheses corresponds to the x-ray d
fraction data~Ref. 18!, and those forC2 are the calculated one
using the correlated Debye model (QD561 K). The errors of data
and fits are roughly estimated from the change of the residual
tors to be 10–20% forS0

2, 60.25% forR, and610% forC2 . No
ambiguities of the theoretical standards are included.

Shell S0
2 R ~Å! C2 (10

22 Å2)

First 1.3 3.990~4.0019! 1.57~1.76!
Third 1.2 6.943~6.9314! 1.85~2.19!
Fourth 1.8 8.012~8.0037! 2.17~2.20!
n
r-

t

ed.
-
a
-

A~k!5A0~k!exp@22C2k
21 2

3C4k
4#,

F~k!52kFRav2C2S 1

Rav
1
2

l D G2
4

3
C3k

31f~k!, ~1!

whereA0(k) is the temperature-independent part of the a
plitude,f(k) the total phase shift, andl the mean free path
of the photoelectron~herel510 Å was assumed!. The dis-
tanceRav and i th-order cumulantsCi are given as therma
averages such thatRav5^r &, C25^(r2Rav)

2&, C35^(r
2Rav)

3&, andC45^(r2Rav)
4&23C2

2 ~^ & denotes the ther-
mal average!. In the equation ofF(k), the correction term of
the distance,C2(1/Rav12/l), is slightly different from that
given by Tranquada and Ingalls21 since the vibrational mo-
tion perpendicular to the bond direction is also taken in
account with the assumption of an isotropic system.22

In the analysis of the first-NN shell, the 24-K data we
employed as an empirical standard. The first-NN distanc
24 K was assumed to be 4.00186 Å, given by x-r
diffraction.18 The Fourier and fitting ranges were identic
with the ones described above. Two different fitting metho
were applied for the first-NN shell; one is the convention
harmonic~Gaussian! approximation~HA! for the radial dis-
tribution function ~DC350 andDC450!, and the other is
the fourth-order cumulant-expansion~CE! formula.8 The fit-
ting parameters employed wereRav andDC2 for the HA, and
Rav, DC2 , DC3 , andDC4 for the CE formula sinceDE0

andS0
2 were assumed to be equal to those at 24 K. On

other hand, in the analysis of the third- and fourth-NN she
only the HA method was applied, where the number of
ting parameters was 4~Rav andDC2 for each shell! and the
ranges were again identical with the above ones. Note

-

c-
y the
,
t to the
TABLE II. Structural parameters of solid Kr. For the first-NN distances, both values obtained b
fourth-order cumulant-expansion~CE! method and the harmonic approximation~HA! are given. Four details
see the text. All the errors estimated for data and fits correspond to the relative ones with respec
lowest-temperature data.

Shell T ~K!

Distance~Å!
DC2

(1022 Å2)
DC3

(1023 Å3)
DC4

(1024 Å4)X-ray CE HA

First 24 4.0019 ~4.002! ~4.002! ~0.00! ~0.00! ~0.00!
25 4.0026 4.004~5! 4.002~5! 0.05~5! 0.05~1! 0.00~2!

29 4.0055 4.006~5! 3.996~5! 0.26~5! 0.14~2! 0.06~2!

35 4.0106 4.011~5! 3.996~5! 0.54~7! 0.29~4! 0.29~7!

38 4.0133 4.015~5! 3.995~5! 0.74~10! 0.44~6! 0.48~10!
43 4.0182 4.020~5! 3.990~5! 0.91~10! 0.70~10! 0.38~10!

Third 24 6.9314 ~6.931! ~0.00!
25 6.9326 6.935~10! 0.08~10!
29 6.9378 6.940~10! 0.36~10!
35 6.9465 6.951~10! 0.74~15!
38 6.9513 6.956~10! 0.93~20!
43 6.9598 6.963~10! 1.22~20!

Fourth 24 8.0037 ~8.004! ~0.00!
25 8.0051 8.007~10! 0.04~10!
29 8.0111 8.012~10! 0.42~10!
35 8.0211 8.022~10! 0.75~15!
38 8.0266 8.020~10! 1.07~20!
43 8.0365 8.027~10! 1.43~20!
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although we have employed differentDE0 andS0
2 values for

each shell~see the above section!, no temperature depen
dence ofDE0 andS0

2 was assumed in order to suppress
sultant uncertainties forC2 andC3 .

The analysis results are shown in Table II and Fig. 3.
the first-NN C2 , only the CE results are given. From th
temperature difference ofC2 for each shell, the Debye tem
peratureQD can be determined by assuming the correla
Debye model.19 The first-NN analysis consequently yielde
QD56162 K @see Fig. 3~a!#, which is also consistent with
those estimated from the third- and fourth-NN shells. N
that all the curves given by the correlated Debye model w
obtained withQD561 K. In Fig. 3, the absolute values o
experimentalC2 at 24 K were assumed to be the ones eva
ated by using the Debye model. The estimated Debye t
perature ofQD561 K is in good agreement with the calor
metric value of QD562 K ~around 15 K, while at the

FIG. 3. Temperature dependence of~a! the mean-square relativ
displacementsC2 and ~b! the average interatomic distancesRav.
The EXAFS results are given as points. ForC2 , the curves evalu-
ated by the correlated Debye model assumingQD561 K are de-
picted for the first-NN~solid line!, third-NN ~long-dashed line!, and
fourth-NN ~short-dashed line! shells. For the distance, the x-ra
data ~Ref. 18! are plotted as a solid line. The first-NN shell wa
analyzed in two different manners of the fourth-order cumula
expansion formula~first CE, denoted asL! and the conventiona
harmonic~Gaussian! approximation~first HA, denoted asl!. The
third-NN ~denoted as1! and fourth-NN~denoted ash! shells were
analyzed only by the harmonic approximation, and these dista
are scaled by factors of 1/) and 0.5, respectively. Error bars a
omitted to avoid complexity~see Table II!.
-

r

d

e
re

-
-

T→0 limit QD571.9 K! ~Ref. 23! and also with the x-ray
diffraction data ofQD563 K.24

The temperature dependence of the interatomic distanc
subsequently discussed. In the case of the first-NN shell,
two different analysis methods~HA and CE! were employed
and are found to provide noticeably different interatomic d
tances as seen in Table II and Fig. 3. The HA method gi
apparent contraction of the interatomic distance with a te
perature rise. This effect is well known12 and implies the
importance of the asymmetric distribution due to anharmo
vibration. When the fourth-order cumulant-expansi
method was applied~the third-order expansion is sufficien
for the distance estimation!, such an apparent contractio
was not observed and the resultant distance is well consis
with that determined by the x-ray diffraction.

In contrast, the HA analysis for the third- and fourth-N
shells yielded the proper temperature dependence of the
teratomic distance as found in Table II and Fig. 3. In Fig.
these distances were scaled by factors of 1/) and 0.5 for the
third- and fourth-NN shells, respectively, to match t
first-NN distance. Such an appropriate estimations
higher-NN distances should result from negligibly small v
ues ofC3 . Effective cancellation of the asymmetric contr
bution in the radial distribution function is thus experime
tally clarified for higher-NN shells. It should also be note
that the thermal expansions using the average distance
all the shells are consistent with those estimated from

-

es

FIG. 4. Radial distribution functionsr(R) of solid Kr with re-
spect to the central Kr atom, obtained with the MC simulations
the temperatures of 5, 24, 43, and 80 K.~b! corresponds to those fo
the first-NN shell.
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TABLE III. Distances and cumulants at 5, 24, and 43 K, estimated from the MC simulations.Rav

denotes the average distance, andRmax corresponds to the peak distance of the radial distribution functi

Shell T ~K! Rav ~Å! Rmax ~Å! C2 (10
22 Å2) C3 (10

23 Å3)

First 5 3.9834 3.9753 0.238 0.014
24 ~4.0019! 3.9936 1.095 0.224
43 4.0168 4.0013 2.026 0.812

Second 5 5.6337 5.6352 0.341 20.004
24 5.6556 5.6551 1.591 20.104
43 5.6798 5.6846 2.960 20.287

Third 5 6.8969 6.8967 0.309 20.001
24 6.9265 6.9265 1.428 0.062
43 6.9511 6.9492 2.704 0.106

Fourth 5 7.9646 7.9641 0.317 0.005
24 7.9977 7.9963 1.472 0.056
43 8.0255 8.0247 2.712 0.088
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x-ray diffraction. This implies that local thermal expansion
identical with the long-range one within the present expe
mental accuracy.

IV. MONTE CARLO SIMULATIONS

A. Method

Di Cicco et al.13 have performed the classical MC sim
lations of solid and liquid Kr under high pressure at roo
temperature. The present MC simulations have been ca
out in a similar manner. Since the calculations are based
classical mechanics, it is difficult to provide quantitative i
formation on vibrational properties at low temperature b
cause of the zero-point vibration. Qualitative trends can, n
ertheless, be discussed especially for thermal expansion.
is because the temperature range examined experimen
~24–43 K! is not so low for the quantum effect on therm
expansion to play a significant role, while the absolute vib
tional amplitudeC2 is greatly affected by the zero-point v
bration ~see also below!.

The closed-system, constant-pressure, and cons
temperature (N-P-T) MC simulations were examined at th
temperatures ofT55, 24, 43, and 80 K and the pressure
P50 Pa. The basic cell employed contains 256 atoms~43

fcc unit cells!, and three-dimensional periodicity was im
posed. The two-body Kr-Kr interatomic potential employ
was the one proposed by Barkeret al.25 Although Di Cicco
et al.13 mentioned that the repulsive region of the poten
i-

ed
on

-
v-
his
lly

-

nt-

f

l

does not fit the high-pressure EXAFS spectra, this effect w
negligibly small for the present low-temperature data un
vacuum. In each MC step, randomly chosen Kr atoms w
tried to be displaced for 256 times~maximum displacemen
of 0.1 Å! and the lattice constant was possibly varied on
~maximum variation of 0.01 Å!. After sufficient equilibra-
tion, 10 000 MC steps were conducted to obtain the rad
distribution function around the central Kr atom. The eq
librium first-NN distance at 24 K was resultantly obtained
be 3.9601 Å, which is shorter than the literature value
4.001 86 Å.18 In order to perform easier comparisons f
temperature-dependent properties, all the distance quan
given by the MC simulations were multiplied by a factor
1.0105.

B. Results

The radial distribution functionsr(R) ~R is the distance
with respect to the central Kr atom! obtained are shown in
Fig. 4. Herer(R) implies the probability for the presence o
atoms in the range ofR;R1dR; thus, the integration of
r(R) for the range of the shell of interest directly leads to t
coordination numberN. The first-, second-, third-, and
fourth-NN shells appear at;4.0, ;5.7, ;6.9, and
;8.0 Å, respectively. This confirms the fcc structure
simulated solid Kr. It is clear that with a temperature rise
the contributions are broadened and the peak positions
the higher-NN shells are shifted to longer distance sid
TABLE IV. Thermal expansion of solid Kr estimated from the MC simulations. The x-ray values~Ref.
18! are also given for comparison.

Remark

(Rav2R0)/R0 (10
23) (Rmax2R0)/R0 (10

23)

5 K 24 K 43 K 80 K 5 K 24 K 43 K 80 K

X-ray 22.4 ~0.0! 4.1 15.9
Lattice 23.9 ~0.0! 3.5 13.1 23.9 0.1 3.6 13.0
First 23.5 1.1 4.8 17.0 25.5 21.0 1.0 4.7
Second 23.5 0.4 4.7 13.5 23.2 0.3 5.5 15.7
Third 23.9 0.4 3.9 13.6 23.9 0.4 3.7 13.0
Fourth 23.8 0.4 3.8 12.4 23.9 0.2 3.7 12.5
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Figure 4~b! describes the first-NN shell; the distributio
function is clearly getting more asymmetric as temperat
increases.

Table III summarizes the average distanceRav, the mode
distanceRmax ~peak position of the radial distribution func
tion!, C2 , andC3 for the first- to fourth-NN shells. TheC2
values for higher-NN shells are larger than those for
first-NN shell at any temperature. On the contrary, theC3
values are found to be much larger in the first-NN shell th
those in higher-NN shells. Although negative values ofC3
for the second-NN shell are not well understood, it should
noted that all theC3 values for higher-NN shells are muc
smaller than those for the first-NN shell in spite of larg
C2 .

Table IV tabulates the thermal expansion estimated by
MC simulations. Here the thermal expansion is defined us
two different manners as (Rav2R0)/R0 and (Rmax2R0)/R0,
whereR0 is temperature independent and is assumed f
the lattice constant at 24 K. The thermal expansion was s
rately estimated from the first- to fourth-NN shells. For co
parison, the x-ray data18 are also shown. The thermal expa
sions of the lattice constant estimated by the present
simulations are found to be in good agreement with the x-
diffraction data. A small discrepancy at 5 K should originate
from the quantum effect of the thermal expansion; in a cl
sical limit, the thermal expansion is proportional to absol
temperatureT, while in the quantum-mechanical theory th
thermal expansion is getting smaller with a temperature
crease and converges to a certain constant at theT→0
limit.3,5–7,9

The thermal expansions using the average distances fo
the shells are consistent with those estimated from the la
constant, this being consistent with the above EXAFS
sults. The thermal expansion estimated from the mode
tanceRmax for the first-NN shell is noticeably smaller tha
that from the lattice constant because of the anharmonicit
the interatomic potential. On the other hand, those
higher-NN shells are in good accordance with the ones fr
the lattice constant. These findings are essentially consis
with the present EXAFS results and the remark given by
Cicco et al.,13 and confirm that the asymmetric distributio
resulted from the potential anharmonicity should effectiv
be compensated in the higher-NN shells.

V. QUANTUM-STATISTICAL CALCULATION

A. Method

In order to discuss the thermal properties of solids at l
temperature, the quantum effect might be important, wh
has not been taken into account in the previous section.
have performed in the present study the quantum-statis
calculations of the EXAFS cumulants of Kr clusters. We w
here employ the same adiabatic pair potential as the clas
MC simulations. The pair potentialv(r ) can be expanded
around the potential minimumr 0 as the fourth-order polyno
mial:

v~r !5 1
2k0~r2r 0!

22k3~r2r 0!
31k4~r2r 0!

4, ~2!

wherek0 , k3 , and k4 are the second-, third-, and fourth
order force constants. The linear least-squares fit of the o
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nal potential given by Barkeret al.25 worked quite well, and
the resultant values arek050.014 86~mdyn/Å!, k3
50.011 37~mdyn/Å2!, k450.006 255~mdyn/Å3!, and r 0
54.007 87(Å), respectively. For a following use of the pa
potential, however, it would be better to expand the funct
with respect to the average distanceRav instead ofr 0 due to

FIG. 5. Temperature dependence of~a! the average interatomic
distancesRav, ~b! mean-square relative displacementsC2 , and~c!
the mean-cubic relative displacementsC3 for the first-NN Kr-Kr
shell estimated by the quantum-statistical calculations of the K2,
Kr13, Kr19, Kr43, Kr55, Kr79, and Kr87 clusters~short-dashed lines!.
The results of the classical MC simulations of solid Kr~long-dashed
line! are also given, together with the EXAFS results~points with
error bars! and the x-ray diffraction data~solid line! for Rav. The
results ofRav andC3 for Kr79 are omitted because these are alm
identical with those of Kr87.
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its more accuracy in the perturbation calculations.3 Thus the
pair potential is rewritten as

v~r !5 1
2k08~r2Rav!

21k18~r2Rav!2k38~r2Rav!
3

1k4~r2Rav!
41v~Rav!, ~3!

where modified force constants can easily be obtained
comparing Eqs.~2! and ~3!, namely,

k085k026k3C1112k4C1 ,

k185k0C123k3C1
214k4C1

3,

k385k324k4C1 , ~4!

whereC15Rav2r 0 describes the thermal expansion. No
that the adiabatic potential apparently contains
temperature-dependent quantities such asC1 .

Let us here assume that the total potentialV(r ) of the Kr
cluster can simply be given as a sum of the pair poten
taking account of only the first-NN two-body interactio
When the first-, third-, and fourth-order potential terms a
regarded as a perturbed Hamiltonian, a nonperturbed Sc¨-
dinger equation with the harmonic second-order potentia
exactly solved. The total potentialV(r ) is consequently ex-
pressed using the normal coordinates~nonperturbed eigen
functions! Q as
b

s

i
be
ct
ith
ep
y

a

l

e
ro
is

V~r !5 (
i, j

1st NN

v i j ~r !

5
1

2 (
p

vp
2Qp

21(
p

ap
~1!Qp2 (

p<q<r
apqr

~3! QpQqQr

1 (
p<q<r<s

apqrs
~4! QpQqQrQs , ~5!

wherevp is thepth normal vibrational frequency associate
with the normal coordinateQp . Here again note thatvp and
Qp are slightly temperature dependent.

The thermal average of any physical quantity can
evaluated quantum statistically within the first-order pert
bation theory using Eqs.~4!–~6! in Ref. 5.C1 can be ob-
tained by solving the following equation approximately:

05^r2Rav&5(
i
ei

~1!^Qi&

5(
i
ei

~1!
2s i

2

\v i
S 2a i

~1!13(
p

a ipp
~3!

11zp
12zp

D , ~6!

wheree(1) is the coefficients with which the normal coord
nates are transformed into the initial internal coordinates,
the leading term ofC1 is included ina i

(1) . C2 andC3 are
calculated as:
C25(
i , j

ei j
~2!^QiQj&5(

i
eii

~2!s i
2 11zi
12zi

224(
i , j

ei j
~2!s i

2s j
4S 12zizj

\~v i1v j !
1

zi2zj
\~2v i1v j !

D 1

12zi

11zj
12zj

(
p

a i jpp
~4! sp

2 11zp
12zp

,

~7!

C35(
i , j ,k

ei jk
~3!^QiQjQk&23C1C2

512(
i , j ,k

ei jk
~3!a i jk

~3!s i
2s j

2sk
2

~12zi !~12zj !~12zk!
S 12zizjzk
\~v i1v j1vk!

1
zk2zizj

\~v i1v j2vk!
1

zj2zizk
\~v i2v j1vk!

1
zi2zjzk

\~2v i1v j1vk!
D . ~8!
ve
e
i-

5.

ri-

al-
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nd,
d

all
us-
ally
es
Note that the subscripts of the force constants are muta
for instance,a j ik

(3)5a i jk
(3) , a j ikl

(4) 5a i jkl
(4) , and so forth. C4 can

also be given in a similar manner toC3 .
In the present study, we have examined several size

Kr clusters of Kr2, Kr3 ~linear!, Kr5 ~planar!, Kr13 ~including
all the first-NN atoms!, Kr19 ~up to the second NN!, Kr43 ~up
to the third!, Kr55 ~up to the fourth!, Kr79 ~up to the fifth!,
and Kr87 ~up to sixth!. In the Kr55 cluster, all the first-NN
atoms are coordinated completely by 12 atoms. We w
hereafter discuss the results only of the first-NN shell
cause of a limited size of the present cluster and a negle
higher-NN interaction. Note that no fitting parameters w
the experiments are included in the following results exc
for the absolute values ofRav, C2 , andC3 at 24 K.

B. Results

Figure 5 shows the calculated results ofRav, C2 , and
C3 for the first-NN shell of Kr2, Kr13, Kr19, Kr43, Kr55,
le;

of

ll
-
of

t

Kr79, and Kr87, together with the experimental and the abo
MC ones. The results of Kr3 and Kr5 are essentially the sam
as those of Kr2 because of no interaction between the term
nal Kr atoms, andRav andC3 of Kr79 are almost identical
with those of Kr87. These curves are thus omitted in Fig.
The calculatedRav at 24 K for the Kr87 cluster was obtained
to be 4.0462 Å, which is significantly larger than the expe
mental value of 4.001 86 Å.18 This deviation originates from
the neglect of higher-NN attractive interactions. Here the c
culatedRav values by both quantum-statistic (Kr87) and clas-
sical MC methods were thus shifted by adding constants
match the experimental value at 24 K. On the other ha
C2 and C3 were similarly shifted to match the calculate
ones at 24 K for Kr87.

It is clearly found that the temperature dependence of
the quantities is getting smaller with an increase in the cl
ter size. This is because the neighboring atoms are gradu
more coordinated and the vibrational amplitude becom
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suppressed. Although the temperature dependence doe
converge within the cluster size investigated, the Kr87 cluster
may be sufficiently large to discuss the EXAFS cumulants
the first-NN shell. We should here note that when the
atomic Einstein model is applied to obtain the force co
stants of solids, the resultant values should be just effec
and completely different from those of the pair potential.

The thermal expansion estimated by the present quan
statistical calculation for Kr55 is found to be in excellen
agreement with those given by EXAFS, x-ray diffractio
and the classical MC simulations@Fig. 5~a!#. This implies
reliability of the present pair potential employed and co
firms appropriate estimation of thermal expansion using
classical theory at the temperature range investigated
lower temperatures, the classical calculation deviates f
the experiments, while the quantum-statistical results ag
with those fairly well.

C2 and C3 were also estimated appropriately by t
quantum-statistical calculations@Figs. 5~b! and 5~c!#. The
temperature dependence ofC2 andC3 is reproduced excel
lently by the calculations of Kr79 and Kr87. Even in the case
of Kr43 ~or also of Kr55 for C2!, the temperature dependen
was significantly overestimated. On the other hand, the c
sicalC2 deviates noticeably from the experimental data
cause of the quantum effect of the zero-point vibration, wh
the slope of the classicalC2 is in good accordance with th
experiments, again indicating that the temperature exam
in this study is not crucially too low to obtain thermal info
mation of solid Kr by means of the classical theory.

VI. CONCLUSIONS

The Kr K-edge EXAFS spectra of solid Kr were me
sured and analyzed in order to obtain information on
thermal expansion and the Debye temperature not only f
the first-NN shell, but from higher-NN shells. The mea
square relative displacements for the third- and fourth-
shells were found to be larger than those for the first-N
shell. All the shells yielded the Debye temperature of
62 K. The thermal expansion estimated from the firs
third-, and fourth-NN shells are in excellent agreement w
the x-ray data. For the first-NN shell, the cumulan
expansion analysis was essentially important, while for
third- and fourth-NN shells, the conventional Gaussian
proximation successfully gives the proper thermal expans
Effective cancellation of anharmonicity should be emph
sized in the radial distribution function for higher-NN shel
although the present system is largely disordered.

We have also performed the classical NPT MC simu
tions of solid Kr at low temperature in order to recognize t
behaviors of the temperature dependence of the EXAFS
mulants and the lattice constant. Although the simulat
was based on the classical statistics, these behaviors
successfully reproduced at least semiquantitatively. T
r,
not
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mean-square relative displacements are larger for higher
shells than for the first-NN shell because of larger correla
motions for the latter. On the contrary, the mean-cubic re
tive displacements were revealed to be negligibly small
higher-NN shells, while those for the first-NN shell are e
sentially important to estimate an appropriate average in
atomic distance.

The present findings should be applicable to other syst
for more reliable estimation of the interatomic distance
means of EXAFS. It might be believed that the first-NN sh
is most reliable for a detailed determination of the inte
atomic distance owing to dominant contribution in th
EXAFS spectra. It is, however, quite important to take t
anharmonic contribution into account; otherwise, an appa
contraction of the bond length should be inevitable.12 On the
other hand, when higher-NN shells are observed, reliable
teratomic distances are obtainable within the Gaussian
proximation even in strongly anharmonic materials. A
though the present study employed two-body interatom
potentials, this finding can be applied to the systems w
strong many-body interactions such as a bending force. T
is because, as long as the interatomic distance is discus
the bending anharmonicity for the distance is alwa
canceled.7 Care should be taken only of higher-order cum
lants such asC3 .

The quantum-statistical analytical calculations of t
first-NN cumulants using the Kr87 cluster were found to be in
excellent agreement with the experimental results. This
plies a high quality of the pair potential employed. We ha
examined the cluster-size dependence of the EXAFS cu
lants from Kr2 to Kr87 and have found that temperature d
pendence ofRav, C2 , andC3 is noticeably suppressed wit
an increase in the cluster size. This is because the first
atoms are gradually more frozen due to further coordinat
of Kr atoms. It should be noted that the diatomic Einste
model, if applied, would result in only an effective potenti
of solid Kr, which completely deviates from the intrinsic pa
potential. The present quantum-statistical calculations h
dealt with only the first-NN shell and ignored higher-N
interactions. It might be also important to evaluate the cum
lants of higher-NN shells by modifying the theory derived
Fujikawa and Miyanaga,10,11 for further understanding o
thermal expansion and effective cancellation of asymme
distributions for higher-NN shells.
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