PHYSICAL REVIEW B VOLUME 55, NUMBER 2 1 JANUARY 1997-11

Supersolid phase in fully frustrated Josephson-junction arrays
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We study the phase diagram and the excitation spectra of an array of small Josephson junétioh® at
and arbitrary charge frustration. We find that the supersolid region in the phase diagram is larger than the
corresponding region dt=0 and it includes two different phases. In the chiral supersolid charges and vortices
are arranged in a checkerboard pattern on>a 2 supercell analogously to the unfrustrated case. We find a
phase, which we termonchiral supersolidwhich has no corresponding phasd &t0. The excitation spectra
in the supersolid regions show particlelike dispersion which is related to the existence of defectons. The
defecton condensation leads to superfluidity in the presence of a charge-ordered background.
[S0163-182697)00801-1

. INTRODUCTION refer to this¢ configuration as @hiral (ground state. The

) ) , ) effect of quantum fluctuations in JJA’s &&1/2 has been
Josephson junctions arraydJA’s) are ideal model Sys- jqestigated in Ref. 10. Although the superconducting tran-
tems to study a variety of phase transitions induced by thergjion temperature is reduced, the configuration of the phases

.T{ar: or quantun:jﬂutqtua_tul)rfszThese Lattebr p:??/oﬁqujroéi;(zznii and the supercurrent flow patterns are unchanged, and so
1! the superconducting 1s1ands are of subm e ground state is still chiral.

they drive the zero-temperature superconductor-insulator Quantum fluctuations may be modulated by means of a
(Sl) phase transition. The two characteristic energy scales in ) Y . y
the system are the Josephson enefgwhich is associated gate vqltage o the groum_‘ix, this effect is known asharge .
with the tunneling of Cooper pairs between neighboring is_frustrgtmn Thfa energy difference for two charge states in
lands, and the charging energywhich is the energy cost to each |slar_1d witm andn+ 1 extra electrons may _bg reduced
add an extra Cooper pair on a neutral island. The electrd?y changingV, . Consequently the effects of a finite charg--
static energy tends to inhibit the Josephson tunneling: A fiing energy are weakened and the superconducting region in
nite U leads to quantum fluctuations of the phagesf the  the phase diagram turns out to be enlarged. In the presence of
Superconducting order paramemei ‘ﬁi, one each island. If Charge frustration and a finite-range Coulomb interaction, the
J>U, the system is superconducting since the fluctuations ophase diagram has a rather rich structure. Various Mott in-
the ¢’'s are small and the system is globally coherent. Wesulating phases appear. They are characterized by crystal-like
will refer to the JJU—c limit as theclassicalcase(in the  configurations(with a lattice constant which depends on
classical limit JJA’s are a physical realization of the two-V,) of the charges on the islands. In addition a new phase,
dimensionalXY mode). In the opposite limitJ<U, the ar-  characterized by the coexistence of off-diagosalperfluid
ray is a Mott insulator since strong guantum fluctuations ofand diagonalcharge-crystallinelong-range order, may ap-
¢; prevent the system from reaching coherei€eulomb  pear. This phase is known as thepersolid Since the origi-
blockade of Cooper pairsThe Sl phase transition in JJA’s nal prediction by Andreev and LifshitZ, there have been
has been studied in great detail both experimentadlyd numerous works concerning the determination of the loca-
theoretically* The effect of disorder and the presence of antion and the size of the supersolid region as a function of the
additional glass transition has been studied in Ref. 5. At thaystem’s parametef4=1° Most of these theoretical investi-
transition the system could be a metal with a universal valugations employ the mean field approximation. Recently
of the conductanc®:® quantum Monte Carlo calculations were performed in Ref.
Frustration in a quantum JJA can be introduced either byl6 for the JJA model and in Ref. 17 for the Bose-Hubbard
applying a magnetic field or by means of a gate voltage withmodel. These simulations confirmed the existence of the su-
respect to the ground plane. The effect of thagnetic frus- persolid region although its size is substantially reduced
tration has been studied extensively in the classical Iimit. compared to the mean field estimates. Investigations in one-
The presence of the magnetic field induces vortices in theimensional system%by means of Monte Carlo simulations
system, and if the frustration is a rational numberdo not show any trace of the supersolid.
(f=d/dy=p/q, whered is the magnetic flux piercing each  All these investigations concerning the effect of frustra-
plaquette andb,=h/2e), then the ground state consists of ation in quantum arrays considered either chasgenagnetic
checkerboard configuration of vortices witlgx g elemen-  frustration. The combined effect dioth types of frustration
tary cell. A particularly interesting case is the fully frustrated may lead to interesting effects. The most striking prediction
situation =1/2) where the two degenerate ground statess that for certain ratios of the magnetic to charge frustration
consist of a vortex lattice with a’22 elementary supercell. the JJA is in a quantum Hall phaS&The proposal is rather
The current corresponding to this vortex arrangement flowsuggestive, although experiments are not yet available to
either clockwise or counterclockwise in each plaquette. Wesupport it and there is no detailed study of the phase diagram
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which would allow one to locate the region where the quan-
tum Hall phase should be observed. Hs=—h> S+3 2 SU;S

Motivated by these recent developements, we study in ' h
this work the phase diagram and the low-lying excitations of A _
a JJA in the presence of both charge and magnetic frustra- —J2 (eMis’s +eMis's), 2
tion. In particular we consider the case of fully frustrated (D
JJA’s for which the ground state is known in the classicalwhere the operator§’, S, and S, are the usual @)
limit. Two different supersolid phases are identified whichoperators,S’ being related to the charge on each island
we indicate aschiral supersolid(SS and nonchiral super- (nj=S/+1/2), and the raising and lowering~ operators
solid (NCSS. This NCSS is a new phase and has no correcorresponding to the operatoes¢i of the QPM. The ficti-
sponding stable phase &t 0. Thewhole supersolid region tious external fielch is related to the external charge by
is enlarged as compared to the case of zero magnetic field.

The paper is organized as follows. In the next section we
introduce the quantum phase mod@PM) commonly used h:(”x_l/z); Uij-
to study JJA’s and reduce it in the standard way to the
XXZ Heisenberg model. The phase diagram of the lattefhe various magnetic orderings in tK&XZ Hamiltonian cor-
model is studied at the mean field level in Sec. Il using the'espond to the different phases in the QPM.
1/S expansion. We would like to point out that the presence (i) Long range order inS) and (S') (\(S)2+(S)
of both magnetic and charge frustrations makes the calcula# 0) indicates superfluidity in the QPM.
tion nontrivial already at this level and that it is impossible to  (ii) Long range order ifS?) (|(S?*|#0) describes order
use other standard tools such as Monte Carlo simulations dn the charge configuration.
the self-consistent harmonic approximation. In the case of In the rest of the paper we consider the Coulomb interac-
Monte Carlo calculations there is the sign probléiae to  tion only between nearest-neighb@IN) (U;) and next-
the combined effect of both types of frustratiamhile in the  nearest-neighboiNNN) (U,) sites.
harmonic approximation the discreteness of charges which is
essential to describe supersolids is lost. In Sec. IV we study IIl. PHASE DIAGRAM
the spectrum of the low-lying excitations in all the regions of

the phase diagram. Finally, Sec. V is devoted to the conclu- [N this section we obtain the phase diagram ffer1/2 in
sions. the presence of arbitrary charge frustration. Previous work

already established the phase diagram of the spin Hamil-
tonian for zero magnetic frustratiorf £ 0) 12-1417
Il. MODEL We consider a square lattice and use the galigéyx.
, _ _ This givesA;=m(y;/a)sgn;—Xx;) where the coordinates
In quantum JJA; the only re!evant dynamical variablesys ihe neighboring sites and j appear and is the lattice
are the phaseg; defined on each islari@t low temperatures  gpacing. This is illustrated in Fig. 1 where the dashed lines

the fluctuations of the modulus are unimportant Since in  jndicate the antiferromagnetic bond(=) and the solid
nanofabricated samples there are no Ohmic currents betwe@Res the ferromagnetic bonds§=0).

the islands and also quasiparticle tunneling is negligible, all

oo In the classical limit there are two degenerate 2 peri-
the physics is captured by the QPI=1)

odic ground states: In the QPM language the corresponding
¢; configurations describe a checkerboard arrangement
1 of vortices and antivortices. IIKXZ language the spin
HQP=§Z (Ni—nYUj;(nj—n,)—J >, cosé—¢;—A;),  components are related tp by arctan(§)(S))=¢ and
) (D n V(S)2+(F)?=1. In the classical limit charges are com-
pletely delocalized which implie&Sf)=0.

The chiral configuration of the classical ground states sug-
wheren; (the charge on théth island is canonically conju- gests the introduction of four sublattices indicated by the
gated to¢;, [ ¢;,n;]=2eis;. The Coulomb interaction is index |=a,B,vy,8 (Fig. 1). Each site is parametrized By
described by the matrik;; =4e2Ci}1, whereC;; is the ca-  and an additional indeg which runs, within each sublattice,
pacitance matrix. The external voltalyyg enters via the in- through the whole array.
duced chargen, and fixes the average charge on each is- We study theXXZ model using the B expansion § is
land. A perpendicular magnetic field with vector potentialthe modulus of the spin vectorFirst the quantization axis in
A enters the QPM in the standard way througheach sublattice is rotated to align the spins along the direc-
Aij=(2elc) [|A-dI. The relevant parameter which describestion of the relative magnetization. We obtain the rotated
the magnetic frustration is=(1/2m)ZA;;, where the sum- Hamiltonian RHgR ™%, where
mation runs on an elementary plaquette.

In the case of a very largen-site Coulomb interaction - 7 px
and very low temperatures only a few charge states are im- R_l_pl .:H;,y,; REiR%1 &
portant. If the gate voltage is tuned close to a degeneracy, the _ ‘
relevant physics is captured by considering only two chargevith Rzp|ie'¢lsnz)l and R =¢' %S0, Then we perform the
states per island and the QPM is equivalent to a spin-1/2/S expansion and determine the actual values of the eight
Heisenberg mod& angles¢, and 6, by minimizing theS— o limit of the rotated
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o [3 o The minimization of theH,, leads to eight equations in the
variables ¢, and 6, defined on the plaquette of Fig(H.

Four of these equations can be solved analytically with the
result
V16a°h?—(b%>—1)(a’—1)
X Y 5 Y A () PO R VI
_ V16a®h?—(b*-1)(a’- 1)
B P A VR
o B o
~ V16a’h?—(b?—1)(a®— 1)
tar((bﬁ_(ﬁa)__ (a2_1)(b2+1)_2b2(a2+1)! (6)
where
_sind, _sindg
o p a= sinds”  ~  sing,

b)

(the solutions are valid i& andb are both finit¢. We now
S look for solutions witha=b=1 which correspond to phases
with checkerboard symmetry. The resulting configuration of
the ¢, is the same as in the classical limit, and the supercur-
FIG. 1. Because of the nontrivial periodicity due to the magneticrent has the same chiral pattern. This has been noticed in the
frustration, a 22 cell should be considered. The labels for the case of zero external charge in Ref. 10. We show that, for
sites as used in the paper are here repofagdUsing periodicity  nonzero charge frustration, the above conclusion is also valid
boundary conditions, as shown (a), one can reduce the problem fqr the superfluid phase and for the chiral SS.
defined on the plaquette drawn ib). The remaining equations faf; reduce to the ones of the
f=0 case with the substitutiah—J/\/2. The solutions then

Y

I ._read
Hamiltonian. The above procedure allows us to characterize
ground states whose properties are uniform within each sub-
lattice (the angles? and ¢ do not depend on the subscript cosh= h %)
p). _ 2(U +U,+23)
At the mean field level the order parameters ard,siar i
global phase coherendeff-diagonal order and cos, for  for the superfluidSF) and
charge orderingdiagonal order. The ¢, configuration deter- 14 2w
mines the supercurrent pattern. TheS léxpansion of COS 5= 2(VENVT—4W)
the rotated Hamiltonian can be carried on systematicallyjor the chiral SS. We defined
by using the Holstein Primakoff transformation
Sp1= J_Sapwl Np/S, Su=(Sp)", Sp=np—S, where w=(h—hg)/(2Uyk), he=2y(U;—U,)2—2J2
ap anda’ pl @re boson operators ang| T|ap|. These op-
erators descrlbe excitations around the- ground state. e — 5
The rotated Hamiltonian reads k= 1= [V20(U1= U (14 w),

and

RHGR™'=H..+Hswt O(\/S), @)
v=k(1l+w).
where H., is of order S?, and Hg, describes low-energy _ _ _ _
fluctuations around th&—c ground state and turns out to By comparing the energies relative to the above solutions
be of orderS. TheS—>oo ground-state properties are obtained We obtain the boundaries between the phases with checker-
by minimizingH., board symmetry.
Paramagnetic-canted state:

U
—lcos, > coshy, h=+2(U +U,+2J). 8

o= cos?
E '" 8 m=NN(I)

Canted state; or 2 lobe:

+ 2c05219 E coyl
4 ' m=RRNG) m h=+[U;+U,+2J

—isinen > efmsing,cod d— ) | (5) + (U +U,+23) (U +U,—3427)]
47 RN 9



55 SUPERSOLID PHASE IN FULLY FRUSTRATED ... 1103

Insulating phases
Supersolid phase

6 - configurations

0 - configuration @ - configuration

integer lobe 3/4 lobe 172 lobe N
(a)
S
Non Chiral
Superfluid phase Supersolid Phase
0 - configuration @ - configuration
6 - configuration @ - configuration
Ty / ,,,,,,,,,,
D
G
= = O
b
(b) )
(d)

FIG. 2. The three-components spin vectors we used are characterized by the usual Eulef andlés(a) In the insulating phases the
order parameter vanishes and only theonfiguration is importantb) The mean field order parameter’'s phase configuration is unaffected
by magnetic frustration(c) The § and ¢ configurations in the SS. As in the superfluid state, the magnetic frustration preserves the chiral
order of the ground statéd) The two degenerate ground states of the NCSS. The circle indicates the lattice site where the phase of the
superfluid order parameter is not defingide two degenerate configurations both refer to the eastk).

Canted-chiral-supersolid state: Mott lobes there is no projection of the spin on theplane
and the three spin configurations in FigaRcorrespond to

(Ul—Uz—\/ZJ) filling 1, 1/2, and 3/4. In Fig. @) and Fig. Zc) the super-
h=2(U,+ U+ V29) \/ (Up—Uy+ 23) 10 fluid and supersolid configurations are represented. The fact

that the¢ configuration is not affected by quantum fluctua-

Chiral-supersolid-Neel state: tions has already been noticed in Ref. 10 for zero external
charge. We extend this result to the SF and SS phases. How-
h=2(U;—U,)?—2J2 (1)  ever, we discuss below a new phase, tlmmchiral super-
solid, which shows a different supercurrent pattern.
Chiral supersolid,; or 3 lobes: The NCSS ground state is found when we look for solu-

> 5 tions with no checkerboard symmetry which minimize Eq.
h==[2U,+hs—V(2U,+hg)*—h—8U,(U;—U,)]. (5). (A noncheckerboard phase was also found a0 by
(12) Bruderet al}* and was named a SS2 supersolitfe choose
The spin configurations corresponding to the insulating, sua=1 andb+# 1 (or equivalentlya# 1 andb=1). In this case
perfluid and supersolid regions are shown in Fig. 2. In thehe ground state has the following phase configurations:
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0 0.1 02 03 04 05 06 07 0 005 01 015 02 025 03 035 04

I, I,

FIG. 3. The phase diagram for the fully frustrated JJA. The |G 4. The region of the phase diagram containing the NCSS is

NNN Coulomb interaction i$J,=0.1U;. shown in detail. In addition we repoitvith crosses the phase
boundary that should have the chiral SS2 by rescalings dis-
¢,=0, cussed in the text.
bp= ¢, + 72, Thus the NCSS ground state describes a supersolid, since
charge-crystalline and superfluid order coexist, but the chiral
bs=2¢,, supercurrent pattern is lost.

All the phase boundaries obtained in this section are sum-
marized in the phase diagram shown in Fig. 3. Tiele
b =arctar supersolid regionSS and NCSS phasges enlarged com-
4 ' pared to thef =0 casgSS1 and SS2 phagesit f =0 the tip
Substituting these values of the phaseBlinand by numeri-  of the lobe(which coincides with the extension of the super-
cal minimization of the corresponding expressiorHaf, we  solid phase in the hard core linitwill correspond to

and

find two degenerate NCSS configurations J/U,;=0.45. A blowup of the NCSS region is shown in Fig.

4 and compared with the rescalée 0 phase diagram. This
$a=0.¢p=ds=m figure emphasizes that theholesupersolid region cannot be

(sing,=0) and obtained by rescaling the=0 phase diagranithe rescaled

SS2-SS1 phase boundary is shown by crgsses
d)a: d)y: ¢5: 0

(sindz=0). In the previous expressions,, [for the configu- V. EXCITATION SPECTRA

ration of Fig. 2dl)] and ¢, [for the configuration of Fig. The excitation spectra can be obtained calculating the

2(dIl)] are meaningless since the superfluid order parametaigenmodes oHg,,. As pointed out in the previous section

is zero in this site. all the terms up ta)(S) are retained in the % expansion;

The resulting pattern of supercurrent is different from thethis, in turn, corresponds to retaining products at most bilin-
classical chiral one. We point out that in this case the equaear of the creation and annihilation operatafsanda. By
tions for the angles, cannot be obtained from the=0  consideringl as a color indexHs,y describes a system of
equations by simply rescaling—J/+/2. four kinds of interacting bosons defined on a lattice whose

The solutions are characterized by theésarder param-  sites are labeled by the indgx Then we Fourier transform
eter vanishing on one of the four sublattices. On this particuwith respect togp andHg reduces to a sum of single-mode
lar sublattice cog=1, and so the charge is well defined. Hamiltonians

HSWZEk Hk!
Hi=(el@P+ e+ el o+ (6P + P+ BNy g+ (6l + el P+ PN+ (6100 + el P+ 2Ny 5
* *
+(v|<(a"y)al,aak,y+vf(ay‘y) a’l,'yak,a)—’—(vf(a’ﬁ)al,aak,ﬁ—’_vl((ayﬁ) al,ﬁak,a)—'—(v(ﬁ )aleak 5+U(ﬁ o a‘k 5ak ﬁ)
+(v " ?a 43k, sTui” )*alt,éak, )+ (v %a) ay s o™ R al a0 + (v y)akﬁak +ofr” al »a%,8)

P
+(q(ka’7)al,aalz,y+qk o a, A, o+ (aPal akﬁ+qk ak,Bak O+ )akﬁak +qif ak,ﬁak,ﬁ)

0 AT T ,0 a,0) 5T T a,
+(ay” )"3‘|<,«yak,5+Q|(<y ” ak,yak,,s)+(QE< >ak,aak,5+Qf< ak Qo)+ (a wakﬁa +Qk e ak,yak,ﬁ)- (13
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The coefficients in the Hamiltoniafi3) (reported in Ap- 40
pendix A depend on the angles and ¢, introduced in Sec.
lll. The k sum is restricted to half of the Brillouin zone a5
because of the doubling of the lattice constant due to the
magnetic frustration. All the linear terms in the operators 30
alyi and a,; vanish for the{6,,¢,} configurations in the
ground state.

The HamiltonianH g,y is diagonalized using an algebraic $oo|
techniqué®2:28-2%yriefly described below: We introduce the
operators 15 ¢

Xjr=ay @y +aga |,

Wt ot toot
X'=a al, +agal, =),

x"=al a+a’
| —ak‘|,ak1| a,kJ,a,kJ,

..t t Y
Xir=ay ay+asa i =(X )7,

X|Iink‘|+n_k‘|+1, (14)

which obey the commutation rules

[Xir Xy 1=[ X, X™™ =0,

o(k)

[X XM =X ™ +X™ 8™+ X ™8™ + X, ™ 8™,

X, Xn™ 1= Xim 8™ + Xy md™

[Xll ,1Xmm,]: _x|m’5m|’_x|’m’5m|’

0.6 . I . L . )
0.0 05 1.0 15 2.0 25 3.0

X X 1= X ™ = XM 5, 15 ) X

where we have omitted thé index in the X's and
I,I" mm’} are the color indices. The 36 operators .
{ ; P J=U,/4, U,=3U,/8 andh=2U,/3. The behavior at smak re-

Xy, X" '.XII jxl’l'xll} form a base for the noncompact e,is the particlelike nature of the excitations.(In we show the
symplectic Lie algebra sp(8)= The diagonal operators in ¢o,r branches of the “3/4” insulating phaseUg=0.1U,,

the Foch bas«,' generate the Cartan subalgebra of sp(8) h=2U,, andJ=0.1U,). The two lower curves have been rescaled
whose dimension is 4equal to the rank of the algebrd’he  py a factor of 10.

other 32 off-diagonal operators are the non-Cartan generators ] )

of the algebra. By using the definitions of Ed4), one can sPondingS—c ground-state{ 6, ¢} configuration for each
see thatH, belongs to sp(8) since it can be written as a phase. The main results of this procedure are described be-

linear combination of a subset of its generators: low for the various regions of the phase diagram. _
Insulating phasesSince the superfluid order parameter is

, zero, there is no effect due to magnetic frustration. ThelNe

He=2> DX+ > D ®OX" + > Ry Xy, (16)  and insulating 1/4and 3/4) phases are charge-modulated

! 1#1’ 1+l solids. The lowest-lying excitations are gaped and particle-
whereR (V=R (9" andD,, (=D, (%" The coefficients - /e P C R, 0 e e N e 172 and
in expression(16) are listed in Appendix B. Equati.omG) 3/4 lobes. THe Nel solid is charge modulated along both
suggests tha sy possesse.'glz@ks_p(8)K as dyngmlgal al-' andy directions and the excitation branches are shown in
gebra; therefore we can diagonalize the Hamiltonian USINgig 5(). The four branches in the 3/4 lobe come from the
the fundamental, faithfuli.e., preserving the commutation 516 complicated structure of the elementary cell. In this
rules irreducible representatiofiRR) of A. It is worthwhile  state there is a transverse-phononlike excitation, characteris-
to notice that because of the noncompactness(@)severy tic of the diagonal long-range order along rows and/or col-
finite-dimensional IRR of such an algebra is not Hermifin. umns(where the charge is uniformin addition we find the
Despite this fact we can use the IRR.fin order to obtain  particlelike spectrum(with positive curvature at smak)
the correct eigenvalues ¢fsy, (see Appendix A Such ei-  which reflects charge modulation. This is shown in Figp)5
genvalues still depend o, and ¢, : The actual spectra in where the branch with negative curvature, represents the
the various phases are worked out by specifying the correphononlike excitation.

FIG. 5. (a) The excitation spectrum of the ‘Meinsulator. At
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FIG. 6. The acoustic- and transverse-phononlike branches in the FIG. 7. In this figure we show the dispersion relations in the SS
superfluid are shown fod=U,, U,=0.1U,, h=2.2U,;, and (J=0.38J,, U,=0.1U;, h=1.7U,, andk,=0). The sound veloc-
ky,=0. ity of the acoustic branch is reduced compared to the superfluid

case. The gapped branch has a positive curvature at gncalar-

The Mott phases are not modulated in any direction, andcteristic of the particlelike nature of the excitations.
then the low-lying excitations are phononlike.

SF phaseBecause of the doubling of the elementary cell9ap of the lower branch of the solid vanishesasgiving a
of the lattice due to the magnetic frustration, an opticalcritical exponeniz=21"%" At the SF-SS transitiofsee Fig.
branch is present in addition to a gapless mode which 1in10) the critical mode ik= (7, 7) and the roton minimum is
early depends ok at smallk; see Fig. 6. This was already at this wave vector. At the phase boundary the roton gap
discussed in the classical case by Ariesal® Long-range  disappears linearly ik, giving z=1.
diagonal order existing along any lattice direction induces
transverse-phononlike excitations. V. CONCLUSIONS

SupersolidSS phase In the SS phase both diagonal and
off-diagonal order modulations are present. In this state the In this paper we discussed the properties of a fully frus-
in-phase density fluctuations are coupled to the off-diagondrrated quantum Josephson-junction array in the presence of
fluctuations and decrease the sound velocity because th@pbitrary charge frustration. We determined the mean field
reduce the superfluid density. The supersolid is characterizethase diagram af=0 as well as the low-lying excitation
also by a modulation of the charge. Such modulation of theépectrum using a ¥ expansion for the equivalenxXzZ
number of particles can be described in terms of defects ghodel.
the lattice and the oscillations of the particles lead to fluc- At f=1/2 two kinds of supersolid phases, in addition to
tuations in the diagonal order on each $fta@he localized the ordinary superfluid and insulating phases, are present.
quasiparticles associated with the collective oscillations oBesides the chiral SS which has an analogue in the absence
the defects were termatkfectong? The branch with a gap
reveals the particlelike excitations consistently with this
physical picture. In Fig. 7 the acoustic branch is reminiscent
of the superfluid order while the gapped branch with positive ,,+—++" T
curvature corresponds to the excitation spectrum of the de-
fectons.

NCSS phaseAs in the previous case, the off-diagonal 08 |
order is coupled with the density waves, but in this state
there are four branches. The gapless one reflects the supe®
fluid nature of this state. Since the mean field superfluid or- 5|
der parameter vanishes in a lattice site of the2plaquette,
the sound velocity is strongly decreased. Two of the three
gapped curves take into account the defects of the lattice; the o2 |
other one means that in the system there are transverse
phase-phonon excitations too. This is summarized in Fig. 8.

An important issue which can be addressed by studying 00, o - v 25 - =
the excitation spectrum is the determination of the dynamical ' ' ' K, ' ' '
critical exponent at the various phase boundaries. It turns out
that the fully frustrated system has the same dynamical criti- FIG. 8. The excitation spectrum of the NCSS phase
cal exponents at the vgrious phase boundaries as the unfrug=0.2u,, U,=0.1U;, h=1.848J,, andk,=0). The two lower
trated one. At the SS-N¢ solid transition(see Fig. 9 the  curves have been rescaled by a factor of 5.
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wholeSS plus NCSS region in the phase diagram is enlarged
compared to the unfrustrated case: The supersolid state better
adjusts to the periodicityon a 2x2 plaquettes elementary

- /\ cell) induced by magnetic frustration than the SF phase and
it is more favored than in thE=0 case. This may be impor-

10 1 tant for experiments because the combination of charge and
magnetic frustration may help in detecting the supersolid
2 08 phase.
3 We also determined the low-lying excitation spectrum of
the system. Due to the combined presence of magnetic and
05 1 1 charge frustration, the excitation spectra become more struc-
tured. They can be revealed, for instance, by studying the
02| 1 anomalies in thé-V characteristics in the Andreev current
when the array is coupled to a normal metal electrGde.
00 /\ We are currently investigating different rational values of
0.0 0.5 10 15 20 25 3.0 the magnetic frustration in order to study the possibility of a

ke quantum Hall phase as predicted in Ref. 19.

. Note added in proofAfter the submission of this paper,
FIG. 9. At the phase boundary between theeNesulator and we became aware of papers by C. Murthy, D. Arovas, and A.

SS the excitation spectrum vanishesc&sThe transition is signaled uerbach[Phys. Rev. B(to be publishey] r;lnd by E I,:rey

by softening of the acoustic branch proper of the supersolidgnd L Balents[.this iésue Phys. Rev. B5 1050(1.993]

(J=0.1, U;=0.1U,, andk,=0). where similar problems are investigated.

of magnetic frustration we find the new NCSS phase which
has a nonchiral ground state. In the case of the superfluid and ACKNOWLEDGMENTS
the SS the main effect of quantum fluctuation and charge \ye would like to thank C. Bruder. A. van Otterlo. K.H.

frustration is to lower in magnitude the superfluid order Pa-wagenblast, M. Rasetti, G. Samoand G.T. Zimanyi for
rameter. The supercurrent pattern induced by the extemglsefyl discussions. The financial support of the European
magnetic field is, however, unaffected. In our mean f'eldCommunity (HCM-network CHRX-CT93-0136 and of
analysis this is reflected in a rescaling bfin other words  |NEM (Italy) is gratefully acknowledged. Two of u&R.F

the magnetic frustration fixes the current distribution while 5,4 G.F) acknowledge the warm hospitality of the Institut

the charge frustration is responsible for the reduction of th;; Theoretische Festkperphysik(Karlsruhe where part of
magnitude of the superfluid order parameter. In the NCS$ne work was performed.

diagonal and off-diagonal long-range order coexist in a non-
trivial way and the combined effect of charge and magnetic
frustration cannot be disentangled as in the other phases. The
NCSS ground state has no checkerboard symmetry since the |n this appendix we list the coefficients of the Hamil-
superfluid order parameter vanishes in one of the four sites @pnijan in Eq.(13):

each plaguette and two flux quanta may be accommodated in

four neighboring plaquettes. The NCSS phase exists only in (1M = ptaiAinsing sing,,co m— U,COSHCOLy,,

the fully frustrated case and has no analogudé-af. The ’

APPENDIX A

el"=—2U,c0,cOH,. (A1)

1.0
The coefficients of the off-diagonal operators are

08 r 1 v(k"mEcos(k-a,Ym)[te‘A'm[(cosﬁ|cosﬁm+ 1)cog)
. . Up .
= —i(cos,+coHd,,)sinz, ] +-—=-sing,sind,, ,
A 7 ’ 2
v =U,co%k, cok,Sing;sind,
0.2
qf("m)icos{ka{,m)(teiA'm[(cosmcosBm—l)cosz,,m
0.0 : : . : : :
0.0 0.5 1.0 15 2.0 25 3.0

U
K=k +i (coa9,+cosﬂm)sinztm]+7lsin0|sin0m},

y

FIG. 10. At the superfluid-SS phase transition the roton mode (. . )
vanishes ak (J=0.5U;,U,=0.1U;, andk,=k,). gy = — Ucok,cok,sing sindp,, (A2)



1108 AMICO, FALCI, FAZIO, AND GIAQUINTA 55

wherem andn are, respectively, NN and NNN to the site R,(0=14B7 R (K=1q4(B0)
. . : . L 23 207 24 20k s
|. In the previous expressioq , is the unit vector joining

the sited andm andz, ,=(¢,— ¢,). The coefficient§A2)
areC numbers; they become real onlyfit=0.

RaK=1q(r?).
(BS)

The diagonalization oHgyy is equivalent to an inner au-

APPENDIX B

The IRR faithful representation of sp(8) we used consists

in mapping the HamiltoniaH gy, in the matrix M(Hgy)-

Since that sp(8) is a noncompact algebtd,turns out to be
not Hermitian and it has the structufe@e use the same no-
tation as in Ref. 26

D R
(—R —1’5)' (8D

where the tilde indicates the reflection in the minor diagona

(R=TR) andD is Hermitian. The matrix elements @ are

D1 M= L(6{ + 6l + {0+ heosd,),

D= L(6l8)+ 689+ A7)+ hcosd),

D33(k>i%(sf(“’ﬂ)-l—sf(ﬁ"s)+sf(ﬂ"')+hcos9ﬁ),

D44(k)i%(8f(%5)+Sﬁﬁ'a)'f'sf(a'é)'i‘ hCOS?,;). (BZ)

tomorphism of the algebra on itself. In other words, we can
define the unitary operatdy=II1,U,, with

U =eC, (B6)

where the anti-Hermitian operat@ is a linear combination
of the non-Cartan generators of the algebra

Gkﬁz[wr,s<xrs—xm>+wﬁ(er—x;ﬂ. (B7)

The rotation of the Hamiltonian throudd defines an inner
automorphism of the algebra generalizing the Bogoliubov
fransformation

UHSV\LJ‘1=; exp(adG)Hy,

expadG)H=UHU, ?

1
=Hit 2 L [G[GioHdl 1.
(88)

For the closure property of the Lie algebras E@8) still
produce an element o4; however, we can fix the,s's and
the ¢,%'s in such a way as to put to zero the coefficients of
the off-diagonal part of the Hamiltonian. As a final result

K1 (B K1, (8.5 K) =1 (7.0 Hsw becomes proportional to the generators of the Cartan
Dag"'=3v ", DogV=30, "%, Dz =307 .
subalgebra of4:
(B3)
4
The matrixR has the structure UHSV\Uilediag: E o DX, (B9)
r=1
R14 RlS R12 0 . . .
In the present caskH gy is diagonal after having solved 16
R Rz 0 Ry (B4) coupled nonlinear equations. Being interested in the eigen-
Ry 0 Rg Ry’ values only, we are allowed to use the faithful representation
0 R. R. R of A to find the spectrum of the Hamiltonian diagonalizing
43 T4z Tl the matrix M(Hg,) instead ofHg,,as an operator using Eq.
and its elements are (B8). These operations are equivalent because the diagonal-
ization procedure involves commutators between the ele-
R W=Lg@P R M=Lig@?, Ry M=Lq*?, ments of the algebra only.
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