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We report on a study of the charged-Skyrmion or spin-texture excitations which occur in quantum Hall
ferromagnets near odd Landau-level filling factors. Particle-hole symmetry is used to relate the spin-quantum
numbers of charged particle and hole excitations and neutral particle-hole pair excitations. Hartree-Fock theory
is used to provide quantitative estimates of the energies of these excitations and their dependence on Zeeman
coupling strength, Landau-level quantum numbers, and the thicknesses of the two-dimensional electron layers.
For the case o near three we suggest the possibility of first-order phase transitions with increasing Zeeman
coupling strength from a many-Skyrmion state to one with many maximally spin-polarized quasiparticles.
[S0163-182697)08016-9

I. INTRODUCTION This behavior can be understodfiguantitatively in the limit
of very weak Zeeman coupling, by identifying the elemen-
In the limit of strong magnetic fields where all electronstary charged excitations with the topological solitdSyr-
are confined to a single orbital Landau level, interacting two-miong of the O(3) nonlinear sigmaNLo) model in two
dimensional electron systerf@DES’Y exhibit a rich variety  spatial dimension§.With an appropriate kinetic terfhthe
of unusual properties. The quantum Hall effect, which occurdatter describes the long-wavelendf=0 dynamics of any
when the chemical potential of the 2DES has a discontinuityHeisenberg ferromagnet in two dimensions. Two features
at a densityn* which depends on magnetic-field strengib,  distinguish the quantum Hall case. First, the Skyrmions carry
a prominent example. In the quantum Hall effect the incom-electrical charge as a consequence of their topological
pressible ground state at densitj can be a strong ferro- charge’>%and hence have a stable finite size for small but
magnet, i.e., its total spin quantum numb®rcan equal nonzero Zeeman coupling. Second, they are present in the
N/2, so that electronic spins are completely aligned by infini-ground state neabut not precisely atv=1, and as a con-
tesimal Zeeman coupling. Surprisingly, in light of the strongsequence have an obvious influence on observable proper-
magnetic fields, the physics associated wagontaneous ties.
magnetization in these systems is experimentally accessible In this article we discuss the elementary charged excita-
because the Zeeman coupling is typically quite weak comtions of quantum Hall ferromagnets using a Hartree-Fock
pared to other characteristic energy scales and can even bpproximation approacht! The Hartree-Fock approxima-
tuned to zero, for example, by the application of hydrostatidion can describe charged excitations which are sufficiently
pressure to the host semiconductor. Recently there has bettalized in space to invalidate the gradient expansion that
considerable interest in charged excitations of the incomunderlies theNLo model description. A weakness of both
pressible ground state at=1 which has total spin quantum the Hartree-Fock andNLo model calculations, which we
numberS=N/2. As first noticed in numerical exact diago- will discuss further below, is the failure to respect the
nalization calculationd, and demonstrated in recent quantizatioh? *of total electronic spin. This paper is orga-
experiments;* the spin polarization in these systems isnized as follows. In Sec. Il we make some general remarks
strongly reduced away frore=1, where the ground state on the implications of particle-hole symmetry for relation-
must incorporate the charged excitations of thel state. ships between the energies and spin quantum numbers of
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positively and negatively charged excitations of quantumstant quantized kinetic energy which is conventionally cho-

Hall ferromagnets and for the neutral decoupled particle-holsen as the zero of energy, the Hamiltonian contains only the
pair excitations which are important in activated transportterm describing interactions of electrons within a degenerate
experiments? The considerations in this section do not de-Landau level. In the occupation number representation,
pend on the Hartree-Fock approximation. In Sec. Il we ex-many-particle states can be specified either by the set of
plain some formal aspects of the Hartree-Fock approximasingle-particle states within the Landau level which are oc-

tion calculations we perform in order to explore the cupied or by specifying the set which are empty, i.e., by

elementary charged excitations, and how their energetic oispecifying the states occupied by holes in the Landau levels.
dering depends on Zeeman coupling strength. Section I\ is convenient to combine the particle-hole transformation

presents and discusses our numerical results. We commaentth a spin reversal, so that the creation operators for spin-up
on the importance of the orbital Landau-level intfeand on  particles are mapped to annihilation operators for spin-down
the thickness of two-dimensional electron layers. We conholes, and creation operators for spin-down particles are
clude with a brief summary in Sec. V. An Appendix dis- mapped to annihilation operators for spin-up holes. Under
cusses the spectral transfer in the presence of the Skyrmiothis mapping

analogous to that underlying midgap states in solitons in one-

dimensional systems. N;—Ngz—N =N{,
We close this section with a remark on the terminology
used in this paper. INLo models the energy of a ferromag- N —Ng—N;=N,. 1

net is expressed in terms of a function which specifies th
direction %f the local ordered moment as a funcecion of the?t follows  that N:NT+N1__>N,:%N¢_N and
two-dimensional spatial coordinate. The energy functional in>:= (N1 =N|)/2—S;=S,, whereS, is the z component of
the “pure” NLo model invoked in discussions of broken the total spin. The HamiltoniaH changes by a constafit
symmetry states contains only a gradient term and the topo- , , ,
Iggical srglitons of this model cyan ge determined exats P H=H"+2(N=-Ny)eo=H'+2(Ny=N")e., (2

the gradient term is scale invariant in two dimensions, theyhereH’ is normal ordered in terms of hole creation and
energy of these solutions is independent of their size. Thennjhilation operators and is identical kb except for the
NLo model appropriate for quantum Hall ferromagnets withreplacement of electron operators by hole operators,egnd
a small Zeeman coupling has two additional terms whichs the energy per electron in the ground stateatl which
compete: a Zeeman coupling which favors small Skyrmionsjs readily calculated for any specified model electron-

and a Coulomb interaction which favors large Skyrmions;ejectron interaction. For 2D electron systems with a uniform
together these determine the size and energy of the Skyrmigieytralizing positive background charge,

and also its precise profile which differs from those of the

pure NLo model solutiond! In a microscopic quantum d%q

treatment®? a spin multiplet of elementary charged excita- €= —%f ﬁexq— |ql2/212)v(q), 3
tions with total spinS=N/2—K exists for each non-negative (2m)

integerK. At large values oK, the correlations of the quan- wherev(q) is the Fourier transform of the effective electron-
tum states are well described by the classical soliton soluelectron interaction.

tions; presumably, a treatment of the fluctuations about them, In the following sections we will evaluate the energy
along the lines of soliton quantization in other problems, change in the system when a single electron is removed from
would reproduce the exact states. However, frequently thene system at a fixed magnetic field. As mentioned above and
lowest-energy charged excitations occur at relatively smalshown in Ref. 13, the set of elementary charged excitations
integer values ofK, where both the symmetry-restoring at N=N,—1 is composed of a single spin multiplet with
quantum fluctuations and the neglected higher gradient terns= N/2—K for each non-negative integir. With finite Zee-

are large, and the field-theoretic description is no longer acman coupling, the lowest-energy state in each multiplet has
curate. While, strictly speaking, one might wish to reserves,=S= N/2—K=N,4/2—(K+1/2), and the energy of this
the term “Skyrmion” for excitations that are well described state relative to ther=1 ground state of the quantum Hall
by theNLo model solitons, in this paper we take the liberty ferromagnet may be written as

of referring to all elementary charged excitations of quantum

Hall ferromagnets as Skyrmions. e =Ux+0* ugB(K+3). 4)

Here g* is theg factor of the host semiconductor, attk
[l. PARTICLE-HOLE SYMMETRY may be interpreted as the interaction contribution to the in-
ternal energy of the quasihole. It follows from the particle-

hol\(/av zeg]tmhgtfp'gfdtﬁgrﬁzr?;&eneiggg Iisn t'grcgégﬁd’gfcﬁiﬁflehole transformatiofiEq. (1)] that the corresponding elemen-
Y y 9 tary charged excitations atN=N,+1 have S,=S

in the lowest Landau-level relates ele_ctronlc states at I.‘andagN’lz—K=N¢/2—(K+§ ), and an energy relative to the
level filling factorsv and 2—». Herev=N/N,, whereN is N=N. around state given b

the number of electrons, amtl,= AB/®y=A/(27/?) is the ¢ 9 9 y

qrbital degeneracy of thel Landau leveB (s the maglnetic- 6 =Uy+2e0+0* ugB(K+1). (5)

field strength,®y=hc/e is the electronic magnetic flux

guantum, and” is the magnetic length.The particle-hole For example, the state withK=0 is the single-Slater-
symmetry of this system occurs because, apart from the comleterminant elementary excitation which appears in the stan-
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dard Hartree-Fock approximation. Note thagt and e dif- 2"exp(—|z|%/4/?)

fer by a constant, so that their minima always occur at the dm(2)= (2 L/ Zmn) 2 C)
same value oK. For two-dimensional electrons in the low- -

est Landau level with purely Coulombic interactions, Herem=0,1, ... is the angular momentum, ame x+iy

Uk—o= (€% e/)(ml2)"? ande;= — (e’/ /) (mI8)"2 so that  expresses the 2D coordinate as a complex number. Note that
€c—o=Ux-ot+0*ugB/2 and e;_,=0* ugB/2. It follows®  states with largem are localized further and further from the
from the NLo model thatUy_...=3Ug_,, so that largek origin. We consider single-Slater-determinant states of the
states will have lower energy if the Zeeman coupling is sufform
ficiently weak. At intermediate values &f, numerical cal-
culations of one sort or another are necessary to estimate -
Uk. In Sec. Il we use a generalized Hartree-Fock approxi- [wy=T1 (umal+vmbli1)10), (10

. . .. . . . m=0
mation to obtain realistic estimates bOfs including effects
of the finite thickness of the quasi-two-dimensional electron,ere |0) is the particle vacuum anwm|2+|vm|2: 1, so
layers, and to discuss the influence of the Landau-level inde
for which the quantum Hall ferromagnet occurs.

The value ofK at which e, and €; are minimized has
been determmed_ expenr_nen_tally both by measuring  the The form of these wave functions is essentially dictated
ground-state spin polarizatidh near v=1, and by y the symmetry of the classical Skyrmion solutions which
measuring® the dependence on Zeeman coupling strength ogre invariant under the action &f,* S, for the Skyrmion
energy required for the cr(_eation o_f free-particle-hole pairs aEanti-Skyrmior). This plus the retzquirement of LLL occu-
v=1. Forv _clo_se to 1, interactions between elemer_wtarypalncy uniquely picks Eq(10) as the appropriate Hartree-
chgrged 9XC'Fat'O.nS can be neglectdio that the partial Fock wave functions. It is also easy to demonstrate, using
spin polarization is given for<1 by Eq. (10), that the expectation value of the total spin operator
in this state describes a spin texture with unit topological
charge, provided thatu, varies slowly with m from
Un=0=1 t0Uy_=0 (v n=0=0 andv_,.=1).

This wave function is a generalization of the single-
and forv>1 by Slater-determinant wave function propoSely Moonet al.,

for which the expectation value of the vector spin operator

gives a spin texture identical with that of the puxdo
fzwwl_z(K"'l)(V_l)/V- (@) model Skyrmion. The additional variational freedom in the

wave function of Eq.(10) allows deviations from the pure

Note thatdé/dv=2K just belowr=1 and—2(K+1) just NLo model, so that microscopically localized charged exci-
above v=1. The polarizationé may be measured in tations may be optimized in a way which depends on the
experimentd* that are sensitive to the spin magnetization ofdetails of the 2DES being considered. Far from the origin,
the system. Finally, the activation gapmeasured in trans- this state is locally identical to ferromagnetic ground states,

port studie¥’ is the energy to make an unbound particle-hole@d all spins are aligned with the Zeeman magnetic field
pair, which is assumed to point in the “up” direction. Near the

origin the projection of the total spin along the field direction
becomes negative. It is easy to establish that the total de-
crease in electron charge near the origin compared to the
Herromagnetic ground statél[,_,b/|0)) corresponds to one
electron. The total number of reversed spins in this wave
function is

that the wave function is normalized. Heed, creates a
down-spin electron anti,‘:1 creates an up-spin electron in the
mth angular momentum state.

é= NT+N1—W~1—2K(1—V)/V, (6)

A=eg + e =2Ux+2€p+ g% ugB(2K+1). (8)

The derivative of this energy with respect to the strengt
(g* ugB) of the Zeeman coupling term isk2-1. As we
discuss at greater length below, experim&his performed
at typical fields in GaAs 2DES'’s are all consistent with "
K =3, in good agreement with calculations presented in sub- . 2
sequent sections. K_mzfo Ui~ (1D
The K =0 Hartree-Fock hole excitation is obtained by choos-
ing u,,=0 for all m. Note that the quantization of the number
of reversed spins is not captured by these generalized
In this section some formal aspects of the Hartree-FoclHartree-Fock variational wave functions. The quantization is
theory for the charged excitations a1 are briefly dis- obviously of some importance in the usual experimental cir-
cussed. Further technical details are provided in a previousumstance sinc& is small. In this case better variational
paper on this topftand in the Appendix(The excitations at wave functions could be obtained, in principle, by
»>1 may be obtained from these by particle-hole symmetryprojecting®*® the Hartree-Fock wave functions onto states
as explained aboveBecause of the symmetry of the Skyr- with definite numbers of reversed spins. Here we account for
mion charged excitations, it is convenient to work in thequantization when necessary simply by restricting ourselves
symmetric gauge where single-particle wave functions in théo solutions wher& (the meannumber of reversed spihs
lowest Landau-leve{LLL ) have the simple form an integer’

Ill. QUASIPARTICLE ENERGIES
AND EXCITATION GAPS
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FIG. 1. Charge and spin densities for quasihole Skyrmions in _FIG: 2. Minimum hole creation enerdgolid line) and transport
the lowest Landau level for a system of zero thickness, evaluatefictivation energydashed lingin a v=1 quantum Hall ferromagnet

for different values off. The maximum angular momentum state 2 @ function of. All energies are in units ofe?/e/), and results
kept in these computations wa, .= 120 (see text are shown for both strictly 2D and finite-thickness models. The
max

maximum angular momentum state in these calculations was

We find optimized Skyrmion wave functions by minimiz- Mmax=120.

ing (P|H|¥), where the Hamiltonian includes electron- _ .

electron interactions and Zeeman coupling. This procedur¥alue of —dU(K)/dK gives the maximum value o at
gives rise to a set of self-consistent equations listed in Ref. #hich Hartree-Fock Skyrmion states wikhw0 occur.
which need to be solved numerically. Some typical results

for the spin an_d charge densities_relat?ve to the ground state\, HARTREE-FOCK THEORY NUMERICAL RESULTS
are illustrated in Fig. 1 for Skyrmions in the lowest Landau

level in a sample of vanishingly small thickness, for several A. Lowest Landau level:n=0

values of' G, where g=g* ugB is the Zeeman coupling | Figs. 2 and 3 we show results fatK(g)), A(K(g))
strengti?? The total energy of this state, relative to the en-gng K(3) obtained by solving the Hartree-Fock equations at
ergy of the ferromagnetic ground state, can be separated in series ofg values for the case of a strictly 2D electron
interaction energy and Zeeman energy contributions as i8ystem and for the case of a quasi-2D electron system with
Eq. (4): the finite layer thickness modeled to approximate the typical
o ~ o~ 1 experimental situation. Finite thickness can be introduced
¢ (K(@)=U(K(g)+g[K+z]. (12 into the calculation by assuming all the electrons are in the
For each value ofj the self-consistent Hartree-Fo¢kF) ~ same confined statg(z) of either the inversion layer or
equations determine the value Kfwhich minimizese and, quantum well in which they reside. The effective two-
given K, the shape of the Skyrmion stafspecified by the dimensional electron-electron interaction may then be writ-
Un values which minimizes the interaction energy. For ten in the form
pedagogical purposes and for comparison with the field-
theoretical approach it is useful to consider the interaction @
energy as a function df rather tharg. U(K), which is just I
the Legendre transform a&f (K), can be obtained from the
K(9) ande™ (K(Q)) produced by the self-consistent Hartree-
Fock calculations using Eq12). Formally minimizing Eq.
(12) with respect toK, we find that the optimal value &
for a giveng is determined by

dU(K)

=g (13

Thus the global relationship between the equilibrium value
of K and the Zeeman coupling strength is conveniently sum- X -
marized in a plot oflU/dK versusk. We will use such plots 0 0.02 0.04 0.06
in Sec. IV to discuss the importance of the finite thickness of E=-dU/dK (*/et)
two-dimensional electron layers and of the Landau-level in-

dex of the ferromagnetic state in determiniigg). The na- FIG. 3. Number of reversed spins per hole ina1 quantum
ive expectation is that the lowest-energy Skyrmion statgya|| ferromagnet as a function @ (% ¢/). Results are shown for
should monotonically shrink agincreases; we see from Eq. poth strictly 2D and finite-thickness models. Note that for self-
(13) that this is possible only 12U (K)/d?K is positive  consistent  solutons of the Hartree-Fock equations
definite, which is the usual requirement of convexity neededj= — dU(K)/dK. The maximum angular momentum state in these
to obtain a continuous Legendre transform. The maximuntalculations wa .= 120.
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> d*k ik-r 2 2 I .
v(r)= 2m2® dz,dz,| x(z1)|*|x(2,)]
2me? =0
@ Kz1—7| 3L .
k ' =
which is softer than the Coulomb interaction at short dis- S
tances, but at large distances approaches thdotr. The Sk 1
precise wave function chosen for our calculation is the W0 451
31— 1/25, o~ 212W '
Fang-Howar® form y(z)=[12W%] Y%ze ?2V wherew | e
may be understood as a measure of the thickness of the two- 20 et T T e

dimensional layer. Finite-thickness corrections tend to re-
duce the energy scales of this system; for example,

€0~ _0'626_7 for _th_e str_ictly 2D model, ang,= _/,0'3963 FIG. 4. Internal energy of a Skyrmion holé as a function of
for the quasi-2D finite-thickness model fdf=0.45". HOW- e number of reversed spiks Restilts are shown for both strictly

ever, we have found that the optimal values for the totabp and finite-thickness models. The maximum angular momentum
number of flipped spins in the Skyrmion states are not drastate in these calculations wifg,=120.
matically affected by finite thickness.

In Fig. 2, we see that botl and A rise rapidly toward tion will be given accurately by our calculation if the tail of
their K =0 values ag/(e®/e/) increases. The rapid increase the disturbance associated with the charged excitation does
in the energy with increasing is associated with the rapid not extend to the edge of our system. As the Zeeman cou-
shrinking of the optimal size of the Skyrmion charged exci-pling weakens and the Skyrmions become larger, finite-size
tation, as seen in Fig. 3. For typical experimentaleffects become increasingly important. It is for this reason
systems*15 § ~0.015-0.02%* e/ and the measured that theU(K) results shown in Fig. 4 do not accurately ap-
number of flipped spin&k~3, in good agreement with the proach the analytically knowK —« asymptote, which for
present numerical results. The small Zeeman couplinghe case of strictly 2D interactions has the value
strength required to reduce Skyrmions to microscopic size i897/32)Y4e?/e/)~0.94@?/ /). (It is possible, however,
at first sight surprising, and reflects the relatively wé@k to obtain an accurate value for this limit by regularizing the
dependence of U(K). As explained in Sec. Ill, g=0 Skyrmion by placing it on a sphere. This is sketched in
U(K=0)—U(K =)= (7/32)"%(e?//) for the Coulomb in-  the Appendix: The smaller the value d§, the larger the
teraction model. For larg& the principal correction to the value of M., required to obtain accurate results. The con-
NLo model K—e value for U(K) is the Coulomb self- vergence properties of our calculations with respect to
interaction of the excess charge. Assuming that the spin angll .., are illustrated in Fig. 5, wherk is plotted as a func-
charge structure of the Skyrmion have the same size, thigon of (g|In(g)|) 2. From the asymptotic analySisve
energy is~(e%/)K ™2 From Eq.(13) the optimal value of  know that for M ,,— this curve will follow a roughly
K implied by this approximation is'g ~#3 while the change  straight line for largek. For each finiteM ., the numerical
in € is proportional tog*3. A more careful analysisby  results bend away from this line, underestimating the number
Sondhiet al. replacedg in these estimates by{In(g)|. The  of reversed spins in the lowest-energy charged excitation.
31 behavior at smalfj means that even weak Zeeman cou-From Fig. 5 we estimate that calculations performed with
pling compared to the characteristic interaction energy is sufM,,,= 120 are accurate fog>0.01€?% /), calculations
ficient to eliminate most of the energy difference between thevith M ,,,,=480 are accurate fag>0.005@?//), and cal-
lowest-energy charged excitation and Kie 0 Hartree-Fock  culations ~ with  M,,=1920 are accurate for
quasiparticle energy. §>0.002€?%/ /). The number of angular momentum states

As explained in Sec. Il we can extract results for required to obtain good convergence for the total number of
U(K), the internal energy of a Skyrmion hole as a function
of the number of reversed spins, from Figs. 2 and 3. These
results are shown in Fig. 4. Note thdtU (K)/dK? is posi-
tive definite. The property tha€(g) is not markedly altered o
by finite-width corrections to the effective interaction is as-
sociated with the weak dependence of the difference be-
tween the two curves in this figure. The results shown here
hint at a practical technical difficulty with these Hartree-
Fock calculations. In practice we are forced to truncate the
set of single-particle angular momenta we include in our
wave functions for both the ferromagnetic ground state and
for the charged excitation at a finite value of=M ;.. ‘
Since the single-particle orbital with angular momenturis 0 20 40 60 80 100
localized near a ring with radius[2(m+1)*?], this corre- 1/(@ log B)¥°
sponds to working with a finite-size electron disk of radius
R~/(2M ma) /2 The energy difference between the ferro-  FIG. 5. Number of reversed spins in a Skyrmion hole at weak
magnetic ground state and the state with the charged excit@eeman coupling as a function of finite system size.

50
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flipped spinsK is much larger tharK, despite the fact that B. First Landau level: n=1

thelum andv,, approach their ground-stata values relatively Quantum Hall ferromagnets occur at=1 and also at
rapidly form>K. As expected from the variational nature of |3rger odd integral filling factors. In the Hartree-Fock ap-
the Hartree-Fock calculations, the energies presented in Fi%roximation the ground state for=2n-+1 has all orbitals
2 and Ref. 6 approach their asymptotic values much morg¢ yoth spins with a Landau-level index less thmaccupied,
rapidly with |'ncreasmgv| max than estimates of the optimal and only majority-spin orbitals occupied in timgh Landau
value ofK. Finally, we note that, except where the contrary eye|. If | andau-level mixing is ignored, the fully occupied

is ex.plicitly.stated, results report.ed here_and in Ref. 6 Werg onqau levels play no role and the theory of quantum Hall
obtained withM pq,=120. In particular this means that the ferromagnets is altered only by the change in the index of the
values ofK presented in Fig. 2 belo=0.01(“/7") are | andau level onto which the electronic Hilbert space is pro-
slightly underestimated; however, we have found no signifijected. The Hartree-Fock single-Slater-determinant state is
cant errors in the energies of Fig. 1 fgr-0.002€°//). an exact eigenstate of the Hamiltonian just as in thel

In Fig. 4 it is interesting to note thad(K) approaches ¢ase and is expected to be the ground state, at leass ifiot
K=_O With_a finite slope. This is seen most clearly in Fig. 350 large. The change of Landau-level index may be ac-
which, using Eq.(13), can be regarded as a plot Bf vs  counted for without approximation simply by including an
—dU(K)/dK. The maximum slope ofJ(K) occurs at aqditional form factor correction to the effective electron-
K=0 and, sincgdU/dK| increases monotonically with de- glectron interaction. The Fourier transform of the interaction
creasingK, this slope specifies the largest value ®ffor  for electrons projected into theth Landau level i@
which aK # 0 solution of the Hartree-Fock equations oceurs.y, (q)=v(q)[L,(9%2)]?, where L, is the nth Laguerre
The property that the Hartree-Fock Skyrmion decreases COfyolynomial, andv(q) is the unprojected interaction. As for
tinuously to zero size with increasigcontrasts with prop- ,— 1, theK=0 andK— limits of the charged excitation
erties which would follow from other forms fdd(K). For  energy catf be calculated analytically when finite-thickess
example if U(K) approached itk =0 value from below corrections are neglected. Wu and Soninecently pointed
quadratically, _the maximum value ede(K)/d(K) would oyt that, forn=1, Uk _.»>Ug_o SO that Hartree-Fock qua-
occur at a finite value oK, and the Skyrmion would sud-  sjparticles have lower energy than large spin-texture quasi-
denly collapse to zero size ongeexceeded this value. If particles even when the Zeeman energy is not included. Re-
U(K) approached it =0 value from below a¥® with  cent transport experimertsseem to imply that, for=3,
s<1, solutions with finiteK would exist at arbitrarily large the lowest-energy charged excitations h&ve0, in contrast
g. Finally, if U(K) was an increasing function & at small  with the n=0 case and in agreement with theory. In this
K, reaching a maximum a=K*, solutions withK<K*  section we examine the influence of the finite width of the
would not exist at anyg. We will see below that this is electron layer on the energetics of the quasiparticles.
precisely the situation which often occurs when the quantum The Competition between Hartree-Fock and Charged spin-
Hall ferromagnet ground state has electrons#0 Landau  texture quasiparticles can be understood in terms of the ana-
levels polarized. lytically known expressions for the Hartree-Fock exchange

As remarked in Sec. |, it is important to note that our energy per electron for a full Landau leye}, in Eq. (3)] and
Hartree-Fock approach does not respect the separate quartir the spin stiffness!?

zation of spin and orbital angular momentum in our system,

and instead permits only the quantization of the difference of 1 d’q ) 2
these two quantities. In the Hartree-Fock approximation, as pszﬁf (2m?29 va(q)e 47 (14
in classical field theories, Skyrmions appear as broken sym-

metry states of the Hamiltonian. There is a similarity here toSince Ux_o= —2¢; and Uy_,..= — e+ 4mpg, the differ-
the standard BCS treatment of superconductivity, in whichence is

particle number is not a good quantum number in the mean-

field ground staté>'? However, while in the BCS problem AU=U(K=0)-U(K=x)

there really is a broken symmetry in the thermodynamic

L . d2q o

limit, in our problem the Skyrmion states only break the :—60—47Tps:%f . -[2— v, (q)e 972,
symmetry over a finite volume. Hence quantum fluctuations (2m)

around the mean-field state will, if treated exactly, restore the (15)

individual quantization of spin and angular momentum. It is

therefore important to address the extent to which these fludcor ~ the  Coulomb interaction  mod& AU
tuations influence the results in Fig. 2. In an exact calculatior= — L(wI2)Y%(e?l/) in then=1 (v=3) Landau level, and
Fig. 2 would take the form of a series of straight-line seg-has a larger negative value for the=2 (v=5) case. The
ments, since the quantum numbkecan only take on integer [L(g?)]? form factor for electrons in the=1 Landau level
values!® We expect the Hartree-Fock approach to yield astrengthens the effective interaction at largewhich has
smooth interpolation of the exact results which is most accumore importance i, than ine, because of thg? factor in
rate when itsK value is integral. Comparison with exact its integrand. When finite-thickness form factors are also in-
finite-size calculatiorfS** confirm this expectation(We  cluded in the effective interaction, the importance of large
note the fortunate feature that the Hartree-Fock treatment ig in these integrals will diminish. For sufficiently wide quan-
exact both at vanishing, where the infinite Skyrmioiis a  tum wells it is clear that the sign &fU will be positive, and
classical object up to trivial global rotations and at lagge  charge spin textures will also occur in the=1 Landau
where it describes the fully polarized quasihple. level. The objective of the calculations reported on below is
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FIG. 6. Energye, of the K=0 quasiparticlgdotted ling and g:—dUK/dK (e*/et)
the HF K>0 Skyrmion (solid line) as a function ofg for »=3 ‘
(n=1) and a 2DES with thickness parame¥gr=0.45". The sys- FIG. 7. Number of flipped spin& of the HFK>0 Skyrmion as
tem size used for this calculation wh,,,=480. All energies are g function of g, for »=3 (n=1) and a 2DES with thickness
in units of e’/ /. W=0.45. Note that for self-consistent solutions of the Hartree-

Fock equationsg=—dU(K)/dK. The system size used for this
to quantify the stability properties of Skyrmions im=1  calculation wa .= 480. All energies are in units @/e/. The
quantum Hall ferromagnets with finite width electron layers.vertical dashed line indicates the valuegoébove which the Skyr-
We find that Skyrmions in the first Landau level can bemion is unstable against the untextured quasihole.
stabilized by finite-thickness corrections, although for realis- )
tic widths the maximung for which they are the lowest- the Hartree-Fock method, and then subtracting off the Zee-
energy quasiparticles is roughly an order of magnitudeman contribution to the energy, as in Hg). The results of
smaller than for th@=0 case. Thus the observation of Skyr- Such a calculation are illustrated in Fig. 8 for several values
mions in the first Landau level would require specializedOf the layer thicknes§V. These results confirm that Skyrmi-
samples or experimental techniques to access this very lo@s are the lowest-energy charged excitations for large
Zeeman energy limit. enough layer thickness, but become higher in energy than the
Figure 6 illustrates the energy; for both thek =0 qua- K=0 quasiparticle as the system approaches the two-
siparticle(dotted ling and the optimak >0 Skyrmion(solid ~ dimensional limit. Forn=1, Uy may have local minima
line) as a function ofg for a typical experimental sample both atKk =0 andKﬁOO. For this reason it is possible f(_)r the
width, W=0.45". The Skyrmion excitation is lower in en- Hartree-Fock equations to haye MO separate solutions for
ergy forg<2.4x 10 3e?/e/. The results in Fig. 6 suggest thesame vl%Iues @, as shown in Fig. &(In theNLo model
that for filling factors close to, but slightly away from, calculation;” the energy of the Skyrmion brandhcreases
v=23, a strong first-order phase transition should take place
asg is increased from zero, in which the spin polarization
changes very abruptly. That this transition should involve a
very large number of flipped spins can be seen by noting that
the optimal values oK of the Skyrmions for small values
g is extremely large, as illustrated in Fig. 7. Unlike the
n=0 case, Skyrmion solutions of the Hartree-Fock equations
become unstable at a finite value Kf(~9 for W=0.4%")
at which g=—-dU(K)/dK reaches its maximum value
(=0.00%% ¢/ for W=0.45"). Forg larger than this value
there are ndK# 0 solutions of the Hartree-Fock equations.
We estimate the number of flipped spins in the Skyrmion
state forw=0.45" at the critical value ofj to be approxi-
mately K= 14, using our Hartree-Fock approach with a sys-
tem size ofM .= 480. It should be noted that at finite Skyr- FIG. 8. Internal energyJ, vs K for Skyrmions in then—1

mion concentrations, especially for such large Skyrmions, %andau-level systems of varying thicknes¥gsSkyrmions are the

CalClIJdlatl.OH 'nC|Ud'ng|. Irl;}eracilonsi s;motr;]g .the Sk)([rr]mlons lowest-energy quasiparticles for sufficiently weak Zeeman coupling
would give a more reliable estimate for the jump in e Spin Uk _»<Ug-o. We find two distinct solutions to the Hartree-Fock

polarization at the transition. We expect that such interac;equations folW=0.1/ in the vicinity K =13, leading to a cusp in
tions would most likely somewhat reduce the magnitude oty - for jarger values ofV only one solution is found, and the cusp
this jump. (Related finite-size studies have been carried oUpecomes a smooth minimum. Whet?U (K)/dK2<0, solutions to
. 6 . ’

by Jain and Wu?) B _ _ _ the Hartree-Fock equations can be found only by adding unphysical

In general, the stability ok>0 Skyrmions is most easily terms to the Hamiltonian as discussed in the text. The system size
assessed by considering the internal enddgy As in Sec. used for these calculations wif,..=480. Energies are in units of
ll, Ux may be computed numerically by finding, using e¥e/.
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small effective values af could be fabricated, for values of

v close to(but not exactly equal 03, this line will separate
states of maximal polarizationK(=0) from states with
highly degraded polarizations due to the presence of Skyr-
mion spin textures.

-3

- K=0 E

2x1073 3x107% 4x107% 5%10

N{ K>0 Skyrmions
2z V. SUMMARY
200 3 ]
In this work we studied the charged Skyrmion excitations
LE ] of quantum Hall ferromagnets within the Hartree-Fock ap-

proximation. Exact relationships between the energies and
spin quantum numbers of quasihole and quasiparticle excita-
tions energies near=1 were derived using patrticle-hole
W) symmetry. An internal energy functidn(K) was introduced
) to describe the relative stability competition between Skyr-
FIG. 9. Phase dllagrallm for the dependence of the globally stablﬁ,]ion states with different numbers of reversed spiasl.o-
Hartree-Fock quasiparticle at=3 (n=1) on system parameters ... ianle Skyrmion states witki flipped spins can occur

g and layer widthW. (g is in units ofe?/e/ andW is in units of . 2
/') The phase boundary separates parameter values for which tll}cgr any Zeeman coupling strength Onlyd?U(K)/dK >0.

K=0 quasiparticle is lowest in energy from parameter values fo h the presence of/ZdeeTan Soupllng, a Sltat}le Srlfyr(rjnlon state
which K>0 Skyrmions are lowest in energy. Systems in which must satisfyd U(K)/dK=—g" ugB. Results for t _e epe_n-
these parameters can be adjusted so as to cross the phase boundi§jice of thek value of the lowest-energy Skyrmion excita-

should exhibit a jump in the magnetization. These calculations werfONS on Zeeman coupling strengths were presented both
performed withM ., = 480. with and without finite-thickness corrections. Finite-

thickness corrections were shown to stabilize Skyrmions in

from that of theg=0 solution in precisely the same fashion the nfl Landau level, yvhere for zero thickness=0 qua- .
siparticles are lowest in energy at any Zeeman coupling

as in the LLL case, for there is no distinction between thestren th. We have proposed that a first-order phase transition
direct Coulomb interaction in the two Landau levels for gtn. prop P

Skyrmions of divergent size. From the independent calculapetween states with relatively large Skyrmions and states

tion of the lower-energy polarized quasiparticle, it follows y'tlh K??h q;agrp;ar::cles Vl‘l”l,l, ocr(isrbatz=3 %t an?rgmbal
that the Skyrmion energy must be nonmonotonic with size alue of the zeeman coupling, a € accompanied by a
pmp in the spin-magnetization of the electron system.

and, in the absence of intervening additional extrema, mud Note added:After the completion of this work, we be-

have minima at both microscopic and infinite sizds.is came aware of a studv of finite thickness effects on
interesting to note that, unlike the case of Skyrmions in theSk rm'orv1v§8 for eIectronL; ?)/n as Ihlere sl'n an approximate
lowest Landau level, the curvature b changes with in- yrmi P using pproxi

creasingK (cf. Fig. 4. As mentioned in the discussion fol- \?V?]USS'?Q form for tlhe Ct?]nmed Ift@?‘ﬁz) Oft tr;ethelectrons.
lowing Eg. (13), we do not expect to find stable Skyrmion ere there Is overiap, the Tesulls presented there agree rea-

solutions for the convex regions of the graphs in Fig. 8.sonably well with our own.
Indeed, in order to obtain values foi in the smallK limit,
it is necessary to add a fictitious term to the Hamiltonian of ACKNOWLEDGMENTS
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values ofK where the Skyrmion states are stable for large
enough layer thickness.

Our results for this section are summarized in Fig. 9, by a
“phase diagram” ing and W which shows where the
lowest-energy charged excitations afe=0 quasiparticles The most intuitive account of the physics of the Skyrmi-
and where they ar&#0 Skyrmion charged spin textures. ons relies upon the spin Berry phases generated by adiabatic
Even for the most favorable layer thickne¥¥~1.2/", the  motion in a texturedeffective magnetic field arising from
maximum value of for which Skyrmions are stable is out- the magnetic exchange among the electrons themselves.
side the accessible range in many typical experimental sysseometrical considerations show that the Berry phases due
tems. Nevertheless, we emphasize that if a system with verp a unit topological charge precisely mimic those of an ad-

APPENDIX A: MIDGAP STATES
AND THE INFINITE SKYRMION
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FIG. 10. The Hartree-Fock eigenvalues for Skyrmions in the LLIGHE?/e/)=0.1 (star§ and 0.010(circles. The former is the
K =0 quasiparticle, and the latter higs=6. In both cases there is an extra state in the lower branch. As there are 301 orbitals in the system
M max= 300, this means that the upper branches have 300 states anddmeepied branches have 302 states. Note that the gap is smaller
near the origin, which is where the extra charge resides, and near the boundary due to loss of exchange. The shift in the eigenvalues near the
origin is due to the Hartree repulsion of the extra charge. Evidently, the eigenvalues are much more uniform for the Skyrmion, but the overall
reduction of the gap in its case is a finite-size effect.

ditional quantum obrbital flux. The incompressibility of the s invariant under the action dt=L + S. In the LLL approxi-

guantum Hall fluid then implies that an additional electronmation this uniquely picks the wave function and fixes the
(or fraction thereof for fractional quantum Hall statesust  eijgenoperators of the Hartree-Fock Hamiltonian. For a
then be present in the region of the texture which is thereforgphere with 2 flux quanta threading the surface, the latter

a (dressell quasielectron. are
A more detailed description of this is to note that “up”
and “down” spins, i.e., the spins that respectively point par- ch+ = uja}_1,2+ ujbjTH,z, lil<q+3,
allel and antiparallel to théocal direction of the field in the
texture, see oppositely signed fluxes. Consequently while the CJ-T_ = vjajT_ 127 U bJT+ 2 lil=a—3, (A1)

“up”-spin (effective Landau level gains one state the where
“down” Landau level loses one, i.e., the presence of the

Skyrmion causes the transfer of one state beween the upper q+1/2+]) 12 q+1/2— )12
(empty and lower(filled) bands atv=1, thus allowing the _(ﬁ and v;= Sar1 (A2)
extra electron to be accommodated in a low-energy state, q+ q-+

albeit at the energetic cost of texturing the spins. This ign this basis the Hamiltonian and wave function are
strongly reminiscent of midgap states in one-dimensional
systems, i.e., polyacetyleRéwhere a background soliton + 1
causes states to appear in a gap, and again there is the cost of ~ TTHF™ mg;_ o OG- mg%m €+Cj+Cjvs
creating the soliton which has to be overcome.

Since this description is very much of the one-electron
variety, it is instructive to see how it works out in the | )= . H cJ-T+c,-+|0>,
Hartree-Fock treatment. The situation is clearest for the “in- lil=a+12
finite” Skyrmion, where the texture is arbitrarily slowly where|0) is the vacuum state. The energies depend upon
varying. It is very useful to regularize this limit by putting the details of the interaction and not just on the symmetries
the system on a sphere where it takes the form of a purelygf the state[In the limit of infinite system size these become
radial texture, n(6,¢)=r. Again we may deduce the degenerate with the corresponding up- and down-spin eigen-
Hartree-Fock description by noting that the classical texturevalues at(exactly v=1, as the Skyrmion becomes locally

(A3)



10 680
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g/ (e?/ /). While the general scenario of a transferred state

Hye clearly shows that transfer of one state across the gapetween two sets of levels still holds, the individual sets

Evidently, all we have used in this is that the state$pf
must be classified only by their eigenvalues undeand
hence must occur in the multipleis- 1/2 andj—1/2. This

themselves become degenerate only in the large Skyrmion

limit.
Finally, we note that putting the infinite Skyrmion on the

will therefore also survive the perturbative inclusion of sphere allows us to compute its energy very accurately, and
Landau-level mixing. thus circumvent the problems at smglinoted in the text.

For finite Skyrmions, the picture igunfortunately  The only trick here is that we need to subtract the Hartree
less elegant. The excess charge is now localized in a finitself-interaction of the Skyrmion charge?/(2/q) (\/q is the
region, and hence affects the Hartree-Fock eigenvaluesdius of the sphejewhich is substantial for small system
in the core of the Skyrmion. This can be seen in Fig.sizes. This greatly improves convergence and the known in-
10, where we have plotted the eigenvalues, now orfinite system result is recovered to within a few percent al-
the plane, for Skyrmions at two different values of ready at system sizes with10.
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