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Hartree-Fock theory of Skyrmions in quantum Hall ferromagnets
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We report on a study of the charged-Skyrmion or spin-texture excitations which occur in quantum Hall
ferromagnets near odd Landau-level filling factors. Particle-hole symmetry is used to relate the spin-quantum
numbers of charged particle and hole excitations and neutral particle-hole pair excitations. Hartree-Fock theory
is used to provide quantitative estimates of the energies of these excitations and their dependence on Zeeman
coupling strength, Landau-level quantum numbers, and the thicknesses of the two-dimensional electron layers.
For the case ofn near three we suggest the possibility of first-order phase transitions with increasing Zeeman
coupling strength from a many-Skyrmion state to one with many maximally spin-polarized quasiparticles.
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I. INTRODUCTION

In the limit of strong magnetic fields where all electro
are confined to a single orbital Landau level, interacting tw
dimensional electron systems~2DES’s! exhibit a rich variety
of unusual properties. The quantum Hall effect, which occ
when the chemical potential of the 2DES has a discontin
at a densityn* which depends on magnetic-field strength,1 is
a prominent example. In the quantum Hall effect the inco
pressible ground state at densityn* can be a strong ferro
magnet, i.e., its total spin quantum numberS can equal
N/2, so that electronic spins are completely aligned by infi
tesimal Zeeman coupling. Surprisingly, in light of the stro
magnetic fields, the physics associated withspontaneous
magnetization in these systems is experimentally acces
because the Zeeman coupling is typically quite weak co
pared to other characteristic energy scales and can eve
tuned to zero, for example, by the application of hydrosta
pressure to the host semiconductor. Recently there has
considerable interest in charged excitations of the inco
pressible ground state atn51 which has total spin quantum
numberS5N/2. As first noticed in numerical exact diago
nalization calculations,2 and demonstrated in recen
experiments,3,4 the spin polarization in these systems
strongly reduced away fromn51, where the ground stat
must incorporate the charged excitations of then51 state.
550163-1829/97/55~16!/10671~10!/$10.00
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This behavior can be understood,5,6 quantitatively in the limit
of very weak Zeeman coupling, by identifying the eleme
tary charged excitations with the topological solitons~Skyr-
mions! of the O(3) nonlinear sigma (NLs) model in two
spatial dimensions.7 With an appropriate kinetic term,8 the
latter describes the long-wavelengthT50 dynamics of any
Heisenberg ferromagnet in two dimensions. Two featu
distinguish the quantum Hall case. First, the Skyrmions ca
electrical charge as a consequence of their topolog
charge,9,5,10and hence have a stable finite size for small b
nonzero Zeeman coupling. Second, they are present in
ground state near~but not precisely at! n51, and as a con-
sequence have an obvious influence on observable pro
ties.

In this article we discuss the elementary charged exc
tions of quantum Hall ferromagnets using a Hartree-Fo
approximation approach.6,11 The Hartree-Fock approxima
tion can describe charged excitations which are sufficien
localized in space to invalidate the gradient expansion
underlies theNLs model description. A weakness of bot
the Hartree-Fock andNLs model calculations, which we
will discuss further below, is the failure to respect th
quantization12–14of total electronic spin. This paper is orga
nized as follows. In Sec. II we make some general rema
on the implications of particle-hole symmetry for relatio
ships between the energies and spin quantum number
10 671 © 1997 The American Physical Society
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10 672 55H. A. FERTIGet al.
positively and negatively charged excitations of quant
Hall ferromagnets and for the neutral decoupled particle-h
pair excitations which are important in activated transp
experiments.15 The considerations in this section do not d
pend on the Hartree-Fock approximation. In Sec. III we
plain some formal aspects of the Hartree-Fock approxim
tion calculations we perform in order to explore th
elementary charged excitations, and how their energetic
dering depends on Zeeman coupling strength. Section
presents and discusses our numerical results. We com
on the importance of the orbital Landau-level index16 and on
the thickness of two-dimensional electron layers. We c
clude with a brief summary in Sec. V. An Appendix di
cusses the spectral transfer in the presence of the Skyrm
analogous to that underlying midgap states in solitons in o
dimensional systems.

We close this section with a remark on the terminolo
used in this paper. InNLs models the energy of a ferromag
net is expressed in terms of a function which specifies
direction of the local ordered moment as a function of
two-dimensional spatial coordinate. The energy functiona
the ‘‘pure’’ NLs model invoked in discussions of broke
symmetry states contains only a gradient term and the to
logical solitons of this model can be determined exactly.7 As
the gradient term is scale invariant in two dimensions,
energy of these solutions is independent of their size.
NLs model appropriate for quantum Hall ferromagnets w
a small Zeeman coupling has two additional terms wh
compete: a Zeeman coupling which favors small Skyrmio
and a Coulomb interaction which favors large Skyrmio
together these determine the size and energy of the Skyrm
and also its precise profile which differs from those of t
pure NLs model solutions.17 In a microscopic quantum
treatment13,2 a spin multiplet of elementary charged excit
tions with total spinS5N/22K exists for each non-negativ
integerK. At large values ofK, the correlations of the quan
tum states are well described by the classical soliton s
tions; presumably, a treatment of the fluctuations about th
along the lines of soliton quantization in other problem7

would reproduce the exact states. However, frequently
lowest-energy charged excitations occur at relatively sm
integer values ofK, where both the symmetry-restorin
quantum fluctuations and the neglected higher gradient te
are large, and the field-theoretic description is no longer
curate. While, strictly speaking, one might wish to rese
the term ‘‘Skyrmion’’ for excitations that are well describe
by theNLs model solitons, in this paper we take the liber
of referring to all elementary charged excitations of quant
Hall ferromagnets as Skyrmions.

II. PARTICLE-HOLE SYMMETRY

When the spin degree of freedom is included, the partic
hole symmetry of the Hamiltonian1 for interacting electrons
in the lowest Landau-level relates electronic states at Lan
level filling factorsn and 22n. Heren[N/Nf , whereN is
the number of electrons, andNf5AB/F0[A/(2pl 2) is the
orbital degeneracy of the Landau level. (B is the magnetic-
field strength,F05hc/e is the electronic magnetic flux
quantum, andl is the magnetic length.! The particle-hole
symmetry of this system occurs because, apart from the
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stant quantized kinetic energy which is conventionally ch
sen as the zero of energy, the Hamiltonian contains only
term describing interactions of electrons within a degene
Landau level. In the occupation number representat
many-particle states can be specified either by the se
single-particle states within the Landau level which are
cupied or by specifying the set which are empty, i.e.,
specifying the states occupied by holes in the Landau lev
It is convenient to combine the particle-hole transformat
with a spin reversal, so that the creation operators for spin
particles are mapped to annihilation operators for spin-do
holes, and creation operators for spin-down particles
mapped to annihilation operators for spin-up holes. Un
this mapping

N↑→Nf2N↓[N↑8 ,

N↓→Nf2N↑[N↓8 . ~1!

It follows that N5N↑1N↓→N852Nf2N and
Sz5(N↑2N↓)/2→Sz85Sz , whereSz is the ẑ component of
the total spin. The HamiltonianH changes by a constant18

H5H812~N2Nf!e05H812~Nf2N8!e0 , ~2!

whereH8 is normal ordered in terms of hole creation a
annihilation operators and is identical toH except for the
replacement of electron operators by hole operators, ane0
is the energy per electron in the ground state atn51 which
is readily calculated for any specified model electro
electron interaction. For 2D electron systems with a unifo
neutralizing positive background charge,

e052 1
2 E d2qW

~2p!2
exp~2uqu2l 2/2!v~q!, ~3!

wherev(q) is the Fourier transform of the effective electro
electron interaction.

In the following sections we will evaluate the energ
change in the system when a single electron is removed f
the system at a fixed magnetic field. As mentioned above
shown in Ref. 13, the set of elementary charged excitati
at N5Nf21 is composed of a single spin multiplet wit
S5N/22K for each non-negative integerK. With finite Zee-
man coupling, the lowest-energy state in each multiplet
Sz5S5N/22K5Nf/22(K11/2), and the energy of this
state relative to then51 ground state of the quantum Ha
ferromagnet may be written as

eK
25UK1g*mBB~K1 1

2 !. ~4!

Hereg* is theg factor of the host semiconductor, andUK
may be interpreted as the interaction contribution to the
ternal energy of the quasihole. It follows from the particl
hole transformation@Eq. ~1!# that the corresponding elemen
tary charged excitations atN5Nf11 have Sz5S
5N8/22K5Nf/22(K1 1

2 ), and an energy relative to th
N5Nf ground state given by

eK
15UK12e01g*mBB~K1 1

2 !. ~5!

For example, the state withK50 is the single-Slater-
determinant elementary excitation which appears in the s
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55 10 673HARTREE-FOCK THEORY OF SKYRMIONS IN QUANTUM . . .
dard Hartree-Fock approximation. Note thateK
2 andeK

1 dif-
fer by a constant, so that their minima always occur at
same value ofK. For two-dimensional electrons in the low
est Landau level with purely Coulombic interaction
UK505(e2/el )(p/2)1/2 ande052(e2/el )(p/8)1/2, so that
eK50

2 5UK501g*mBB/2 and eK50
1 5g*mBB/2. It follows

5

from theNLs model thatUK→`5 3
4UK50, so that large-K

states will have lower energy if the Zeeman coupling is s
ficiently weak. At intermediate values ofK, numerical cal-
culations of one sort or another are necessary to estim
UK . In Sec. III we use a generalized Hartree-Fock appro
mation to obtain realistic estimates ofUK including effects
of the finite thickness of the quasi-two-dimensional elect
layers, and to discuss the influence of the Landau-level in
for which the quantum Hall ferromagnet occurs.

The value ofK at which eK
2 and eK

1 are minimized has
been determined experimentally both by measuring
ground-state spin polarization3,4 near n51, and by
measuring15 the dependence on Zeeman coupling strength
energy required for the creation of free-particle-hole pairs
n51. For n close to 1, interactions between elementa
charged excitations can be neglected,19 so that the partial
spin polarization is given forn,1 by

j[
N↑2N↓
N↑1N↓

5
2Sz
N

'122K~12n!/n, ~6!

and forn.1 by

j[
2Sz
N

'122~K11!~n21!/n. ~7!

Note thatdj/dn52K just belown51 and22(K11) just
above n51. The polarizationj may be measured in
experiments3,4 that are sensitive to the spin magnetization
the system. Finally, the activation gapD measured in trans
port studies15 is the energy to make an unbound particle-h
pair,

D5eK
11eK

252UK12e01g*mBB~2K11!. ~8!

The derivative of this energy with respect to the stren
(g*mBB) of the Zeeman coupling term is 2K11. As we
discuss at greater length below, experiments3,4,15 performed
at typical fields in GaAs 2DES’s are all consistent w
K53, in good agreement with calculations presented in s
sequent sections.

III. QUASIPARTICLE ENERGIES
AND EXCITATION GAPS

In this section some formal aspects of the Hartree-F
theory for the charged excitations atn,1 are briefly dis-
cussed. Further technical details are provided in a prev
paper on this topic6 and in the Appendix.~The excitations at
n.1 may be obtained from these by particle-hole symme
as explained above.! Because of the symmetry of the Sky
mion charged excitations, it is convenient to work in t
symmetric gauge where single-particle wave functions in
lowest Landau-level~LLL ! have the simple form
e
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fm~z!5
zmexp~2uzu2/4l 2!

~2m11pl 2m! !1/2
. ~9!

Herem50,1, . . . is the angular momentum, andz5x1 iy
expresses the 2D coordinate as a complex number. Note
states with largerm are localized further and further from th
origin. We consider single-Slater-determinant states of
form

uC&5 )
m50

`

~umam
† 1vmbm11

† !u0&, ~10!

where u0& is the particle vacuum anduumu21uvmu251, so
that the wave function is normalized. Heream

† creates a
down-spin electron andbm

† creates an up-spin electron in th
mth angular momentum state.

The form of these wave functions is essentially dicta
by the symmetry of the classical Skyrmion solutions whi
are invariant under the action ofLz6Sz for the Skyrmion
~anti-Skyrmion!. This plus the requirement of LLL occu
pancy uniquely picks Eq.~10! as the appropriate Hartree
Fock wave functions. It is also easy to demonstrate, us
Eq. ~10!, that the expectation value of the total spin opera
in this state describes a spin texture with unit topologi
charge, provided thatum varies slowly with m from
um5051 to um→`50 (vm5050 andvm→`51).

This wave function is a generalization of the singl
Slater-determinant wave function proposed11 by Moonet al.,
for which the expectation value of the vector spin opera
gives a spin texture identical with that of the pureNLs
model Skyrmion. The additional variational freedom in t
wave function of Eq.~10! allows deviations from the pure
NLs model, so that microscopically localized charged ex
tations may be optimized in a way which depends on
details of the 2DES being considered. Far from the orig
this state is locally identical to ferromagnetic ground stat
and all spins are aligned with the Zeeman magnetic fi
which is assumed to point in the ‘‘up’’ direction. Near th
origin the projection of the total spin along the field directio
becomes negative. It is easy to establish that the total
crease in electron charge near the origin compared to
ferromagnetic ground state ()m50

` bm
† u0&) corresponds to one

electron. The total number of reversed spins in this wa
function is

K5 (
m50

`

uumu2. ~11!

TheK50 Hartree-Fock hole excitation is obtained by choo
ing um50 for allm. Note that the quantization of the numb
of reversed spins is not captured by these general
Hartree-Fock variational wave functions. The quantization
obviously of some importance in the usual experimental
cumstance sinceK is small. In this case better variationa
wave functions could be obtained, in principle, b
projecting12,13 the Hartree-Fock wave functions onto stat
with definite numbers of reversed spins. Here we account
quantization when necessary simply by restricting oursel
to solutions whereK ~themeannumber of reversed spins! is
an integer.20



-
n-
u
f.
lt
ta
au
ra

n
in
s

r
ld
io

e-

lu
m

o
in

at
.

e
um

at
n
with
ical
ed
the
r
o-
rit-

i
ate
te

t

he
was

lf-
ns
se

10 674 55H. A. FERTIGet al.
We find optimized Skyrmion wave functions by minimiz
ing ^CuHuC&, where the Hamiltonian includes electro
electron interactions and Zeeman coupling. This proced
gives rise to a set of self-consistent equations listed in Re
which need to be solved numerically. Some typical resu
for the spin and charge densities relative to the ground s
are illustrated in Fig. 1 for Skyrmions in the lowest Land
level in a sample of vanishingly small thickness, for seve
values of21 g̃, where g̃[g*mBB is the Zeeman coupling
strength.22 The total energy of this state, relative to the e
ergy of the ferromagnetic ground state, can be separated
interaction energy and Zeeman energy contributions a
Eq. ~4!:

e2
„K~ g̃!…5U„K~ g̃!…1g̃@K1 1

2 #. ~12!

For each value ofg̃ the self-consistent Hartree-Fock~HF!
equations determine the value ofK which minimizese and,
given K, the shape of the Skyrmion state~specified by the
um values! which minimizes the interaction energy. Fo
pedagogical purposes and for comparison with the fie
theoretical approach it is useful to consider the interact
energy as a function ofK rather thang̃. U(K), which is just
the Legendre transform ofe2(K), can be obtained from the
K(g̃) ande2

„K(g̃)… produced by the self-consistent Hartre
Fock calculations using Eq.~12!. Formally minimizing Eq.
~12! with respect toK, we find that the optimal value ofK
for a giveng̃ is determined by

g̃52
dU~K !

dK
. ~13!

Thus the global relationship between the equilibrium va
of K and the Zeeman coupling strength is conveniently su
marized in a plot ofdU/dK versusK. We will use such plots
in Sec. IV to discuss the importance of the finite thickness
two-dimensional electron layers and of the Landau-level
dex of the ferromagnetic state in determiningK(g̃). The na-
ive expectation is that the lowest-energy Skyrmion st
should monotonically shrink asg̃ increases; we see from Eq
~13! that this is possible only ifd2U(K)/d2K is positive
definite, which is the usual requirement of convexity need
to obtain a continuous Legendre transform. The maxim

FIG. 1. Charge and spin densities for quasihole Skyrmions
the lowest Landau level for a system of zero thickness, evalu
for different values ofg̃. The maximum angular momentum sta
kept in these computations wasMmax5120 ~see text!.
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value of 2dU(K)/dK gives the maximum value ofg̃ at
which Hartree-Fock Skyrmion states withKÞ0 occur.

IV. HARTREE-FOCK THEORY NUMERICAL RESULTS

A. Lowest Landau level: n50

In Figs. 2 and 3 we show results fore„K(g̃)…, D„K(g̃)…
andK(g̃) obtained by solving the Hartree-Fock equations
a series ofg̃ values for the case of a strictly 2D electro
system and for the case of a quasi-2D electron system
the finite layer thickness modeled to approximate the typ
experimental situation. Finite thickness can be introduc
into the calculation by assuming all the electrons are in
same confined statex(z) of either the inversion layer o
quantum well in which they reside. The effective tw
dimensional electron-electron interaction may then be w
ten in the form

n
d

FIG. 2. Minimum hole creation energy~solid line! and transport
activation energy~dashed line! in an51 quantum Hall ferromagne
as a function ofg̃. All energies are in units of (e2/el ), and results
are shown for both strictly 2D and finite-thickness models. T
maximum angular momentum state in these calculations
Mmax5120.

FIG. 3. Number of reversed spins per hole in an51 quantum
Hall ferromagnet as a function ofg̃/(e2/el ). Results are shown for
both strictly 2D and finite-thickness models. Note that for se
consistent solutions of the Hartree-Fock equatio
g̃52dU(K)/dK. The maximum angular momentum state in the
calculations wasMmax5120.
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v~rW !5E d2k

~2p!2
eik

W
•rWE dz1dz2ux~z1!u2ux~z2!u2

3
2pe2

k
e2kuz12z2u,

which is softer than the Coulomb interaction at short d
tances, but at large distances approaches the 1/r form. The
precise wave function chosen for our calculation is
Fang-Howard25 form x(z)5@12W3#21/2ze2z/2W, whereW
may be understood as a measure of the thickness of the
dimensional layer. Finite-thickness corrections tend to
duce the energy scales of this system; for exam
e0520.6267 for the strictly 2D model, ande0520.3963
for the quasi-2D finite-thickness model forW50.45l . How-
ever, we have found that the optimal values for the to
number of flipped spins in the Skyrmion states are not d
matically affected by finite thickness.

In Fig. 2, we see that bothe andD rise rapidly toward
theirK50 values asg̃/(e2/el ) increases. The rapid increas
in the energy with increasingg̃ is associated with the rapi
shrinking of the optimal size of the Skyrmion charged ex
tation, as seen in Fig. 3. For typical experimen
systems,3,4,15 g̃ '0.01520.020e2/el and the measured
number of flipped spinsK'3, in good agreement with th
present numerical results. The small Zeeman coup
strength required to reduce Skyrmions to microscopic siz
at first sight surprising, and reflects the relatively weakK
dependence of U(K). As explained in Sec. III,
U(K50)2U(K5`)5(p/32)1/2(e2/l ) for the Coulomb in-
teraction model. For largeK the principal correction to the
NLs model K→` value for U(K) is the Coulomb self-
interaction of the excess charge. Assuming that the spin
charge structure of the Skyrmion have the same size,
energy is;(e2/l )K21/2. From Eq.~13! the optimal value of
K implied by this approximation is}g̃22/3, while the change
in e is proportional tog̃ 1/3. A more careful analysis5 by
Sondhiet al. replacedg̃ in these estimates byg̃u ln(g̃)u. The
g̃ 1/3 behavior at smallg̃ means that even weak Zeeman co
pling compared to the characteristic interaction energy is
ficient to eliminate most of the energy difference between
lowest-energy charged excitation and theK50 Hartree-Fock
quasiparticle energy.

As explained in Sec. III we can extract results f
U(K), the internal energy of a Skyrmion hole as a functi
of the number of reversed spins, from Figs. 2 and 3. Th
results are shown in Fig. 4. Note thatd2U(K)/dK2 is posi-
tive definite. The property thatK(g̃) is not markedly altered
by finite-width corrections to the effective interaction is a
sociated with the weakK dependence of the difference b
tween the two curves in this figure. The results shown h
hint at a practical technical difficulty with these Hartre
Fock calculations. In practice we are forced to truncate
set of single-particle angular momenta we include in o
wave functions for both the ferromagnetic ground state
for the charged excitation at a finite value ofm5Mmax.
Since the single-particle orbital with angular momentumm is
localized near a ring with radiusl @2(m11)1/2#, this corre-
sponds to working with a finite-size electron disk of radi
R'l (2Mmax)

1/2. The energy difference between the ferr
magnetic ground state and the state with the charged ex
-
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tion will be given accurately by our calculation if the tail o
the disturbance associated with the charged excitation d
not extend to the edge of our system. As the Zeeman c
pling weakens and the Skyrmions become larger, finite-s
effects become increasingly important. It is for this reas
that theU(K) results shown in Fig. 4 do not accurately a
proach the analytically knownK→` asymptote, which for
the case of strictly 2D interactions has the val
(9p/32)1/2(e2/el )'0.94(e2/el ). ~It is possible, however,
to obtain an accurate value for this limit by regularizing t
g̃50 Skyrmion by placing it on a sphere. This is sketched
the Appendix.! The smaller the value ofg̃, the larger the
value ofMmax required to obtain accurate results. The co
vergence properties of our calculations with respect
Mmax are illustrated in Fig. 5, whereK is plotted as a func-
tion of „g̃u ln(g̃)u…22/3. From the asymptotic analysis5 we
know that forMmax→` this curve will follow a roughly
straight line for largeK. For each finiteMmax the numerical
results bend away from this line, underestimating the num
of reversed spins in the lowest-energy charged excitat
From Fig. 5 we estimate that calculations performed w
Mmax5120 are accurate forg̃.0.01(e2/l ), calculations
with Mmax5480 are accurate forg̃.0.005(e2/l ), and cal-
culations with Mmax51920 are accurate fo
g̃.0.002(e2/l ). The number of angular momentum stat
required to obtain good convergence for the total numbe

FIG. 4. Internal energy of a Skyrmion holeU as a function of
the number of reversed spinsK. Results are shown for both strictl
2D and finite-thickness models. The maximum angular momen
state in these calculations wasMmax5120.

FIG. 5. Number of reversed spins in a Skyrmion hole at we
Zeeman coupling as a function of finite system size.
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10 676 55H. A. FERTIGet al.
flipped spinsK is much larger thanK, despite the fact tha
the um andvm approach their ground-state values relative
rapidly form.K. As expected from the variational nature
the Hartree-Fock calculations, the energies presented in
2 and Ref. 6 approach their asymptotic values much m
rapidly with increasingMmax than estimates of the optima
value ofK. Finally, we note that, except where the contra
is explicitly stated, results reported here and in Ref. 6 w
obtained withMmax5120. In particular this means that th
values ofK presented in Fig. 2 belowg̃50.01(e2/l ) are
slightly underestimated; however, we have found no sign
cant errors in the energies of Fig. 1 forg̃.0.002(e2/l ).

In Fig. 4 it is interesting to note thatU(K) approaches
K50 with a finite slope. This is seen most clearly in Fig.
which, using Eq.~13!, can be regarded as a plot ofK vs
2dU(K)/dK. The maximum slope ofU(K) occurs at
K50 and, sinceudU/dKu increases monotonically with de
creasingK, this slope specifies the largest value ofg̃ for
which aKÞ0 solution of the Hartree-Fock equations occu
The property that the Hartree-Fock Skyrmion decreases
tinuously to zero size with increasingg̃ contrasts with prop-
erties which would follow from other forms forU(K). For
example ifU(K) approached itsK50 value from below
quadratically, the maximum value of2dU(K)/d(K) would
occur at a finite value ofK, and the Skyrmion would sud
denly collapse to zero size onceg̃ exceeded this value. I
U(K) approached itsK50 value from below asKs with
s,1, solutions with finiteK would exist at arbitrarily large
g̃. Finally, if U(K) was an increasing function ofK at small
K, reaching a maximum atK5K* , solutions withK,K*
would not exist at anyg̃. We will see below that this is
precisely the situation which often occurs when the quan
Hall ferromagnet ground state has electrons innÞ0 Landau
levels polarized.

As remarked in Sec. I, it is important to note that o
Hartree-Fock approach does not respect the separate qu
zation of spin and orbital angular momentum in our syste
and instead permits only the quantization of the difference
these two quantities. In the Hartree-Fock approximation
in classical field theories, Skyrmions appear as broken s
metry states of the Hamiltonian. There is a similarity here
the standard BCS treatment of superconductivity, in wh
particle number is not a good quantum number in the me
field ground state.11,12 However, while in the BCS problem
there really is a broken symmetry in the thermodynam
limit, in our problem the Skyrmion states only break t
symmetry over a finite volume. Hence quantum fluctuatio
around the mean-field state will, if treated exactly, restore
individual quantization of spin and angular momentum. It
therefore important to address the extent to which these fl
tuations influence the results in Fig. 2. In an exact calcula
Fig. 2 would take the form of a series of straight-line se
ments, since the quantum numberK can only take on intege
values.13 We expect the Hartree-Fock approach to yield
smooth interpolation of the exact results which is most ac
rate when itsK value is integral. Comparison with exa
finite-size calculations23,24 confirm this expectation.~We
note the fortunate feature that the Hartree-Fock treatme
exact both at vanishingg̃, where the infinite Skyrmionis a
classical object up to trivial global rotations and at largeg̃,
where it describes the fully polarized quasihole.!
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B. First Landau level: n51

Quantum Hall ferromagnets occur atn51 and also at
larger odd integral filling factors. In the Hartree-Fock a
proximation, the ground state forn52n11 has all orbitals
of both spins with a Landau-level index less thann occupied,
and only majority-spin orbitals occupied in thenth Landau
level. If Landau-level mixing is ignored, the fully occupie
Landau levels play no role and the theory of quantum H
ferromagnets is altered only by the change in the index of
Landau level onto which the electronic Hilbert space is p
jected. The Hartree-Fock single-Slater-determinant stat
an exact eigenstate of the Hamiltonian just as in then51
case and is expected to be the ground state, at least ifn is not
too large. The change of Landau-level index may be
counted for without approximation simply by including a
additional form factor correction to the effective electro
electron interaction. The Fourier transform of the interact
for electrons projected into thenth Landau level is26

vn(q)5v(q)@Ln(q
2/2)#2, where Ln is the nth Laguerre

polynomial, andv(q) is the unprojected interaction. As fo
n51, theK50 andK→` limits of the charged excitation
energy can16 be calculated analytically when finite-thickes
corrections are neglected. Wu and Sondhi16 recently pointed
out that, forn>1, UK→`.UK50 so that Hartree-Fock qua
siparticles have lower energy than large spin-texture qu
particles even when the Zeeman energy is not included.
cent transport experiments15 seem to imply that, forn53,
the lowest-energy charged excitations haveK50, in contrast
with the n50 case and in agreement with theory. In th
section we examine the influence of the finite width of t
electron layer on the energetics of the quasiparticles.

The competition between Hartree-Fock and charged s
texture quasiparticles can be understood in terms of the
lytically known expressions for the Hartree-Fock exchan
energy per electron for a full Landau level@e0 in Eq. ~3!# and
for the spin stiffness5,11

rs5
1

16pE d2q

~2p!2
q2vn~q!e2q2/2. ~14!

SinceUK50522e0 and UK→`52e014prs , the differ-
ence is

DU[U~K50!2U~K5`!

52e024prs5
1
4 E d2q

~2p!2
@22q2#vn~q!e2q2/2.

~15!

For the Coulomb interaction model16 DU
52 1

16(p/2)
1/2(e2/l ) in then51 (n53) Landau level, and

has a larger negative value for then52 (n55) case. The
@L1(q

2)#2 form factor for electrons in then51 Landau level
strengthens the effective interaction at largeq, which has
more importance inrs than ine0 because of theq

2 factor in
its integrand. When finite-thickness form factors are also
cluded in the effective interaction, the importance of lar
q in these integrals will diminish. For sufficiently wide quan
tum wells it is clear that the sign ofDU will be positive, and
charge spin textures will also occur in then51 Landau
level. The objective of the calculations reported on below
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to quantify the stability properties of Skyrmions inn51
quantum Hall ferromagnets with finite width electron laye
We find that Skyrmions in the first Landau level can
stabilized by finite-thickness corrections, although for rea
tic widths the maximumg̃ for which they are the lowest
energy quasiparticles is roughly an order of magnitu
smaller than for then50 case. Thus the observation of Sky
mions in the first Landau level would require specializ
samples or experimental techniques to access this very
Zeeman energy limit.

Figure 6 illustrates the energyeK
2 for both theK50 qua-

siparticle~dotted line! and the optimalK.0 Skyrmion~solid
line! as a function ofg̃ for a typical experimental sampl
width, W50.45l . The Skyrmion excitation is lower in en
ergy for g̃,2.431023e2/el . The results in Fig. 6 sugges
that for filling factors close to, but slightly away from
n53, a strong first-order phase transition should take pl
as g̃ is increased from zero, in which the spin polarizati
changes very abruptly. That this transition should involv
very large number of flipped spins can be seen by noting
the optimal values ofK of the Skyrmions for small value
g̃ is extremely large, as illustrated in Fig. 7. Unlike th
n50 case, Skyrmion solutions of the Hartree-Fock equati
become unstable at a finite value ofK ('9 for W50.45l )
at which g̃52dU(K)/dK reaches its maximum valu
('0.003e2/el for W50.45l ). For g̃ larger than this value
there are noKÞ0 solutions of the Hartree-Fock equations

We estimate the number of flipped spins in the Skyrm
state forW50.45l at the critical value ofg̃ to be approxi-
matelyK514, using our Hartree-Fock approach with a sy
tem size ofMmax5480. It should be noted that at finite Sky
mion concentrations, especially for such large Skyrmion
calculation19 including interactions among the Skyrmion
would give a more reliable estimate for the jump in the s
polarization at the transition. We expect that such inter
tions would most likely somewhat reduce the magnitude
this jump. ~Related finite-size studies have been carried
by Jain and Wu.16!

In general, the stability ofK.0 Skyrmions is most easily
assessed by considering the internal energyUK . As in Sec.
III, UK may be computed numerically by findingeK

2 using

FIG. 6. EnergyeK
2 of the K50 quasiparticle~dotted line! and

the HF K.0 Skyrmion ~solid line! as a function ofg̃ for n53
(n51) and a 2DES with thickness parameterW50.45l . The sys-
tem size used for this calculation wasMmax5480. All energies are
in units ofe2/el .
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the Hartree-Fock method, and then subtracting off the Z
man contribution to the energy, as in Eq.~4!. The results of
such a calculation are illustrated in Fig. 8 for several valu
of the layer thicknessW. These results confirm that Skyrm
ons are the lowest-energy charged excitations for la
enough layer thickness, but become higher in energy than
K50 quasiparticle as the system approaches the t
dimensional limit. Forn51, UK may have local minima
both atK50 andK→`. For this reason it is possible for th
Hartree-Fock equations to have two separate solutions
the same values ofg̃, as shown in Fig. 6.~In theNLs model
calculation,16 the energy of the Skyrmion branchincreases

FIG. 7. Number of flipped spinsK of the HFK.0 Skyrmion as
a function of g̃, for n53 (n51) and a 2DES with thickness
W50.45l . Note that for self-consistent solutions of the Hartre
Fock equations,g̃52dU(K)/dK. The system size used for thi
calculation wasMmax5480. All energies are in units ofe2/el . The
vertical dashed line indicates the value ofg̃ above which the Skyr-
mion is unstable against the untextured quasihole.

FIG. 8. Internal energyUK vs K for Skyrmions in then51
Landau-level systems of varying thicknessesW. Skyrmions are the
lowest-energy quasiparticles for sufficiently weak Zeeman coup
if UK→`,UK50. We find two distinct solutions to the Hartree-Foc
equations forW50.1l in the vicinity K513, leading to a cusp in
UK ; for larger values ofW only one solution is found, and the cus
becomes a smooth minimum. Whered2U(K)/dK2,0, solutions to
the Hartree-Fock equations can be found only by adding unphys
terms to the Hamiltonian as discussed in the text. The system
used for these calculations wasMmax5480. Energies are in units o
e2/el .
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10 678 55H. A. FERTIGet al.
from that of theg̃50 solution in precisely the same fashio
as in the LLL case, for there is no distinction between
direct Coulomb interaction in the two Landau levels f
Skyrmions of divergent size. From the independent calcu
tion of the lower-energy polarized quasiparticle, it follow
that the Skyrmion energy must be nonmonotonic with s
and, in the absence of intervening additional extrema, m
have minima at both microscopic and infinite sizes.! It is
interesting to note that, unlike the case of Skyrmions in
lowest Landau level, the curvature ofUK changes with in-
creasingK ~cf. Fig. 4!. As mentioned in the discussion fo
lowing Eq. ~13!, we do not expect to find stable Skyrmio
solutions for the convex regions of the graphs in Fig.
Indeed, in order to obtain values forUK in the small-K limit,
it is necessary to add a fictitious term to the Hamiltonian
the formHa5a(Ŝz2Sz

0)2, whereŜz is the operator for the
total spin angular momentum of the state. Since this te
couples only to the total spin of the system, it favors sta
with ^Ŝz&'Sz

0 , but does not affect the optimal shape of t
spin texture within the subspace of states with this expe
tion value for the spin. Thus by varying botha andSz

0 we
can obtain states with small values ofK, and their intrinsic
energy may be obtained by subtracting the expectation v
^Ha& from the expectation value of the perturbed to
Hamiltonian. We note that this procedure produces inter
energies that join smoothly onto those obtained for lar
values ofK where the Skyrmion states are stable for lar
enough layer thickness.

Our results for this section are summarized in Fig. 9, b
‘‘phase diagram’’ in g̃ and W which shows where the
lowest-energy charged excitations areK50 quasiparticles
and where they areKÞ0 Skyrmion charged spin texture
Even for the most favorable layer thickness,W'1.2l , the
maximum value ofg̃ for which Skyrmions are stable is ou
side the accessible range in many typical experimental
tems. Nevertheless, we emphasize that if a system with

FIG. 9. Phase diagram for the dependence of the globally st
Hartree-Fock quasiparticle atn53 (n51) on system parameter
g̃ and layer widthW. (g̃ is in units ofe2/el andW is in units of
l .! The phase boundary separates parameter values for whic
K50 quasiparticle is lowest in energy from parameter values
which K.0 Skyrmions are lowest in energy. Systems in whi
these parameters can be adjusted so as to cross the phase bo
should exhibit a jump in the magnetization. These calculations w
performed withMmax5480.
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small effective values ofg̃ could be fabricated, for values o
n close to~but not exactly equal to! 3, this line will separate
states of maximal polarization (K50) from states with
highly degraded polarizations due to the presence of S
mion spin textures.

V. SUMMARY

In this work we studied the charged Skyrmion excitatio
of quantum Hall ferromagnets within the Hartree-Fock a
proximation. Exact relationships between the energies
spin quantum numbers of quasihole and quasiparticle exc
tions energies nearn51 were derived using particle-hol
symmetry. An internal energy functionU(K) was introduced
to describe the relative stability competition between Sk
mion states with different numbers of reversed spins,K. Lo-
cally stable Skyrmion states withK flipped spins can occu
for any Zeeman coupling strength only ifd2U(K)/dK2.0.
In the presence of Zeeman coupling, a stable Skyrmion s
must satisfydU(K)/dK52g*mBB. Results for the depen
dence of theK value of the lowest-energy Skyrmion excita
tions on Zeeman coupling strengths were presented b
with and without finite-thickness corrections. Finite
thickness corrections were shown to stabilize Skyrmions
the n51 Landau level, where for zero thicknessK50 qua-
siparticles are lowest in energy at any Zeeman coup
strength. We have proposed that a first-order phase trans
between states with relatively large Skyrmions and sta
with K50 quasiparticles will occur atn53 at a critical
value of the Zeeman couplingg̃, and be accompanied by
jump in the spin-magnetization of the electron system.

Note added:After the completion of this work, we be
came aware of a study of finite thickness effects
Skyrmions28 for electrons on a sphere using an approxim
Gaussian form for the confined statex(z) of the electrons.
Where there is overlap, the results presented there agree
sonably well with our own.
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APPENDIX A: MIDGAP STATES
AND THE INFINITE SKYRMION

The most intuitive account of the physics of the Skyrm
ons relies upon the spin Berry phases generated by adia
motion in a textured~effective! magnetic field arising from
the magnetic exchange among the electrons themse
Geometrical considerations show that the Berry phases
to a unit topological charge precisely mimic those of an a
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FIG. 10. The Hartree-Fock eigenvalues for Skyrmions in the LLL atg̃/(e2/el )50.1 ~stars! and 0.010~circles!. The former is the
K50 quasiparticle, and the latter hasK'6. In both cases there is an extra state in the lower branch. As there are 301 orbitals in the
Mmax5300, this means that the upper branches have 300 states and lower~occupied! branches have 302 states. Note that the gap is sm
near the origin, which is where the extra charge resides, and near the boundary due to loss of exchange. The shift in the eigenvalu
origin is due to the Hartree repulsion of the extra charge. Evidently, the eigenvalues are much more uniform for the Skyrmion, but th
reduction of the gap in its case is a finite-size effect.
on

fo

’’
ar

th
e
he
pp

at
i
na
n
os

o
e
‘in
y
g
re

ur

he
a

er

ries
e
en-
ly
ditional quantum oforbital flux. The incompressibility of the
quantum Hall fluid then implies that an additional electr
~or fraction thereof for fractional quantum Hall states! must
then be present in the region of the texture which is there
a ~dressed! quasielectron.

A more detailed description of this is to note that ‘‘up
and ‘‘down’’ spins, i.e., the spins that respectively point p
allel and antiparallel to thelocal direction of the field in the
texture, see oppositely signed fluxes. Consequently while
‘‘up’’-spin ~effective! Landau level gains one state th
‘‘down’’ Landau level loses one, i.e., the presence of t
Skyrmion causes the transfer of one state beween the u
~empty! and lower~filled! bands atn51, thus allowing the
extra electron to be accommodated in a low-energy st
albeit at the energetic cost of texturing the spins. This
strongly reminiscent of midgap states in one-dimensio
systems, i.e., polyacetylene,27 where a background solito
causes states to appear in a gap, and again there is the c
creating the soliton which has to be overcome.

Since this description is very much of the one-electr
variety, it is instructive to see how it works out in th
Hartree-Fock treatment. The situation is clearest for the ‘
finite’’ Skyrmion, where the texture is arbitrarily slowl
varying. It is very useful to regularize this limit by puttin
the system on a sphere where it takes the form of a pu
radial texture, n(u,f)5 r̂ . Again we may deduce the
Hartree-Fock description by noting that the classical text
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e

is invariant under the action ofJ5L1S. In the LLL approxi-
mation this uniquely picks the wave function and fixes t
eigenoperators of the Hartree-Fock Hamiltonian. For
sphere with 2q flux quanta threading the surface, the latt
are

cj1
† 5ujaj21/2

† 1v jbj11/2
† , u j u<q1 1

2 ,

cj2
† 5v jaj21/2

† 2ujbj11/2
† , u j u<q2 1

2 , ~A1!

where

uj5S q11/21 j

2q11 D 1/2and v j5S q11/22 j

2q11 D 1/2. ~A2!

In this basis the Hamiltonian and wave function are

HHF5 (
u j u<q21/2

e2cj2
† cj22 (

u j u<q11/2
e1cj1

† cj1,

~A3!

uC&HF5 )
u j u<q11/2

cj1
† cj1u0&,

whereu0& is the vacuum state. The energiese6 depend upon
the details of the interaction and not just on the symmet
of the state.@In the limit of infinite system size these becom
degenerate with the corresponding up- and down-spin eig
values at~exactly! n51, as the Skyrmion becomes local
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indistinguishable from the ferromagnetic state.# The form of
HHF clearly shows that transfer of one state across the g
Evidently, all we have used in this is that the states ofHHF
must be classified only by their eigenvalues underJ and
hence must occur in the multipletsj11/2 and j21/2. This
will therefore also survive the perturbative inclusion
Landau-level mixing.

For finite Skyrmions, the picture is~unfortunately!
less elegant. The excess charge is now localized in a fi
region, and hence affects the Hartree-Fock eigenva
in the core of the Skyrmion. This can be seen in F
10, where we have plotted the eigenvalues, now
the plane, for Skyrmions at two different values
.
.

ys

.

s-

b-

.

tt.

st

ith

de
ls
p.

ite
es
.
n

g̃/(e2/el ). While the general scenario of a transferred st
between two sets of levels still holds, the individual se
themselves become degenerate only in the large Skyrm
limit.

Finally, we note that putting the infinite Skyrmion on th
sphere allows us to compute its energy very accurately,
thus circumvent the problems at smallg̃ noted in the text.
The only trick here is that we need to subtract the Hart
self-interaction of the Skyrmion charge,e2/(2Aq) (Aq is the
radius of the sphere!, which is substantial for small system
sizes. This greatly improves convergence and the known
finite system result is recovered to within a few percent
ready at system sizes withq'10.
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