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Calculation of energy levels and polarized oscillator strengths for Nd31:YAG

Mattias Klintenberg, Sverker Edvardsson,* and John O. Thomas
Ångström Laboratory, Uppsala University, Inorganic Chemistry, Box 538, S-751 21 Uppsala, Sweden

~Received 7 October 1996!

The effect of an electrostatic crystal-field~CF! model on energy levels and oscillator strengths for
Nd31:YAG ~where YAG denotes yttrium aluminum garnet! has been studied. Three parameters for the cor-
rection of the Slater integralsF2, F4, andF6 and one parameter to correct the spin-orbit constant for the effects
of the linear configuration interaction have been introduced. The complete 3643364 energy matrix has been
diagonalized directly. The various polarizabilities and shielding parameters used have been calculated byab
initio methods. All Stark levels within the Nd31(4 f 3) configuration are presented. The calculated Stark split-
tings agree well with experiment. The electrostatic CF model used is therefore believed to be satisfactory. The
eigenvectors of the complete energy matrix have been used to calculate oscillator strengths, which agree well
with experiment. A refined Judd-Ofelt theory has been used. The Judd-Ofelt intensity parametersVl are
presented and found to be in excellent agreement with experiment. The temperature dependence of the spec-
trum is studied using a molecular-dynamics approach.@S0163-1829~97!07316-5#
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I. INTRODUCTION

The analysis of complex absorption spectra of the ra
earth elements is usually based on parameters derive
least-squares fitting to experiment. Using the powerful
erator techniques developed by Racah1–4 and a good set o
radial functions, it is possible to greatly reduce the numbe
parameters, usually more than 30. In this work, the assu
tion is made that we have a pure 4f 3 configuration, i.e., the
configuration interaction~CI! is not included.5 A complete
CI calculation will remove all four parametersc2 , c4 , c6 ,
and cz , introduced into our calculation. The Hamiltonia
used is the standardH5H01HEL1HSO1HCF. The electro-
static crystal field used inHCF is calculated for each indi
vidual environment by direct summation over the rare-ea
ion environment until convergence is achieved. Each ion
the environment is multipole expanded; different polarizab
ities as well as the shielding parameters have been der
from ab initio methods.6 More sophisticated crystal-field
~CF! models can be used,7–12 but have a negligible effec
compared to that resulting from our molecular-dynam
~MD! treatment, at least in this case. An electrostatic mo
here gives a quite satisfactory result. The radial wave fu
tions needed for all radial integrals are evaluated using
Hartree-Fock-Dirac approximation.6 Once the energy matrix
is obtained, it can be diagonalized to yield the eigenval
and eigenvectors. The polarized oscillator strengths are c
puted, although Nd31:YAG ~where YAG denotes yttrium
aluminum garnet! is optically isotropic, using a refinement o
Judd-Ofelt theory. Only electric-dipole transitions are co
sidered within the 4f shell. In this way, a polarized absorp
tion or emission spectrum can be generated at different t
peratures. In an absorption spectrum, the ground-state le
are assumed to have a Boltzmann population. When the
perature is raised, the motion of the ions becomes n
negligible and must be taken into account. This is done us
MD simulation. MD generates different physical enviro
ments, implying that the Stark levels and the oscilla
strengths must be calculated for each environment and
550163-1829/97/55~16!/10369~7!/$10.00
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appropriate histogram constructed. All programs used h
been implemented within our group.

II. THEORY

A. Matrix elements

Using Racah algebra1–4 and the fact thatH0@HEL
@HSO@HCF in H5H01HEL1HSO1HCF, the matrix ele-
ments of the different Hamiltonians can be expressed
more manageable forms. We use atomic units and the n
ber of electrons is 3 throughout the calculations. The fr
tional parentage coefficients appearing in the formulas be
can be calculated using Eqs.~34!, ~52a!, ~52b!, and~56! and
Tables IIIa and IVa in Racah’s fourth classic paper.4 For the
case off 3, the coefficients are tabulated in Table 1 of R
13. Quantum numbers belonging to the parent state
barred.

HEL is given by the standard expression

HEL5
1

2 (
iÞ j51

3
1

ur i2r j u
5
1

2 (
t50
iÞ j

` r,
t

r.8
t11 Ctp* ~ r̂ i !Ctp~ r̂ j !.

~1!

The matrix element forHEL becomes
13

^gSLuHELug8S8L8&5
1

2 (
t52,4,6

ctF
tS 3dg8g~2l11!21

16(
L̄

~21! L̄^ f 3gSL$u f 2S̄L̄&

3^ f 3g8S8L8$u f 2S̄L̄&

3H ll l
l

L̄
t J D z^ l iCti l & z2dS8SdL8L .

~2!

Ft are the Slater integrals given by
10 369 © 1997 The American Physical Society
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Ft52E
0

`

dr R4 f
2 ~r !E

r

`

dr8R4 f
2 ~r 8!

r t

r 8t11 . ~3!

HSO5czz( i51
3 si l i and the matrix element ofHSO becomes

14

^gSLJMuHSOug8S8L8J8M 8&

5czz~21!S81L1JH LS8
L8
S

1
JJ

3 (
ḡ ,S̄,L̄

A~2S11!~2S811!A~2L11!~2L811!

3^ f 3gSL$u f 2S̄L̄&^ f 3g8S8L8$u f 2S̄L̄&

3 ~21! S̄1s1S1 L̄1 l1LH sS8
s
S

1

S̄J
3 H l

L8
l
L

1

L̄J 3As~s11!~2s11!l ~ l11!~2l11!.

(4)

The c parameters in Eqs.~2! and ~4! will be determined
below. The electric potential experienced by the Nd31 ion
will split the Nd31(4 f 3) free-ion energy levels into Star
levels

HCF52E dr8
r~r 8!

ur2r 8u
5(

t,p
Atp* (

i
r i
tCtp~ r̂ i !, ~5!

where

Atp52E dr8
r~r 8!Ctp~ r̂ 8!

r 8t11 . ~6!

The matrix element ofHCF becomes
13

^gSLJMuHCFug8S8L8J8M 8&

5(
t,p

Atp* (
i

^r i
t&~21!S1L81t2MS J

2M
t
p

J8
M 8 D

3A~2J11!~2J811!H LJ8 L8
J

t
SJ

TABLE I. Values of radial integrals, shielding, and configur
tion interaction parameters in a.u.

Integrals ab initioa Phenomenologicalb s t a ct ,cz

^r 2& 1.222 0.514
^r 4& 3.873 0.0164
^r 6& 26.032 20.0307
F (2) 0.457 0.323 0.706
F (4) 0.289 0.233 0.808
F (6) 0.211 0.158 0.750
z 78.97c 129.82 1.644

aReference 6.
bReference 22.
cCalculated in this work.
3(
S̄,L̄

^ f 3gSL$u f 2S̄L̄&^ f 3g8S8L8$u f 2S̄L̄&

3A~2L11!~2L811!~21! L̄1 l1L1tH l
L8

l
L

t

L̄J
3~21! l~2l11!S l0 t

0
l
0D dS8S . ~7!

Since we treat the Nd31 environment as a sum of 2n poles
(n50,1,2,. . . ), the integral ~6! becomes a discrete sum
thus saving a great deal of computer time.Atp is then given
approximately by

Atp5(
j

@M j
~0!r j8

2t211Dj
~1!~ t11!r j8

2t22

1 1
2Qj

~2!~ t11!~ t12!r j8
2t23#Ctp~Q j ,F j !, ~8!

whereM (0), D (1), andQ(2) are the components of the mono
pole, dipole, and quadrupole moments, respectively, gi
by

Dr̂5 r̂ kDk , ~9!

Qr̂5 r̂ kr̂ lQIkl . ~10!

r̂ is the unit vector pointing from the rare-earth ion towar
the neighboring ion under consideration;k and l are indices
for the vector and tensor components, not to be confu
with i or j , which label the ions:

Mi
~0!5qi , ~11!

Di
~1!52a i

~1!(
jÞ i

H“ 1

ur i j u
1Dj

~1!
““

1

ur i j u
1QI j

~2!
“““

1

ur i j u
J ,

~12!

QI i
~2!5a i

~2!(
jÞ i

H““ 1

ur i j u
1Dj

~1!
“““

1

ur i j u
J . ~13!

B. Oscillator strengths

The polarized oscillator strength for the electric-dipo
transitions between eigenstatesi and f is given by Ref. 15

TABLE II. Values of MD potential parameters Eq.~26!. The
values are given in eV, Å, and eV Å.6

i j A i j r i j Ci j

Al Al 0.0 0.0
Al O 1460.3 0.299 12 0.0
Al Y 0.0 0.0
Al Nd 0.0 0.0
O O 22764.3 0.149 27.8
O Y 1345.1 0.3491 0.0
O Nd 1100.0 0.37 0.0
Y Y 0.0 0.0
Y Nd 0.0 0.0
Nd Nd 0.0 0.0
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FIG. 1. Stark levels for the Nd31(4 f 3) electrons in cm21. SetA, experimental levels; setB, levels obtained from parameter fitting; s
C, calculated Stark energies forAtp parameters calculated as described in Sec. III A.
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FIG. 2. ~a! Calculated absorp-
tion intensities for all transitions
from 4I 9/2 to

4F3/2-
2D5/2 at 300 K.

The same eigenvectors have be
used as those in setC of Fig. 1.
~b! Experimental absorption spec
trum of 1 wt. % Nd:YAG at 300
K. ~c! Calculated absorption spec
trum when Judd-Ofelt intensities
have been assigned to each Sta
transition. ~d! Absorption spec-
trum summed over the 100 con
figurations obtained from a MD
simulation at 300 K.
c

-

ole

re
Pq~ i , f !5
1

2
x
8p2mn

h
z^ i uDq

~1!u f & z2
e2Ei /kBT

(e2Ei /kBT
, ~14!

where

^ i uDq
~1!u f &5 (

l,t,p,i , f
~2l11!~21!p1qAtpS 1q l

2p2q
t
pD

3ai* af~21!Ji2MiS Ji
2Mi

l
p1q

Jf
M f

D
3^ i iU ~l!i f &J~ t,l! ~15!

and

^ i iU ~l!i f &5^ f 3@gSLJ#iU ~l!i f 3@g8S8L8J8#&. ~16!

ai* andaf are components of the initial and final eigenve
tors. Equation~15! is a modified version of formula~3! of
Ref. 16 and formula~7! of Ref. 15. The reduced matrix ele
ment of the unit tensor operator becomes13

^gSLJiU ~l!ig8S8L8J8&

5~21!S1L81l2JA~2J11!~2J811!

3 H LJ8 L8
J

l
SJ(

S̄, L̄

^gSL$uS̄L̄&

3^g8S8L8$uS̄L̄&A~2L11!~2L811!

3~21! L̄1 l1L1lH l
L8

l
L

l

L̄J . ~17!

J(t,l) is evaluated using17
-

J~ t,l!52(
n8 l 8

~2l11!~2l 811!~21! l1 l 8H1l l
l 8

t
l J

3S l0 1
0

l 8
0 D S l 80 t

0
l
0D

3
^nlur un8l 8&^nlur tun8l 8&

DE~n8l 8!
. ~18!

If the inhomogeneous dielectric mechanism18,19 ~IDM ! is to
be taken into account, the following matrix element~given
by Ref. 20! must be evaluated, as well as the electric dip
matrix element:

^ i uWIDMu f &5 (
l,t,p,i , f

dl11,tA~2t11!~l11!~2l11!

3~12sl!Atp
IDM~21! l~2l11!S l0 l

0
l
0D

3~21!p1qS 1q l
2p2q

l11
p Dai* af

3~21!Ji2MiS Ji
2Mi

l
p1q

Jf
M f

D ^ i iU ~l!i f &,

~19!

whereAtp
IDM is given by

Atp
IDM5(

j
a j r j8

2t21Ctp~Q j ,F j !. ~20!

Since YAG is optically isotropic, the oscillator strengths a
calculated according to
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P~ i , f !5 1
3(

q
Pq~ i , f !. ~21!

In standard Judd-Ofelt theoryVl are the parameters of in
terest.Vl is given by

Vl5~2l11!(
t,p

uAtpJ~ t,l!u2

2t11
. ~22!

III. CALCULATIONS

A. Crystal field

It has been argued that more sophisticated models sh
be used when calculating the crystal-field parametersAtp ;
see Refs. 7 and 8. However, our MD treatment has dem
strated large variations in theseAtp parameters. The use o
such models would therefore seem to have only a mi
effect by comparison. In the electrostatic model used h
the CF interaction with Nd31(4 f 3) electrons is defined by
theAtp parameters Eq.~8!. TheAtp parameters must be co
rected since the closed shells of the Nd31 ion will not remain
the same when exposed to the crystal field. This correctio
taken into account by a redefinition of the CF paramete
Atp→(12s t)Atp , wheres t are the shielding parameters6

see Table I. The summation~8! is performed until conver-
gence of theAtp parameters is achieved. The Nd31 environ-
ment is expressed in a multipole expansion and the dip
and quadrupole polarizabilities used are obtained fromab
initio calculations.6,21 All dipole moments are calculate
self-consistently, i.e., electrostatic equilibrium of charg
and induced dipoles at each ion site is ensured. This is
complished by rewriting Eq.~12! and solving the linear sys
tem of equations

D~1!5~1J1a~1!TI!21a~1!E8. ~23!

a (1)E8 i is given by

2a i
~1!(

jÞ i
H“ 1

ur i j u
1QI j

~2!
“““

1

ur i j u
J ~24!

and TIi j is given by

TABLE III. Comparison of the intensity parametersVl

(10220 cm2).

V2 V4 V6 Ref.

0.51 1.97 6.98 this work
0.37 2.29 5.97 25a

0.2 2.7 5.0 26a

8.9 8.9 22b

8.0 9.4 22b

2.4 6.3 9.3 22b

0.79 7.1 9.3 22b

aObtained from fits to room-temperature intensity data.
bCalculated with different intensity parametrizations and wa
functions.
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TIi j52““

1

ur i j u
5

1

r i j
3 S 1J23

r i j r i j
r i j
2 D . ~25!

In evaluating the effect on energy levels and oscilla
strengths from the different electrostatic moments in the
model, we have summed over all point charges within 70
of the Nd31 ion and over all dipole and quadrupole momen
within 8 Å of the Nd31 ion in the summation~8!. In most
cases the convergence of theA1p parameters is difficult to
establish. However, in the case of Nd31:YAG the assumption
of D2 point-group site symmetry will forceA1p50. This
assumption will not be true once dynamics is consider
Therefore, settingA1p50 will only be an approximation.

B. Radial integrals

The radial integrals are evaluated using the radial w
functions obtained from Hartree-Fock-Dirac calculation6

~see Table I for results and CI parameters!. It is a well-
known problem that the Slater integrals seem to be too la
and the spin-orbit coupling constant too small to yield a
ceptable results. We have overcome this by introducing f
CI parametersc2 , c4 , c6 , andcz ; see Eqs.~2! and ~4!.

C. Molecular dynamics

We can also study the temperature dependence of
spectrum, i.e., the sensitivity of various parameters to th
mally induced fluctuations in the positions of neighbori
ions, using MD. The standard ion-pair potential of the Bo
Mayer-Huggins form has been used:

Vi5(
iÞ j

qiqj /r i j1Ai jexp~2r i j /r i j !2Ci j /r i j
6 . ~26!

The potential parameters fitted to reproduce the crystal st
ture and ion-ion distances are listed in Table II. The simu
tion box of 23232 unit cells contains 1280 atoms includ
ing two Nd31 ions. The calculation procedure is repeated
each MD-generated Nd31-ion environment.

IV. RESULTS

The Stark levels for the Nd31(4 f 3) electrons are shown in
Fig. 1. The first set of levels (A) is experimental,22 the next
(B) is obtained from fitting parameters to experiment.22 Our
calculated Stark splittings~setC! agree fairly well with ex-
periment for most of the multiplets. The relative positions
the different multiples in setC agree fairly well with experi-
ment, especially in the lower-energy region. One cannot
pect good agreement with experiment in the higher-ene
region because of the effects of the CI. This situation w
improve when other configurations are included via seco
order perturbation theory in the computation of the ene
matrix.

The oscillator strengths for electric-dipole transitio
within the 4f shell have been studied using a refinement
Judd-Ofelt theory. We have not considered the inhomo
neous dielectric mechanism~also referred to as the ligan
polarization mechanism or as the dynamic coupli
mechanism!18,19 @see Eq.~19!# in the final results here; ou
study~when we have included the inhomogeneous dielec

e
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FIG. 3. Trajectories of a
Nd31 ion and its nearest neighbor
at ~a! 300 K and ~b! 10 K. The
picture consists of 100 snapshots
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mechanism! would suggest that this has only a negligib
effect, at least in this case. The calculated electric-dip
polarized oscillator strengths vary significantly as a con
quence of the large variations in the CF parameters resu
from our MD treatment. We feel it is important to fully in
vestigate the simple model before including more ‘‘sophis
cated’’ ones. Figure 2~a! shows the absorption intensities ca
culated for all the transitions from4I 9/2 up to 4F3/2-

2D5/2 at
300 K. Eigenvectors belonging to the Stark energies of
C have been used to calculate the oscillator strengths. Fi
2~b! is an experimental absorption spectrum of 1 wt.
Nd:YAG at 300 K.23 It is seen that qualitative agreement
le
-
g

-

et
re

obtained with experiment using an electrostatic model. T
calculated oscillator strengths for the4I 9/2→4F3/2 transitions
are too large, especially around 880 nm. From 750 to 850
and especially around 740 and 790 nm the oscilla
strengths are too small. In the region 450–650 nm the d
culties are more pronounced, mainly because of less accu
eigenvectors. There are several reasons for this:~a! uncer-
tainties in the reduced matrix elements because of error
Ft and z, ~b! uncertainties in the crystal-field paramete
Atp through neglect of of covalent effects and Ewald su
mations for t52,3, and~c! nonlinear CI effects have no
been treated.
n

FIG. 4. Convergence plots foruAtpu2 (cm22)

as a function of the radius of the summatio
sphere around the Nd31 ion for ten typical
Nd31-ion environments at~a! 300 K and~b! 10
K.
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In standard Judd-Ofelt theory17,24 the parameters of inter
est are the intensity parametersVl ; see Eq.~22!. Table III
presents our derivedVl values. The results are in goo
agreement with those obtained from fits to room-tempera
intensity data. Discrepancies probably do not originate in
derived values but in the parameter fitting procedure, wh
has a number of weaknesses:~a! All parameters are no
varied simultaneously,~b! energy levels can be incorrectl
labeled, and~c! the different parameter sets that fulfill th
minimization requirement in the fitting procedure are n
unique. Figure 2~c! shows a calculated spectrum in which
Judd-Ofelt intensity has been assigned to the various tra
tions. Our calculated result shows better agreement with
periment than does the Judd-Ofelt–based result. This is
pected since Judd17 and Ofelt24 summed away theMM 8
dependence and therefore lost spatial dependence. Jud
Ofelt also assumed equal occupation of the ground-state
els.

A MD simulation of Nd31:YAG has been performed to
assess how the motion of the ions influences energies
oscillator strengths. MD generates a number of represe
tive environments. We recalculate the crystal field and so
the eigenvalue problem for each of these environments.
ure 2~d! shows the spectra calculated for 100 differe
Nd31 environments at 300 K. To compensate for this sm
number of environments, we have assigned a Gaussian
tribution ~with a full width at half maximum of 1.0 cm21! to
each transition in the spectrum. The experimental agreem
is seen to improve when the dynamical nature of the en
ronment is accounted for. The overall profile of the spectr
is satisfactory, even though the oscillator strengths in
region below 400 nm are too large.

The trajectories for a Nd31 ion and its nearest-neighbo
environment during 30 fs are plotted in Fig. 3 at 300 and
M

re
ur
h

t

si-
x-
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v-
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ig-
t
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m
e

0

K. Figure 4 shows convergence plots foruAtpu2 as a function
of the distancer at 300 and 10 K for ten different represe
tative environments. All ions within distancer from the
Nd31 ions are included in the summation~8!. At 300 K,
uAtpu2 values vary within6200%, 650%, and640% for
uA32u2, uA52u2, anduA72u2, respectively. At 10 K,uAtpu2 val-
ues vary within6100%, 620%, and610% for uA32u2,
uA52u2, and uA72u2, respectively. It is seen thatuAtpu2 values
vary greatly, even though they would seem to have c
verged for each individual environment. A MD simulation
indeed motivated, even at low temperatures, especially w
calculating oscillator strengths since these depend onuAtpu2
and therefore do not average out around, for example
inversion center.

V. CONCLUSION

Qualitative agreement is obtained between experime
and calculated Stark level splittings and oscillator streng
using only four experimentally deduced parameters. Agr
ment should not be expected for the relative positions of
different multiplets since the effects of the CI are not trea
rigorously. Inclusion of the CI will improve the agreeme
and allow us to remove the four parameters that correct
Slater integrals and the spin-orbit constant. MD simulation
also clearly needed to generate different representative e
ronments for the Nd31 ion since energies and particular
oscillator strengths are highly sensitive to motion of t
neighboring ions.
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