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Correlation functions in the three-chain Hubbard ladder
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In order to check whether odd-numbered Tomonaga-Luttinger ladders are dominated by antiferromagnetic
correlations associated with gapless spin excitations, correlation functions of the doped three-chain Hubbard
model are obtained with the bosonization at the renormalization-group fixed point. The correlation of the
singlet superconducting pairing across the central and edge chains is found to be dominant, reflecting two
gapful spin modes, while the intraedge spin-density-wave correlation, reflecting the gapless mode, is only
subdominant. This implies that, when there are multiple spin modes, a dominant superconductivity can arise
from the presence ofsome spin gaps) despite the coexistence of power-law correlated spins.
[S0163-182696)52338-9

Recently, a wealth of experimental and theoretical resultsind gapful spin excitationsoexistthere!® Namely, he has
indicate that interacting electrons on multiple chains, or lad-actually enumerated the numbers of gapless charge and spin
ders, are an interesting realm of correlated systems. An inmnodes on the phase diagram spanned by the doping level and
creasing fascination toward them has been kicked off by athe interchain electron-tunneling strength. He found that, at
“even-odd” conjecture by Riceet al, who have proposed half filling, one gapless spin mode exists for the interchain
that the ladder, at half filling, with even number of chainshopping comparable with the intrachain hopping, in agree-
should be a spin liquid reflecting the absence of gapless spient with some experimental results and theoretical expec-
excitations, while odd-numbered chains should be antiferrotations. Away from the half filling, on the other hand, one
magnetic (AF) reflecting the presence of gapless spingapless spin mode is found to remain at the fixed point in the
excitationst—3 This is reminiscent of Haldane’s Conjectﬁ?e region where the fermi level intersects all the three bands in
for the one-dimensiondlLD) AF Heisenberg model for inte- the noninteracting case. From this, Arrigoni argues that the
ger and half-odd-integer spins. spin-spin correlation should decay as a power law.

When the system is doped with carriers, it is usually sup- On the other hand, his result also indicates that two gapful
posed that an even-numbered ladder should exhibit the inteBpin modes exist in addition. While the existence of a gapful
chain singlet superconductivity as expected from the persisspin mode crudely favors a singlet superconductiviy,
tent spin gap, while an odd-numbered ladder should have th&e are in fact faced here with an intriguing problem of what
usual xg spin-density wavegSDW) reflecting the gapless happens when gapless and gapful spin modes coexist, since
spin excitations. In 1D, an interacting electron system mayt may well be possible that the presence of @am some
be described by the Tomonaga-Luttinger ligBifhus inten-  out of multiple spin modes may be sufficient for a domi-
sive analytical studies have been performed by extending th@ance of superconductivity. This has motivated us, in the
Tomonaga-Luttinger model analysis to the two-chain ladPresent work, to actually look at the correlation functions
ders. These analytical calculations support the supercondutsing the bosonization method at the fixed point away from
tivity in double chains within the perturbational half filling. Since we have the cuprate ladder in mind, we
renormalization-group  analysis for weak repulsiveconcentrate on the open boundary conditi@BC) across
interactions’™*! To be more precise, the correlation of the the chain, where the central chain is inequivalent to the two
interchain pairing is dominant and much stronger than that ogdge chains. We find that the interchain SS pairing between
the subdominant K= charge-density wavéCDW) in the the central and edge chains is the dominant correlation,
above calculations. On the other hand, numerical calculawhich is indeed realized due to the presence of the two gap-
tions performed directly for the two-chatrd and Hubbard ~ful spin modes. On the other hand, the SDW correlation,
models have also been performed, although the phase di#hich has a power law for the intraedge chain reflecting the
gram including the strong-coupling regime has not beerfapless spin mode, is only subdominant.
conclusivet?-16 We start from the Hamiltonian,

Experimentally, cuprates SrG0; and Sp,CuzO5 are in-
vestigated as prototypes of two and three-chain systems,
respectively:” The two-chain system indeed shows a spin-
liquid behavior characteristic of a finite spin-correlation
length, while the three-chain system shows an AF behavior.

Theoretically, however, whether the “even-odd” conjec-

H=Ho+Hiy, ey

_ t
Ho= > €@ioirko

ture continues to be valid for triple chains remains an open ko

guestion. In fact, Arrigoni has looked into the triple chains

having weak interactions by using the usual perturbational —t at . a.. +af. a . +Hc 2
renormalization-group technique to conclude that gapless %( arkoBpriot AgroByrko +H.C.). @
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Herea/, . creates an electron with lattice momentkrand ~ where 6. and ¢ are related to the field operator for elec-

spin o on right (r=R) or left (r=L) going branch in the tronsy; ., as
ith chain {=«,B,y, with 8 being the central onge, the )
. . . . . . 77 o . |
kinetic energy of each chain, andthe interchain hopping. i ro(X)= i+(-) exp[ t|kint§{0i+(x)i 6, (x)

The one-electron partly, may be diagonalized by a linear 2mA
transformation,
12 1 +U(¢i+(x)i¢i—(x))}J- )
2 2 2 Here #»;,,’s are Majorana fermion operatofsr Haldane’'s
Aarko 1 1 Cirko U operatorf,20 which ensure the anticommutation relations
Agrko | = E 0 - E Corkor (3) between electron operatorsT through the relation,
ak Cark {nirav77i’r’(r’}+:25ii’5rr’5(r(r’! Nir o= Miro -
ke 1 \/5 1 3rko There are still many scattering processes corresponding to
3 "5 3 the backward scattering and pair tunneling scattering pro-

cesses between two bands, which cannot be treated exactly.
resulting in Arrigoni examined the effect of such scattering processes by
the diagrammatic perturbational renormalization group tech-
N ‘ nique. He found that the backward-scattering interactions
Ho:; [(€—V2t)C e Carko T EClrkoCorko within the first or the third band turn from positive to nega-
e tive as the renormalization is performed and that the pair
+ (et V20el, ¢ ] @ tunneling processes betv_veen th_e first and _thiro_l bands _also
k 3rko-3rkal- become relevant. At the fixed point the Hamiltonian density,

Hereafter we linearize the band structure around the fermfil”, then takes the form, in term of the phase variables,
points as usual and neglect the difference in the fermi veloci- gs(1) 9u(3)

. 1 1 b b

ties of three bands, which will be acceptable for the weaky* — — co§2¢, . (X)]— —W2A20012¢3+(X)]

hopping casé® We focus on the case in which all of three meA?
bands are away from half filling. 291(1.3)
The part of the HamiltoniarH 4, that can be diagonalized + %Cos{ \/E)(l_(x)]sin¢1+(x)sin¢3+(x), (8)
in the bosonization only includes forward-scattering pro- A
cesses in the band picture, and has the form where gy(1), g,(3) are negative large quantities and

gr(1,3) is a positive large quantify.
This indicates that the phase fields, , ¢35, , andy;_
1 are long-range ordered and fixed af2, #/2, and 7/+/2,
(O )2+ Kai(&x(ﬁi—)z}' (5)  respectively, which in turn implies that the correlation func-
Koi tions that containp, _, ¢3_, andy,, fields decay exponen-
tially. The renormalization procedure will affect the veloci-

Hy=H spinT H charger

Ugi
Hspin_zi E dx

O Vo ) ) ties and the critical exponents for the gapless fiejds, ,
Hcharge_Ei . dx K_i(ﬁxXH) +Kpi(dxxi-)7). X3+, and g, , so that we should end up with renormalized
? v*’s andK*’s.
Here ¢, , is the spin phase field of theh band,y; . is the In principle, the numerical values of renormalizedl’s

diagonal charge phase field, whifg_(x;_) is the field dual andK*'s for finite g may be obtained from the renormaliza-
to ¢ii(xi+), Ksi(K,) the correlation exponent for the tion equations as has been attempted for a double chain by
#(x;) phase withv,;(v,) being their velocities. For the Balents and Fishef although it would be difficult in prac-
Hubbard-type interaction, we have,,=vg, K, =1 for all  tice. However, at least in the weak-coupling lingt~0, to

i's, while v,;=vg, vp2=vF\/1—4g2, Up3=vF\/1—gzl4, which our treatment is meant to fall upon, we will certainly
Kp=1, K,,=(1—29)/(1+2g), K3 havev* =vr andK*=1 for gaplessmodes even after the

= (1-g/2)/(1+gl2), whereg=U/2mv¢ is the Hubbard 'enormalization procedure. ,
U interaction made dimensionless. Now we are in position to calculate the correlation func-

The diagonalized charge field.. is linearly related to the tions. Thg two-particle correlation fgnctions which inglude

initial charge fieldd,. of theith band as the following two particle operators in the band description
- show power-law decay:

(1) operators constructed from two operators only in the

i i i second bandsince the charge and spin phases are both gap-
\/5 J3 \/5 less, electrons in this band should have the usual Luttinger-
01 1 5 | [ X liquid behavioy,
0, | = 0 _ _ \ﬁ X2+ |,  (6) (2) order parameters of singlet superconductivity in the
0 V3 3 first or third bands 1 (y¥1- (1) ¥a+10)%3-1(1) -
3% 1 1 1 X3= As a result, the order parameters that possess power-law de-
. — cays should be the following, where we also give the expo-
V2 V3 6 nents:
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(A) The correlations within each of the two edge (
and y) chains or across the two edge chains:
@ 2ke CDW. Omnacow=Ya(y+i¥at-1
Ointer coW™ Y a(y)+ 1 ¥y(a)—1 -
(b)  2Ke  SDW,  Oiyyasow= Yy 1 Yan—1
Ointer SDW— lpz(y)JrTlr/,y(a)—i ’
(c) singlet pairing(SS, Oinyass= Ya(y) +1¥a(y) -1
Ointer sS= ¥a(y)+1¥y(a)— | »
(d) triplet pairing (TS), Oingats= Ya(y) +1¥a(y) -1
Ointer 1= Ya(y) + 1 ¥ y(a) -1 1
(B) The singlet pairing across thentralchain (8) and
an edge chainOcentral s5 Ya(y) +1¥5- | -

In the band picture we can rewrig@t.q o ss@S primarily
comprising Ocenyraiss™ ¥1+1¥1-| — Y313 . We may
thus call this paringl-wave-like in a similar sense as in the
two-chain case, in which a pair is calledwave when the

pairing within the bonding band and that within antibonding

band enter with opposite sigfs?
Thus the edge-chain SDW correlation has a power-la

decay, while the SDW correlation within the central chain
decays exponentially since it consists of the terms containin
¢, andlor ¢3_ phases. Although we calculate the case

away from half filling, the SDW correlation should obvi-

ously be more enhanced at half filling. NMR experiments at

half filling'” show that the nuclear-spin relaxation ratd 1/
which is represented by the imaginary part of the dynamic

susceptibility increase with decreasing temperature for th

three-chain cuprates in contrast to the two-chain case. Th|st|goint away from half filing. We found that the dominant

consistent with the present result, since the experimen
should detect the total SDW correlation of all the chains.
Intraedge or interedge correlation functions have to in
volve forms bilinear inc, in Eq. (3). They are described in
terms of the second bar#}, which does not contaig, [Eq.

(6)], a phase-fixed field. Thus the edge-channel correlation
are completely determined by the character of the secon

band (the Luttinger-liquid bang while the other phase

fields, being gapful, are irrelevant. The final result for the

edge-channel correlations at large distances, ugkoo3cil-
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5_4
(O con(X) Ol 0)) ~ x~ (V3 (K)o + 2K ~KT,
(O X) OLou(0))~x~ (13 (Ko 2K5) — (1K)
(O X)OL(0)) ~x~ (1B [WKS)+(@KSI-KS, — (g)

<OTS(X)O'J|F'S(O)> ~x— (13 [(1/K;2)+(2/K;3)]—(1/K§2)_

By contrast, if we look at the pairin® cenya séX) across
the central chain and one of the edge chains, this pairing,
which circumvents the on-site repulsion and is linked by the
resonating valence bonding between the neighboring chains,
is expected to be stronger than other correlations as in the
two-chain case. The correlation function fOgenya s§X) IS
indeed calculated to be

- * *
<Ocentral Séx) Ozentral Séo) > ~X 3 [(l/KPZ) - <1/2KP3)], (10)

In the weak(infinitesima) interaction limit, all theK*'s tend

V\}O unity, where the SS exponent becomes as small as 1/2

while the exponents of other correlations tend to 2. Thus, at
biast in this limit, the central SS correlation dominates over
e other$? The duality relation(in which the pairing and
density-wave exponents are reciprocal of each othes
similar to that in the two-chain case, in which the
interchain-SS exponent is 1/2 while the exponent of the

oftke CDW is 2.

In summary, we have studied correlation functions using
e bosonization method at the renormalization-group fixed

correlation is the interchain singlet pairing across the central
chain and either of the edge chains. The key message is that

there is an example where the dominance of superconductiv-
ity only requires the existence of gapin some spin mode,
despite the coexistence of a power-law spin-spin correlation,
S : . .

hen there are multiple modes. It would be interesting to
urther look into how the situation for the single, double,
triple, ..., chains crosses over to the two-dimensional sys-
tem

lations, is as follows regardless of whether the correlation is We wish to thank E. Arrigoni for sending us his work

intraedge or interedge:

prior to publication.
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tion functions.

¥9The difference in fermi velocities of three bands will not be im- 22Mathematically, the reason why the exponents for the edge-
portant qualitatively as long as we consider the case where three channel SS correlations have to be greater than that for

bands cross the fermi energy, for which Arrigoni’s result falls on
the same strong coupling fixed point on the plane of inter-chain

hopping and filling.
20F, D. M. Haldane, J. Phys. @4, 2585(1981).

21The signs assigned to cosine terms depend on the definition of the

product of Majorana fermion operatorthere we choose
Miy1 M- =M+ Mi-1=1), but this does not affect the correla-

Ocentraiss 1S that Ogg contains a  summation
Yo H s s, which is proportional to
cos(y;— /\2)~0, while Ogemass iS the subtraction,
Yraqio |~ s s, which is proportional to

sin(x;_ /\/2)~1. This is the same mechanism by which the
interchain SS becomes domindwtile the intrachain SS decays
exponentially in a two-chain system.



