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Biexciton-biexciton interaction in semiconductors
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For a semiconductor with single isotropic conduction and valence bands, the effective biexciton-biexciton
interaction is derived starting from the second-quantization representation for the Hamiltonian of the system of
interacting excitons and for the biexciton wave function within the framework of the adiabatic approximation.
The interaction is found to be an average of the sum of effective interactions between excitons forming
interacting biexcitons over the envelope functions of these biexcitons. Depending on the momentum transfer
and on the difference between the momenta of interacting biexcitons, the interaction admits an analytical study
when the first vanishes. In this case, the interaction has in #pace the form of a function of the interbiex-
citon distance consisting of a strong repulsive and a weak attractive part. At low temperatures the function
describes main features in the behavior of the interaction among biexcitons, in which repulsion predominates
over attraction. It is shown that while biexcitons remain stable quasiparticles they weakly attract each other for
any value of the distance. A quantitative analysis of obtained results for the CuCl crystal shows that the
biexciton system in this model substance is a weakly nonideal Bose gas with positive scattering length
a;=3a,, which closely approaches the ideal one at excitation densities10® cm™3.
[S0163-18207)02211-X

[. INTRODUCTION action potential as a function of the interhole distance and
pointed out that the biexciton-biexciton interaction is pre-
Since that time, when Moskalenkand Lampeftinde-  dominantly repulsive. Their result provides the first insight
pendently predicted the existence of the biexcifonexci- into the biexciton-biexciton interaction strength though it is
tonic moleculé in semiconductors, the study of this bound certainly not sufficient to understand many features in the
complex of two electrons and two holes has rapidly devel-optical property of the biexciton. Moreover, the bosonlike
oped. The biexciton has been theoretichllyas well as nature of excitonic particles has been the basis for expecting
experimentall§~*4 shown to be the most stable entity of the them to undergo Bose-Einstein condensatiBRC).>2%35-37
lowest energy per electron-hole-b) pair at low tempera- Except for the special case of the Lucrystal, where a
tures in many semiconductot3in these semiconductors, the weak (due to nearly equal electron and hole mas&gsxci-
role of the biexciton in the nonlinear optical phenomena inton creation is suppressed by straf exchange interaction
the spectral vicinity of the band edge has long been® and quantum-statistical properties have been displayed in
recognized>~?°The electronic excitation at intermediate ex- an exciton gad?~*!in most other semiconductors BEC is
citation levels forms a dense gas of charge carriers, excitorsxpected to occur inside the biexciton system. Physically, the
and biexcitong® As a quasiparticle, the exciton has boson-biexciton condensation can be considered as a result of pair
like character when the number of excite¢h pairs is neg- condensatiofi? or coherent pairirftf in an exciton gas with
ligibly small compared to the total number of valence elec-mutual attraction. The observation of Bose condensates in
trons. For a finite density, a hypothetical boson space may béuCl was reported many years add* Recently more
imagined, where excitons appear as ideal boson and thegromising results were obtained by a different experimental
deviation from ideal bosons is described by effective inter-approaci® Nevertheless, clear evidence for the BEC of
action between these bosdiislt is exactly this exciton- biexcitons has not appeared yet. In theoretical respect, the
exciton interaction that ultimately determines almost all ex-interaction between particles is one of most important as-
citonic optical nonlinearities including the biexciton pects of the problem of BEC in a system of weakly interact-
formation and related phenomena. During the past decadeisg bosons. The property of such a system depends critically
the interaction between excitons has been a subject of interen the small-momentum scattering amplitudes, among which
sive studies within different approaches by many researcthe only significant one is the amplitude for ars-tvave”
groups>®27-33In the meantime, because of calculational dif- collision. The determination of this quantity has therefore
ficulty of the four-exciton problem, very little is known been a major issue for the study of the possibility of a con-
about the interaction between biexcitons which are approxidensate formation and its properties. Consequently, an elabo-
mately considered as bound states of two excitons. Brinkmarate theory of the biexciton-biexciton interaction is of impor-
and Rice have been the first and the only so far, to outance not only to the fundamental exciton physics, but as
knowledge, who considered the problem of the interactiorwell in connection with experimental efforts to observe BEC
between biexciton¥ Following closely the similarity be- in excitonic systems.
tween the biexciton and the hydrogen molecule, the authors The aim of the present paper is to derive the effective
have calculated the quantum mechanical interbiexciton interbiexciton-biexciton interaction in a semiconductor with
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simple band structure; the biexciton we refer to here is thé'he coefficienC, in the last sum on the right-hand sittas)
lowest one of thd”; symmetry. Certainly we limit ourselves of (1) is defined as follows:

to excitation densities satisfying the conditiomaﬁx<1,

apy IS the biexciton radius, where the biexcit@nd the more

so the exciton with radius,<ay,) remains a stable quasi- Co=—1, Ce=1 forg=XY,Z. 3
particle. Throughout the paper, subscripts x and bx will de-

note exciton and biexciton, respectively. Most of the biexci- d ox _ )

tons are assumed to be formed through the interaction among U~ andU®" are, respectively, the direct and the exchange
excitons injected into the semiconductor from an incohereng*citon interaction function parametrically depending on the
light source with frequency very close to the-&xciton en-  €-h mass ratioo=(mc/my) through “Zd[‘T/(l+ o)] and
ergy level. Under the resonant condition, all of the excitons3=L1/(1+)]. A general formula foJ and U is well

in the system can be considered ground-state ones. The dffown>**~**The functionu® describes the direct Coulomb
fective interaction between these excitons, especially thdfteraction between two excitons and depends on the mo-
among paraexcitons in the @ crystal, and the form of the Mentum transfer,

biexciton wave function are discussed in Sec. Il. Section IlI

is devoted to the derivation of the effective biexciton-

biexciton inte_raction, the analysis of a particu_lar case allow- ud(q) = EJ d3r exp(igr)ud(r), (4)

ing an analytical study of the interaction and illustrations on \

the CuCl crystal. Finally, discussions and conclusions are

iven in Sec. IV. Throughout the paper we #et 1.
d : pap whereV is the crystal volume antt’(r) is a function of the

distance between interacting excitdns

Il. EXCITON EFFECTIVE HAMILTONIAN
AND BIEXCITON WAVE FUNCTION

We consider a direct cubic semiconductor with isotropic )41 _5p S Eex;{ _2r
single conduction and valence bands at low temperatures. In Eap T Ty
such a semiconductor, ground-stats-)lexcitons are of two

kinds: the paraexcitod’, with angular momentund,=0 x{
and the orthoexcitoh’s with J,=1 which is higher in en-

ergy by a valueA of the e-h exchange interaction. Denoting 4

three basis vectors of the irreducible representdfignf the 4 27 _ 1_1_ § r 1
crystal symmetry group by'sX, I'sY, I'sZ, we write the (2r-1)* 8 47a, 6
effective Hamiltonian of the system of interacting

1s-excitons within the framework of the boson description as . . . - .
follows: P with R denoting the exciton binding energgxciton Ryd-

berg, e the electron charge, ang the static dielectric con-
stant of the semiconductor.

Hud(q) On the contrary, the functiod ®* describes the effect due
to Pauli exclusion principle acting between constituent par-
ticles belonging to different interacting excitons. Except for

2 agkﬁqagquagkzagkﬁ[Ud(q) the momentum transfet_,lex depgnds on the difference be-.

¢ tween the momenta of interacting excitons and therefore in

+Uq,k1,Kp)] th_e r space cannot be presentgd as a function of or_1|y the
distance between these excitons. The nonlocality of

S + . U®{(q,k;,k,) depends org and on values of vectorgand
Xgﬁgz Qg kg + Rk~ qRek, ek EU LCHSRLEY k,—k,. It can be neglected if either the mass of hole is much
larger than that of the electron, or all momenta are very
small. Here we find it convenient to present the exchange

t T
x ,51;52 CeiCeBek ek, aeReky: @ function in the following way:

67 475 1
(27-1)2 (2r—1)° “|r

1
H=2, Ei(kalas+ =
=2 Blajaat 3 2

K1,Ko

1
+ Euex(qvklIKZ)

where the sums ovej, £, &, go over all possible symmetry

states of the &-exciton:T',, I'sX, I'sY, I'sZ which for the U®™(q,kq,ky)=Uq,k;—k,+0q),
sake of brevity will be hereby denoted 16y, X, Y, Z, re-

spectively.agk (ag) is the creation(@annihilation) operator

for the exciton of the symmetr§ with momentumk and . B 1 3 3, ] ] ,
energyEﬁ(k) obeying Bose-Einstein statistics, U X(q,k+q)—\—/ d*rdr’expligr+i(k+a)r’]
[ag/k/,agk]zﬁgrgék/k, XZ/FX(r!r,)r (6)

[a;k, ,agk]=[ag1kuagk]=0- 2 where
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2R . ror’ describing the relative motion @ h pair in an exciton. As a
UNr,r')= ?FEJ drq) f(roffra—— - B sum of four-center integralg/* cannot be calculated ana-
lytically. Considering particular cases of E®),
r r’ U™k 0)=1 d3rexp(ikr)- d3ruX(r r’)-
Xf I’l— - f I’l— - ' V ’ I
a B : :
and
a
X rx = TX +f(ry) L i .
] UeX(O,k)zvf d3r explikr) J'd3r’uex(r’,r) . (8
tor r' r we find that functions
PR AT
a  pa, 0= druei)
X7~ | | (7)
t.r ' and
r=— 3
with f denoting the & hydrogenlike function, Zﬁx(r)zf a3 e ) 9)
1 r
f(r)= ——=—=exg ——/|, can be evaluated. Ai9(r), these functions depend only on
VT8 ax the distance between interacting excitons,
|
L) = 2R 2 1 14 r r Ty r r
(= e R N A RN A P Ta,)’
1 r r r 5 23 r 3[r\? 1/[r})3 2r
X, — _ . o R [ R R I o
L@(I’)—Z'erzaﬁ ™ 1+ T8y eXF( Tay S Tay {8 20 ra, 5\ 7ay 15\ ra, eX[{ Tay

6 T%ax{[ y+In(r/ra,)]S(r/ ra,)?+ S(—r/ra,)’Ei( — 4r/ ra,) — 2S(—r/ ra,) S(r/ ra,) Ei( — 2rlrax)}] , (10

5

where Ei(z)= [ [exp(-y)/yldy is the exponent integral,

1 1
y=0.577 the Euler’s constant, and U P(r) =R\ U (r)+ §Uix(r)+ Eszgx(f)} 13

exp(—\r). (11)  describes the potential in thespace. The variation of this
function with the distance is shown in Fig. 1 for a semicon-
ductor witho=0.7. One can observe that the repulsion be-
Using the expressions far(r), UEr), andlEX(r), the tween paraex_citons decreases rapidly=aRa, and vanishes
effective interaction potential between excitons of differentatr =3ay: Ueg "(3a,) <0.005R. Thus the system of paraex-
symmetries at vanishing momentum transfer can be decitons in the CyO crystal (=0.7, a,=7 A) is a nearly
scribed. To shed some light on the problem of BEC in arideal Bose gas even at densities as high as® 10
exciton gas, we consider a particular case of interaction becm™ > which has been indicated in experimental works on
tween paraexcitons which probably are elementary excitathis crystal?®*! Because at low temperatures most particles
tions of the lowest energy in the gD crystal. From the in such a gas have small moment{iki< (1/a,)],*® the char-
formula for the interaction potential between two paraexci-acter of the interaction between paraexcitons in a general

tons with moment&;, k, and momentum transfer= 0,3 case (#0, ky—k,#0) is expected to be similar to that rep-
resented by the curve in Fig. 1. By the useldf; °(r), the

1 1 1 " s—wave_” sca_ttering length(or the hard-core radivsof
UPLP(k)= = | Ud(k)+ s U0,k)+ = U®(k,0)|, (12  Paraexcitons in GO is estimated to be approximately
¢ 2 2 2 2.2a,.*" The result is in agreement with the experimental
upper bound provided by the authors of Ref. 48.
k=k;—k, and using Eqs(4), (8), and(9) we find that the Further we assume for the considered semiconductor the
function orthopara splittingA to be much smaller than the biexciton

1
1+)\r+§()\r)2

S(Ar)=
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with E; the transverse orthoexciton energykat0 andm,
the exciton translational mass. Equatidb) admits no rig-
08 orous solution even in the case=0 when it presents the
Fourier transform of the Schdinger equation for the energy
and wave function of nuclei relative motion in a hydrogen
08 ithi itler- imati
‘UP"P‘ molecule within the Heitler-London approximation. For any
off ) o#0, Eq. (15 corresponds to an integro—differential equa-
R o4 tion for ®(r) which can be reduced to a differential one only
] if the nonlocality of ®{(r,r ') is neglected. However, this
equation will not be dealt with in the present paper. The
biexciton envelope function is expected to play some aver-
02 1 . . o o e X
aging role in the problem of biexciton-biexciton interaction
and its extension appears to have more influence upon the

1 2 r 3 interaction rather than its form. In our study of the biexciton-
2 biexciton interaction for a particular case, the hydrogenlike
form

FIG. 1. Variation of the no-momentum-transfer interaction po-
tential between two paraexcitons in £ with the distance.

d(r)= expg — —

\/waﬁx
binding energyEp, (the situation is realized in CuCl where o .
A=6.2 meV andE2, =30 me\t9). Then, in the formation of will be u.sed. for the b|.ex0|to'n envelope funpnon. The extent
a biexciton participate two excitons in a superposition ofof the biexciton then is defined by the radiag, which is
zero-angular-momentum states which are made up of twgonnected with the binding ener@p, by the following re-
ortho- and two paraexcitons, respectivélySince E2, is lation:
typically an order of magnitude smaller than the correspond-
ing exciton binding energf? the traditionally used adiabatic
approximation*®?for the biexciton wave function is legiti- 1
mate. In the approximation the biexciton state with momen- EEﬁw
tum K can be written in the following form: T %bx

(17

r+r’
f Jd3rd3r’exr{—| |
abx

r—r’|

Z/tex(r,r’)—f d3r

Apx

_ 1 i t
= \/8_Vzp P S Cfag('(’”paw’z”p'oi ) ><exp( — az—r)ud(r)}, (18)
14 bx

where ¢(p) is the Fourier transform of normalized spheri-

cally symmetric function(r) describing the relative motion resulting from Eqs(15) and(17). In (18) the biexciton bind-

of two excitons in a biexciton. The equation fg(p) can be  ing energyEy, is meant to be greater than the dissociation

obtained from the Heisenberg equation of motion for a biexenergyD = 2E+— E,,(0) by the energy of the so called zero-

citon with the aid of the Hamiltoniafil). It appears as fol- point vibration®® By an acceptable approximation for

lows: U(r,r') from (18) a formula relating a function of the
biexciton-exciton radius ratioa=a,./a, to a value of
E=ED/R taken from experiment can be derived. In this way

K K the biexciton radius may be estimated. The two quantities
Ex\3 P/ TEx 5 +P||¢(P) a andE are the most important individual characteristics of
the biexciton. Along witho, they determine the picture of
the biexciton-biexciton interaction as one can see in the next
+2 [U%)-U™(a2p-a)l¢(p-a) section.
=En(K)p(p), (15

lll. EFFECTIVE BIEXCITON-BIEXCITON INTERACTION
whereE(K) is the energy of the biexciton with momentum

K. In Eq.(19) the exciton energy s taken to be the same for, - Z0€ T 18 3L CTe T SRR e o
both ortho- and paraexcitons, 9 '

fective interaction between biexcitons has as the origin the

interaction between their component excitons. Then, we may
2 expect the interaction between two biexcitons to be the sum
, (16)  of the effective interactions between constituent excitons av-
2m, eraged over wave functions of their relative motions. Intro-
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ducing the creation operatdx; for the biexciton with mo- (KSK 1 H K 1K) =[Epy(K1) + Epy(Ko) (KK 1 [K 1K)
mentumK, we write the biexciton wave function as follows:

|K)=b{]|0). (19

Comparing(19) with (14), we get biexciton operators ex-
pressed in terms of exciton ones

+
5K1+Ké,K1+K2

XP(K1—Ky,K1=Ky), (26)

where P(K;—K,, K;—Ky) is the effective interaction po-
tential between two biexcitons with momerka, K, and
with momentum transfe@=K; — K. The potential is found

From the bosonlike character of exciton operators and thi depend orQ and on the differenck =K, —K; between
normalization of the biexciton envelope function, we obtainth® momenta of two interacting biexcitons. It can be written

1
t_ t t
bK_\/ﬁEp ¢(p)§:o%,v,z Ce@gki2)—peki2)+p- (20

the following commutation relation: as follows:
t 1 K'—K
(b bk 1= bt 552 ¢(P) | P+ — 1
P PQK+Q)=35[WQK+Q+WK+QQ], (27
X > ag(K/2)+pa§K’—(K/2)—pr (21)

e=0.X,Y.Z

with by the annihilation operator for the momentunbiex- ~ WhereW is the effective biexciton-biexciton interaction first
citon. Equation(21) indicates that strictly speaking the biex- introduced by Hanamura for the boson description of a biex-
citon is not a boson. However, it is easy to see that matriiton gas by means of the model Hamiltonian,

elements of the last term on the rhs @1) are of order
nal,. So, in the considered interval of excitation densities,
the biexciton may be treated as a boson. Then two-biexciton
wave function can be constructed as a direct product of
single-biexciton wave functions for each biexciton,

be=§ Eux(K)bkby

1
_ Tt Z 7 7
|K1K2) =Nk, 0k bk, |0), (22 + 2Q,K21,K2 W(Q,K1,K2)by 4 obk,— bk, bx;-
whereK,; andK, are the momenta of two biexcitons, and (29
N 1 ! 114 23
Kykp = 2 )Tk 23 We obtain here the expression f@ in the following
form:
ensures the orthonormalization of two-biexciton wave func-
tion (22),
(K1KalK 1K) = dicric, Sk pk, T O, Ok 1k - >
T
~ Ok 1k, Ok K, Ok K- (24) & Vet &
By the use of(20), (22) can be written as follows: @
1 g gt i ¢
|K1K2) NKlKZBVPE1 é(p1) ¢ o _
(b)
T T
. 024( vz CeaPey2-p Bk u2 p,
U .
& off & &
X2 ¢(p2) 2
P2 (<) 2
X E Cézagz(KﬂZ)*pzagz(K2/2)+pz|O>' FIG. 2. Diagrams showing the nature of the biexciton-biexciton
£=0XY.Z interaction.(a) the direct and(b) and (c) the exchange processes.

(25) Single solid lines denote excitons. Two close parallel exciton lines

denote a biexciton. A crossing of lines denotes an exchange of

Putting the Hamiltoniafl) of the exciton system between excitons belonging to different biexcitons. Dashed lines represent

two-biexciton wave functions in the forr25), we arrive effective interactions between excitons depending on the momen-

after intricate calculations with the use of Eq®), (15), (24) tum transfer, the momenta difference of interacting excitons and on
at the following result: their symmetryé¢ , &, or &,.
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1 7 +K
W(Q,KJrQ):WpEp [4Ud(Q)+ §UeX(Q,pz—p1+§+ QTﬂqﬁ(pl)qb(pl— §>¢(pz)¢>(pz+ %)
1 1 Q Q+K Q 0Q+K
+Wp§32 [Ud(p1)+ EUeX(pl,Q)}qﬁ(pz)(ﬁ( P2t > ¢( P2—p1t T)¢(p2_p1+5+7)
1 +K +K
+¢E [Ud(Q)—Uex(q,2p+Q—Q)]¢(IO—Q+g ¢(p)¢(p+ Q2 )¢(p+§+ Q2 : (29
p.q

The first term on the rhs qR9) is the contribution of the between two excitons belonging to different interacting biex-
biexciton interaction process of the direct character, wheritons and therefore includes both the direct and the ex-
each of interacting biexcitons after the interaction consists oEhange exciton interactions. Thus not only the exchange
the same excitons that form the biexciton before the interachiexciton-biexciton interaction which certainly is nonlocal,
tion [see Fig. 2a)]. In contrast, the two last terms on the rhs but the direct one contains a nonlocal term as well. For this
of (29) represent exchange processes when interacting biexeason, it is convenient to present the biexciton-biexciton
citons exchange with each other one of the constituent excinteraction as a sum of a local and a nonlocal part,
ton particles[see Figs. @),(c)]. As expected, the effective
biexciton-biexciton interaction is found to be the sum of ef- W(Q,K+Q)=W(Q)+W"(Q,K+Q), (30

fective interactiondJ i#_ 2 petween component excitons av- ) ) ) ) )
where the local one consists in the net direct interaction,

eraged over biexciton envelope functions. Besides their de-

perdence on he momentu transer_and the. mament1eh 10 0l X i bextos bt e letors
difference, the functionSJiﬁf_§2 depend on the symmetry -aep y

_ X . . ’ on the momentum transfer,
&1, &, of interacting excitons. Thus, in the process of Fig.
2(b) as well as of Figs. @) and Zc) for the casef;= &, we 1 Q
have Uy f=U%(a)+3U™(q.k+a), while for &+&, W(Q)=4U%(Q)| 5> ¢(p>¢( p- 5)
UL~ *2=y9(q)+U®(q,k+q) in the process of Fig. P
anduiflf_ f2=— 1U®(q,k+q) in that of Fig. Zc). It is inter-  whereas the whole dependence of the biexciton-biexciton in-
esting to note that the direct biexciton-biexciton interactionteraction on the difference between momenta of interacting
schematically shown in Fig.(8) in reality is the interaction biexcitons enters the nonlocal pas",

2
, 3D

W(Q,K +Q)= +[2U%py) +U™(p1,Q)]

1 Q Q+K Q
ﬁp%)z [7UEX<Q,D1+ 5t T) ¢(p2—p1)¢( P2=P1— 5

X ¢

+K +K 1
P2—p1+ QT) ¢>( P2—put §+ QT) ] ¢( P2+ %) $(P2) ~ Ebiz ¢(p)¢( p+ g)

X ¢ , (32

p+T +E+ 2

+K +K
Q )¢<p Q Q

the last term of which is written applying EQGL5) to the sum 1
overq in the last term on the rhs of E¢R9). w(Q,Q")= vf f dr d3r’
SinceUY(0)=0 the local part of the biexciton-biexciton
interaction vanishes when no momentum is transferred be- . Q' o
tween biexcitons. Estimations show that 0, W' is as ><exp(|§r+| 7r')W (r,r’), (34
well negligible for all values ofr and possible forms of.
So the biexciton-biexciton interaction is mostly nonlocal | ol , .
and, in general, cannot be evaluated analytically. To see thi¥here W (r) and W"(r,r’) are obtained fron(31), (32),
more clearly, we go to the space by the following transfor- t@king into account4) and (6),
mations:

| 1( . Q. W'(r)=4f dsrlud(rl)fd3r2q>(r2)2q>(2r1+r2—r)2,
W(Q)=vf d rex%lir)W(r) (33 (35)
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1 7 r\2
W"'(r,r'):f dBri®(r)®(ry—r'){ &(ry—r—r’) w(r)+§u‘;X(r)+ SUs(r) S(i) (39
X
XD (ry—n)[U(r')—Ep,] , , : .
1 bx describes the main strong repulsive part of the biexciton-
1 biexciton interaction. Due to the exchange exciton-exciton
+ Ef A3, ®(ry+2r,—r—r" YO (r;+2r,—r) interaction, this part varies drastically naar 0, then takes

very large positive values giving the biexciton an incom-
pressible “core.” From distances of fea, the behavior of
X[Z/tex(f’,rz)"'nlex(fz.r')]]- (36) (39 is characterized by factors expRr/aa)S(r/
an)? and expf2r/Ba)S(r/an)? which drop with the in-
crease of much more rapidly tha(r/a,,)? does. Then, as
It can be seen fron(35), (36) that while W'(r) can be the distance increases, there comes a turning pgimthere
evaluated for any possible form df using bipolar variables, the biexciton-biexciton interaction reverses its sign, after
multicenter integrals in the expression far"'(r,r’) cannot ~ which the weak attractive part described by the term
be calculated. The essential problem resides as well in the
fact that full knowledge ot/*{(r,r’) is lacking. For this rea-
son, even in particular casés=0 andK+Q=0, Eg. (36) —EEXS
remains hard to deal with and has no practical value. An
exception is the cas®=0 when in place ofi/** appears
U7 andU5* and multicenter integrals on the rhs @6) turn
to products of two- and single-center ones. From now in thi
section we focus our attention on this case to extract from i
general features in the behavior of the biexciton-biexcito

2

Apx

(40)

becomes dominant. The position ipf is determined by the
e-h mass and biexciton-exciton binding energy raioand
. In the theory of intermolecular interaction, is called the
effective diameter of the molecule: when the distance be-
: . "ween molecules becomes greater than this diameter, they
Interaction. begin to attract each other. We see in the case of biexciton-
Putting Q=0 in Egs. (30), (31), (34) and using(36), we bie%(citon interaction that the attraction is due to exchange
find the no-momentum-transfer biexciton-biexciton interac-; . . g
tion in the form interaction penm_een excitons of the same symmetry resulting
in the biexciton interaction process of FigcR It has noth-
ing in common with the van der Waals attraction between
1 K neutral complex particles which exists at distances a few
W(0,K)= vj d3r exp(iEr)Wo(r), (37 times larger than the biexciton diameter. That attraction is
important only at low densities and is not under consider-
_ . ation in this paper.
with Wo(r) being a product of the sum of no-momentum-  whijle the range of the repulsive core of the biexciton-
transfer effective interactions between excitons which formpjexciton interaction scales in the exciton radius, that of the
interacting biexcitons and squared overlap integral of enveattractive part is defined by the radius of the biexciton. The
lope functions of these biexcitons, attractive part is therefore relatively extended. We suppose,
however, that it does not lead to pair bound states and the
biexciton remains the fundamental unit in the considered
Wo(r)=J d3rwnl(r,r) semiconductor. Then, in the considered range of excitation
densities 0a§x< 1), the biexciton system can be treated as a
1 7 X weakly nonideal Bose ga$,with most particles having
=[Ud(f)+ EZ/@X(F)JFEU‘EX(f)—EbJ small momentunk, ka,,<1 at low temperatures. In this
connection, it is worthwhile to calculate the small-
3, ) , 2 momentum value of the biexciton-biexciton interaction by
dor'e(r')®(r'=r)| . (38 which the interaction is often replaced in practical
estimation$:3? From (37), (38) we have

X

The overlap integral takes the unit valug &t0 due to the 1 7 r\2
normalization of® and decreases with the increase of the W(o,o):f d3r[ud(r)+ UK () + _ugx(r)}s(_)
distancer at sufficiently larger as ® does. For® of the 2 2 Apx

hydrogenlike form(17) the integral is equal t&(r/a,,) [see r\2
—ED, f d3r s(

Eqg.(11)]. Thus the binding of excitons into biexcitons some- (42
what decreases the magnitude of the effective interaction be-
tween them and the influence depends on the binding degree,
namely, on the relative size of the biexciton and the exciton. A reasonable estimation may be made for the first integral
The sum of effective interactions between constituent exef W(0,0): Since S(r/a,y)? is a very smooth function in

citons consists of a linear combination of exciton interactioncomparison with exciton interaction functions, it can be ap-
functions and a small constant inverse in sign to the biexciproximated by one over the interval where the last noticeably
ton binding energy. With the smooth weighting factor differ from zero. Taking into account Eq#}), (8), (9) and

S(r/ag)?, the first the factU%(0)=0, we find this integral equal to

Apx
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261
4U®(0,0)=4

TRai .

The last integral oW(0,0) in (41) can be easily calcu-

lated. Its value is proportional to the effective volume of the

biexciton. As a result,

104

3

3 337
Rax— T E

W(0,0)= R (42)
As in practiceER a3 is usually of the order oRa’, we have
W(0,0)~2U®0,0).

The first term ofW(0,0) in (41) can be obtained from the
result(4.11) of Ref. 34 by performing the Fourier transfor-

mation and taking into account the energy and length unit

used there. The last one has not been considered in Ref.
As a matter of fact, in the sum of effective interactions be
tween excitongsee Eq(38)], the negative term at first sight
may be neglected becaLEEx is typically a tenth ofR, while
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shall not present it here. We wish to note only thaa)
slightly decreases as decreases. For practical estimation, it
is much more simple to computd4) for definite o anda,
which we shall do for the CuCl crystal afterwards.

With the aid of(43), we have

337
—Ea’|R

3
> ay, .

W(0,0)= [32’7T| Aa)— (45)

It is certain that a proper calculation f(a) which gives for

the integral on the |hs of43) a result a little smaller than

4U®{0,0) does not change the relation between the contri-

butions of two parts of the biexciton-biexciton interaction to

W(0,0). The last is a positive quantity: the attraction is pre-

dominated over by the repulsion which is extremely strong at
all distances. The repulsion that comes from a quantum-

3Egtistical principle working between identical component

particles of interacting biexcitor{both between excitons and
between electrons and holes of the excijanakes the biex-
citons impenetrable to each other. Thus each biexciton like

the average value of the exchange interaction functions in thﬁny molecule may be imagined as a hard sphere of diameter

range of their maximum (€r<a,) are of order of tens

‘R. However, this small negative term gives rise to a fairly

extended attractive part of the biexciton-biexciton interactio
which not only considerably decreases the small-momentu

value but also essentially changes the picture of the interacfn

tion.
For a thorough evaluation of the first integral \W{(0,0)
in (41) we write it as follows:

f d3r

= 327l (a)Ral.

r 2

Apx

1 7
Lﬂ(r)+5u?(r)+§u§X(r) S

(43

From the above estimation we know that fg5>a,, the

parametric dependence bfon ¢ vanishes, ,()=13. By
the use of Egs(5) and (10) we getl ,(a) in the following
form:

| —Jdtt2 o S 29 Lt []_s7
JAa)= ZeXp( )T:a’B LS (2r=1)2
475 11+ 274 1 3 1,
2—13% 7|t (2r-1)? 8 4 6
+J dtt 29 481 +223t2+ 47t3 t
glls " 20 " 15 15
X 2 42 I 2
exp(—2t) 5 4—2+ v+Int | S(t)

+S(—1)2Ei(—4t) — 2S(t) S(—t) Ei( — 2t)“

2

From explicit expressions fdB and for the exponent in-

X > S

=a,B

(44)

ro surrounded by an attractive potential of the rangeof
order of fewa,,) and maximum deptla,, (of order of tenth
Mof Ep). It is well known from quantum mechanics that the
rPelationship betweenm,,, ¢, and the particle mass deter-
ines the possibility of a bound state formation by the at-
tractive potentiaf> We shall return to this question while
considering the example of CuCl crystal later in this section.
Here no bound state is assumed. Then the biexciton
biexciton “s-wave” scattering lengtfa, is positive®® and as
it was mentioned earlier, the biexciton system is a weakly
nonideal Bose gas in the excitation ranga’,<1. At low
temperatures the last condition means tkat,<1 too.
Hence the no-momentum-transfer biexciton-biexciton inter-
action (38), although not exact, possesses not only main
qualitative but as well quantitative features of the interaction
among biexcitons. It can therefore be used for the computa-
tion of the scattering lengthg and in this way an important
problem of the theory of biexciton Bose condensates be-
comes solvable: According to the standard procedure of de-
scribing a weakly nonideal Bose gas with positive scattering
length — the Bogoliubov approximation — properties of the
ground state of such a géhe condensajeare described in
terms of first two powers of the small parametagaf) /2.4

To interpret the results discussed above , we consider the
CuCl crystal, a prototypical material for the study of biexci-
tons on which most extensive experimental work has been
carried out. The following parameters of CuCl are used:
0=0.25,Ep,=30 meV, R=200 meV,a,=7 A. According
to Eq.(18), the values ofr andE correspond t@a=1.7 if we
neglect the terms proportional to the second and higher pow-
ers ofa in the expansion of**in terms ofl;* andif*. The
computation of the integrd#4) givesly,41.7)=0.9234 and
from (45 the corresponding value ofW(0,0) is
17.47Ra3. So, for CuCl the assumptionW(0,0)
=2U®%(0,0) used in Ref. 6 is in a very close agreement with
our calculation.

To characterize a density of the biexciton gas in CuCl,

tegral we can see that(a) can be calculated analytically. following the authors of Ref. 34, we use the radiuef the
However, as the result is found to be very awkward and thephere of voluma~! as the mean distance between quasi-
dependence of on a and o is too intricate to follow, we particles. The dependence of the biexciton-biexciton interac-
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Al 0.391+0) |E 1
R 2 V22
00 |
008 | which is satisfied for CuCl witlr=0.25 andE=0.15. Defi-
004 | nitely, the biexciton system in CuCl is a weakly nonideal
002 | Bose gas with positive scattering length. By the variational
ol p eu——— methodS® ag is estimated to be approximatelyd~2 nm,
' 3 ) 5 8 7 8 9 smaller than the experimental valag~3 nm provided by
T Hasuoet al. recently.®
8 At last, it is interesting to note that the expression for the

biexciton-biexciton interaction in the forn88) places an
upper limit on possible values of the biexciton radius. In-
deed, for a given semiconductor with definiteand E, the
ranger of the repulsive core of the biexciton-biexciton in-
teraction is determinate and,=2a,,. For CuCl, we see
from foregoing analysis thad,<1.8a,. This result may
partially remove the existing discrepancy in the estimation of
tion Wy(r) on this distance is plotted in Fig. 3. We see thatthe value of the biexciton radius in the model crystal.

the biexciton system in CuCl may be considered as a nearly
ideal Bose gas at densities<10'® cm™3, when attraction
among particles almost vanishe{sT/Vo(r)|<0.01EEX for
r>8a,. As the density increases, the attraction between For simplicity, the effective biexciton-biexciton interac-
biexcitons rises and its magnitude mounts up to about eighttion in the present paper is derived for a simple model of
of nginthe intervalr =4a,—4.5, . With further increase of isotropic single bands. In principle, the derivation can be
the density, the biexciton-biexciton interaction reaches thgerformed for any direct cubic two-band semiconductor. The
turning point atn=1.5x10'° cm~2 (r,=3.6a,), beyond effective bosonic Hamiltonian for an exciton system can be
which it goes over into the region of a rapidly increasingWritten by the use of general formula from Ref. 33, and the
repulsion. Fom=2x 10'° cm ™3 the magnitude of the repul- biexciton wave function constructed by group-theoretical
sion becomes Comparab|e Wlﬁgx and causes the bhiexciton methO-dS..Qua”tative features of the biexcn‘._on'bie?(Citon in-
to break up. Strictly speaking, the excitation densities correferaction in the general case of a direct cubic semiconductor
sponding ta <r is out of the range of validity of the model May be expected to be the same as obtained for the simple
used in this paper. At such densities the biexciton is ndnodel. Being an intricate function of the momentum transfer
longer a stable quasiparticle. In this way, in the range of thei@nd of the difference between momenta of interacting biex-
stability (n<1.5x10° cm~2 for CuCl), biexcitons attract Citons, the interaction allows an analytical study when the
each other at any distance. The question of whether the af'St vanishes. In this case the biexciton-biexciton interaction
traction leads to the formation of biexciton pair bound statdn the r-space depends only on the interbiexciton distance
becomes essential. To answer to it, we approximate tha@nd consists of a short-range strong repulsive core and a

biexciton-biexciton interaction in CuCl by the following Short-range weak attractive pawhich at far distances may
Morse’s formula: join up with the very weak long-range van der Waals)tail

As stable quasiparticles, biexcitons attract each other at any
distance. If the attraction of exchange nature does not lead to
pair bound state formation, biexciton system can be consid-
Wo(r)=sgywiexd —26(r—ry)]— 2exqg —8(r—rq)1}, ered as a weakly nonideal Bose gas with positive
(46) “ s-wave” scattering length. The last can be estimated using
the expression obtained for no-momentum-transfer
biexciton-biexciton interaction.
with &,,=EL/8, r;=4.36a,, and 6=In2/0.76,. Equation The behavior of the biexciton-biexciton interaction versus
(46) does not represent the behavior)og(r) atr<rg ex-  distance is characteristic of the intermolecular interaction. In
actly, but describes very well main features of the shallowthis respect, the biexciton closely resembles the hydrogen
potential well of Fig. 3. According to a result of Ref. %ee  molecule. The result obtained in the present paper in the
problem 4, if limit =0 describes the interaction betwekn molecules
within the Heitler-London approximation. For=0, the
computation of the interaction can be carried out for general
case ofQ+0 since the nonlocality i/ vanishes and the

FIG. 3. No-momentum-transfer effective biexciton-biexciton in-
teraction in CuCl as a function of the distanee=0.25,E=0.15,
anda=1.7.

IV. DISCUSSION AND CONCLUSION

V2Mye < E (47) exchange interaction function in thiespace can be analyti-
6 2 cally evaluated. The attraction betweldn is certainly more

strong than that among biexcitons in CuCl since the param-

eterE of H, is more than twice greateE=0.35 foro=0.
bound state cannot be formed in the system with pair interin a molecular system, attractive pair interaction leads to an
action (46). Using the relation betweem, andm and be- abrupt transformation from gaseous to a liquid state at low
tweenm andR anda,, we gain(47) in the form temperatures. It was shown by Keldysh that because of the
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