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We present experimental evidence of the effect of electrode volume and its shape on thermalization of small
metallic islands for single electron tunneling. We have investigated the power law and the magnitude of the
thermal transport and found that it obeys the commonT5 law for electron-phonon coupling only for the
smallest islands studied, and in other cases considered, with cooling fins attached to the islands, the coupling
per unit volume is weaker and it rather follows a law}Tp, wherep,5. We attribute this to local hot electrons
adjacent to the tunnel junctions.@S0163-1829~96!50736-8#

Thermalization of single-electron devices is of consider-
able current interest because of its fundamental and practical
consequences. Heat transport between the conduction elec-
trons and the lattice in a metal is believed to be well known
and to obey a familiar}Te

52T0
5 law at low electron and

lattice temperaturesTe and T0, respectively. This law has
been proven to be valid in thin films with uniform heating
over a considerable surface area.1–3 Preliminary investiga-
tions of this phenomenon in micrometer and submicrometer
size samples exist, too.4,5 Such structures are of intense in-
terest because of their peculiar electrical transport properties.
An important one of them is the well-known Coulomb block-
ade of tunneling in arrays of nanoscale junctions.6,7 One of
the main obstacles in investigation of such effects is the con-
siderable thermal resistance limiting the minimum achiev-
able temperature to some tens of millidegrees Kelvin. Our
paper presents a fundamental experimental investigation of
the thermalization of lithographically patterned tunnel junc-
tion arrays with thin-film micrometer-size metallic islands.

We fabricate our samples by electron-beam lithography
and standard two-angle evaporation of aluminum with oxi-
dation in between to create tunnel junctions with desired
parameters. Measurements were carried out in a3He/4He
dilution refrigerator, and superconductivity of Al below 1 K
was suppressed by magnetic field. Consider a linear array of
N tunnel junctions connected together by normal-metal-
island electrodes, shown by a scanning electron microscopy
~SEM! micrograph in Fig. 1~a!. When biased at a voltage
V across the ends of the chain, we have a power generated in
junction i which equalsV2RT,i /RT

2 whereRT,i is the resis-
tance of the junction, typically 15–40 kV in this work, and
RT5( i51

N RT,i . This power is evenly shared by the two
neighboring islands. As will be shown below, this heat can
hardly be transported away along the chain because of the
high thermal resistance of the junctions, but it is, instead,
leaking out from each island to the substrate via electron-
phonon~el-ph! coupling and Kapitza resistance between the
metal lattice and the silicon substrate, as depicted by the
scheme in Fig. 1~b!.

We base our analysis on the thermometric operation of
arrays of normal-metal tunnel junctions in weak Coulomb
blockade regime.8,9 Assume an array perfectly thermalized at

the~constant! temperature of the refrigerator at any bias volt-
age. In this case the shape of the differential conductance
G closely follows the analytic form

G/GT512~ec /kBT!g~eV/NkBT!, ~1!

whereGT is the asymptotic conductance at high bias voltage,
and the charging energyec originates from the inverse-
capacitance matrix of the array. Functiong was introduced
in Ref. 8: g(x)5@xsinh(x)24sinh2(x/2)#/@8sinh4(x/2)#. If
ec /kBT!1, Eq.~1! is very well obeyed in experiment by any
symmetric array if no thermal equilibrium problems appear.
Suppose this is not true due to either an extremely low tem-

FIG. 1. ~a! SEM micrographs of sections of a tunnel junction
array used in this work. A section of a chain with extended islands
on the left~typeC as explained in the text!, and a magnified view of
one tunnel junction on the right.~b! A schematic thermal model of
the array including the electronic thermal resistance of the junctions
RJ,i , the el-ph resistanceRel-ph, and the Kapitza resistance to the
substrateRK .
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perature and/or insufficient volume and surface area of the
island electrodes to thermalize. In this case the electronic
temperature increases upon increasing bias due to the power
dissipated. The shape of the conductance curve is thus dis-
torted from that of the nearly bell-shaped expression of Eq.
~1!.

This development is clearly demonstrated by our data in
Fig. 2, where measuredG/GT curves for two samples with
different island geometries are presented at a constant tem-
perature ofT5200 mK. The junctions in each case had a
nominal overlap area of 0.2533 mm2 @Fig. 1~a!#, and the
island geometry for each set of data is indicated in the figure
and its caption. We identify the sample geometries in the
following asA, straight lines, 1130.25mm2, connecting the
junctions;B, an extension of 2231.2 mm2 added orthogo-
nally to the geometry ofA; C, an extension of 4035 mm2

further added to one end of the cooling fins of the geometry
B. Data of samples of typesA andC are shown in Fig. 2.
Those of typeB lie between these two extremes but these
data have been omitted for clarity. The solid line represents
the analytic form of Eq.~1! with the ec parameter chosen to
fit the experimental depth. The data of the sample with in-
creased volume of the island closely follow the constant-
temperature curve but those of the array with small islands
strongly deviate from this. We take this deviation as a quan-
titative measure of the thermal contact of the electrons on the
islands to their surrounding lattice. TemperaturesTe(V) cal-
culated using Eq.~1! of the sample typeA in Fig. 2 are
shown in the inset.

In what follows we will discuss in detail how the heat
channels out from the islands. In Fig. 3 we see data taken
simultaneously of two different samples of typeA on the
same oxidized silicon substrate; the two arrays were other-
wise similar ~17 nm film thickness! but one of them was
N510 junctions long whereas the other one hadN5100.
The two curves, whose widths have been scaled byN, look

practically identical and both of them strongly deviate from
the constant temperature expression of Eq.~1!, as indicated
by the theoretical solid line. Suppose heat is predominantly
carried away along the array. In this case the electronic ther-
mal resistance of each junction introduces a temperature pro-
file, with each island at its own temperatureTe and with
increasingTe toward the center of the chain. Furthermore,
the longer the array, the wider is the temperature distribution.
What this means in practice is that the arrays withN510 and
100, respectively, should not be scalable in the way we have
done in Fig. 3. This simple argument proves that the heat
drains out from each island directly to the substrate, which
legitimates our discussion of arrays with equal temperature
for each island.

The argument above can be put on a more firm theoretical
basis. The electronic heat transport ratePi ~without bias volt-
age! across a metallic normal-insulator-normal tunnel junc-
tion between electrodesi and i11 can be simply written by
golden rule arguments as

Pi5~e2RT,i !
21E

2`

1`

dEE@ f i~E!2 f i11~E!#, ~2!

where f i(E) denotes the Fermi distribution function of elec-
trode i at temperatureTi . If we denote the temperature dif-
ference between the two electrodes byDTi[Ti2Ti11, and
assume it is small as compared to the two island tempera-
tures considered, we arrive at an expression for the electronic
thermal resistance of a tunnel junction as

RJ,i[DTi /Pi5
3e2RT,i

p2kB
2T

. ~3!

This represents a thermal resistance higher than any other
resistance involved. We have numerically calculated the con-
ductance curve assuming such thermal transport along the

FIG. 2. Differential conductanceG/GT of two samples of types
A andC at T5200 mK. The corresponding volumesV are indi-
cated for each sample in the figure. The dependence with constant
temperature@Eq. ~1!# is shown by the solid line. The depth of the
drop of the sample of typeC has been scaled by 1.42, to allow
direct comparison between the two samples and the constant tem-
perature model. The inset shows the dependence of the electronic
temperature of the small sample~type A! as plotted against bias
voltage.

FIG. 3. Differential conductanceG/GT at T5200 mK of two
samples which are similar except that the length of the array is
N510 in one case andN5100 in the other. The bias has been
scaled byN to allow comparison@see Eq.~1!#. Also the heights of
the peaks have been scaled to be equal. Peaks with unscaled heights
are shown in the inset. The expected conductance curves assuming
heat flux across the tunnel junctions, only, are shown by dashed and
dotted lines forN510 and 100, respectively. The solid line is the
constant temperature prediction by Eq.~1!.
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array, only, forN510 and 100 and the corresponding results
are shown in Fig. 3 by a dashed and a dotted line, respec-
tively.

The parallel thermal conductance has now been ruled out.
We can also show that the bulk thermal resistances in series
with the el-ph and the Kapitza boundary resistance do not
contribute significantly. As a simple model, let us assume the
island electrode embedded in the substrate material, which is
silicon or fused silica. Thus, instead of an island on a planar
surface we take, for simplicity, a spherical island with a ra-
dius r 0 giving approximately the same surface area as the
actual planar-island electrode. For a spherically symmetric
case, the temperatureT0 on the island producing heat at a
rateP rises above that of the thermal bath at infinity,T` , as

T0 /T`5S 11
~b11!P

4par0T`
b11D 1/~b11!

, ~4!

with the parametersa and b determining the thermal con-
ductivity k of the embedding material such thatk5aTb.
From Fig. 28 in Ref. 10, we obtaina.6.4 W m21 K 23.68

andb.2.68 in therange 1<T<10 K for silicon. Extrapo-
lating this dependence to lower temperatures and inserting
the numbers atT05100 mK, we obtain forr 051 mm, a
negligible temperature rise of (T02T`)/T`.531026 for a
typical power level ofP50.1 pW. Thus, we may neglect the
contribution of bulk thermal conductivity of the substrate;
similarly we can rule out the effect of the Kapitza resistance
between the bulk substrate and the sample holder by the
argument of a large contact area in between. Thus, in sum-
mary, the observed thermal resistance is really from the is-
land electrons to the substrate phonons.

By the argument of Wellstood, Urbina, and Clarke,3 i.e.,
because the thin films cannot house phonons of short enough
wavelengths at low temperature, we rule out the possibility
that the Kapitza resistance would create a substantial tem-
perature difference between the aluminum film and the bulk
substrate. We thus conclude that themain contribution to the
nonequilibrium electronic temperature in excess of the base
(refrigerator) temperature is caused by the finite electron-
phonon coupling in the aluminum film.

The el-ph coupling constant was extracted from the mea-
suredG(V)/GT in the following way. The charging energy
ec of the array was first determined at high temperature~1–4
K! using the thermometric equilibrium shape of the conduc-
tance curve@Eq. ~1!#. In fact,

ec5
6eV1/2DG/GT

5.439NkB
, ~5!

whereV1/2 andDG/GT are the full width at half minimum
and the depth of the conductance drop, respectively. Typi-
cally, values ofec /kB range between 0.06 and 0.12 K for
junctions with;0.8mm2 area of this work.

At a lower temperature, where the shape of Eq.~1! is no
longer followed due to the heating by the bias current, we
analyzed the el-ph coupling at small temperature differences,
i.e., near the minimum of the conductance dip. Assume first
that the heating at zero bias is negligible, implying that
Te5T0 at V50; in other words, we apply a sufficiently
small ac voltage to measure the differential conductance.

Second, we assume that heating on each island equals
V2/NRT . Third, the coupling between the electrons to the
phonons is such that the powerP of the heat transfer out of
the electron system equals

P5SV~Te
n2T0

n!, ~6!

whereV is the volume of the electrode, andS andn are the
parameters of coupling. Literature givesS;1 nW/K5mm3

andn55 for uniform heating in a metal.1–4

Using the three arguments above we may employ the fol-
lowing procedure to obtainS andn for a given sample. By
Eq. ~1! and the first argument, we obtain

T05
~ec /kB!

6DG/GT
, ~7!

whereDG/GT is the height of the dip. Next we fit the low
bias range of the dip to a parabolic form

G/GT512DG/GT~12av2! ~8!

with a as the fit parameter. Two typical examples of such fits
are shown in Fig. 4~a!. Here,v[eV/NkBT0. By a straight-
forward calculation one obtains

FIG. 4. ~a! Typical examples of parabolic fits to the experimen-
tal conductance curves around zero bias to obtain the el-ph contact
parameter. The sample on the left was of typeB with a50.161,
and the sample on the right was of typeA with a50.578. ~b!
Thermal contact parameterS obtained for four different samples
using the conventionaln55 power law. Squares, open and filled,
are for nonextended islands of typeA with film thicknesses 50
and 16 nm, respectively, whereas circles, open and filled, are for
samples with extended islands of typeB with film thickness of
13 nm in both cases.
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a5
1

10
1

NkB
2

nSVRTe
2T0

n22 . ~9!

Thus a constant temperature~high T) dip hasa5 1
10, where

higher values ofa at low temperature allow us to extract
S for a givenn.

In Fig. 4~b! we show a collection of data for four differ-
ent samples of typesA andB where a fit ofn55 has been
applied to findS as a function ofT0. We note that for
the nonextended samples of typeA the el-ph coupling can
be presented in the formP5SV(Te

52T0
5), with S.0.6

nW/K5mm3. This applies for both thin~16 nm! and thicker
~50 nm! films, indicating that increasing the thickness, and
thus volume, improves the thermal contact.

For extended samples of typeB, the contact is effectively
weaker, and the dependence onT0 is also weaker. The best
fits in this case haven.3.5. TypeC samples closely follow
Eq. ~1!, and thus do not allow us to extractS.

The result of samples of typeA agrees with the common
expectation qualitatively and quantitatively. We are, how-
ever, unable to give a quantitative interpretation of the ob-
servation on the extended samples. Yet qualitatively it is

obvious that, unlike in the majority of the earlier el-ph
experiments,1–3 heating in our case is local in the vicinity of
the tunnel junctions. The observed temperature dependence
with weaker power law is most likely due to the temperature
dependence of the scattering lengths involved.3

In summary, we have been able to directly investigate the
hot-electron effects in tunnel-junction arrays, which are of
current interest for their Coulomb-blockade effects. At suffi-
ciently low temperatures (,0.5 K! with sufficiently small
straight islands, the thermalization is governed by the el-ph
coupling with the familiar fifth-power difference in elec-
tronic and lattice temperatures, where the coupling parameter
is S50.6 nW K25mm23 for our Al samples. The thermal
coupling can be improved by increasing the volume of the
island, but, upon increasing the surface area alone, the effec-
tive coupling constant is reduced indicating the presence of
local hot electrons.
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