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Cooper-pair charge solitons: The electrodynamics of localized charge in a superconductor
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One-dimensional arrays of small-capacitance Josephson junctions exhibit a current-voltage curve that is
characterized by a zero-current state for bias voltage below a threshold Wgjtage threshold voltages can
be modulated with an external magnetic fi@dwhich tunes effective Josephson coupling between adjacent
electrodes of the array. The dependancé&/pbn B is well explained by a model whei¢, is the injection
voltage for a Cooper-pair charge solitd®0163-182606)52634-2

The Coulomb blockade of Cooper-pair tunnelingto zero exponentially in the ratiE;/Ec. For E;/Ec<1,
(CBCPT), which exists in small-capacitance superconductthe shape is saw-tooth-like, witi,=e/C, [see Fig. 2b) of
ing tunnel junctions, can be regarded as the quantum meRef. 7].
chanical complement of the Josephson effedtn this ar- Measurement of the quasicharge requires that the imped-
ticle we demonstrate the CBCPT in one-dimensional arrayance seen by the single junction be greater than the resistance
of Josephson junctions. We give an explanation which requantum Ry=h/(4€?)=6.45 K). Experiments on single
quires one to go beyond the zero-dimensional, lumped elgunctions biased with special high resistance 8akiave
ment approximations embodied in the “orthodox theory” of demonstrated the CBCPT, thus confirming this general theo-
the single junctior. Electrodynamic considerations of a se- retical picture based on the idea of a definite quasicharge. In
ries network of junctions, result in a description of currentthis article, we present experiments on 1D series arrays of
flow in terms of the Cooper-pair charge soliton, which is asmall-capacitance Josephson junctions, where the CBCPT
relativistically invariant model of an extended charge quancan be observedithouta special high impedance source of
tum (2e) in one dimensioft=® charge. Several experiments have demonstrated the CBCPT

A small-capacitance Josephson junction can have a Coun 2D arrays’ ' and the Coulomb blockade for single elec-
lomb energyEo=Q?/(2C), which is comparable to the Jo- trons has been studied in 1D arrd§$dowever, Cooper-pair
sephson coupling energyl;=E;cos(). The charge tunneling has only been examined in very short 1D arfays.
Q=CV is given by the potential differencé/, across the In a long one-dimensional array, an interesting analysis
junction, and¢ is the difference across the junction of the based on sine-Gordon solitons is possible, and guantitative
guantum mechanical phase describing the coherent state obmparison with theory can be made.
the charge density. The junction Hamiltonian is that of a Consider first a uniform one-dimensional series array of
particle in a periodic potential, so that the Safirger equa- junctions. The current along the arrdyx,t), and the poten-
tion will have Bloch wave solution$Thus, we can define a tial of the electrodesyV(x,t), are functions of the spatial
quasichargeq, as the wave number of the plane wave part ofcoordinatex along the array. In the continuum limit, the
the wave function(in analogy to the crystal momentum of current and voltage are related by a set of differential equa-

electrons in a periodic potentjal tions
Restricting ourselves to the lowest energy baBt(q),

the junction current and voltage are then related to the qua- HNV=—lodl —vcsawq), (29

sicharge by a set of relations which are complementary to the

Josephson relations Iyl =—cpd;V, (2b)

wherely=Ly/Ax andcy,=C,/Ax are the distributed induc-

dE° tance and capacitance to the ground conductor, and
W:V:Vc saw(q), (1a  ,.=V./Ax is a critical electric field. With the exception of

the v saw(q) term, these equations are the TEM transmis-
sion line equations describing electromagnetic waves. Com-
dq bining Eq.(2) with Eq. (1b) and introducing a dimensionless
TR (1b) guasichargeg = wg/e (so that the saw function is periodic on
the intervaly € {0,27}), we arrive at,

The junction_voltage is a@ periodic .function of t_hg quasi- (1/2) dyx — dyx + (1/)@ saw(y) =0, 3)
chargeg, which we note by an amplitud¥,., multiplied by

2e periodic function, sawd), having an amplitude of 1. where the lengthhs= \2e/(2mcqv,), andc= 1/\/cyl, is the
Both V., and saw)) are derived from properties of the electromagnetic wave velocity. This equation admits soliton
Mathieu functions, and both depend on the refig/E, solutions which are Lorentz invariant. In the limit
where Ec=€%/(2C).2" For E;/Ec>1, the shape is sinu- E;/Ec>1, saw(y)=sin(y) and Eq.(3) is the sine-Gordon
soidal, sawg) =sin(mg/e), and the amplitudey,, decreases equation, with well-known soliton solutiort8.In the oppo-
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site limit, E;/Ec<1, a soliton solutichdescribes a potential
distribution which decays exponentially from a point, with
characteristic lengtihg. In either limit, the potential distri-
bution with spatial extent 2g is the result of a localized
charge quantum @ in the array. As E;/Ec—O0,
V.—e/C, and Ag~AXx+/C/C,, which is the electrostatic
screening length of the charge quantum localized to one eles
trode. AsE;/Ec— >, Ag— due to the delocalization of
charge. An equation similar to Eq3) has been derived
within the context of single electron tunnelifigyhere its
validity has been questionéd The existence of Eq3) for
Cooper pairs was mentioned in Refs. 4, 5, and 15, and &
amined in Ref. 6.

There is a direct analogy with the system considered her
and the one-dimensional parallel array of Josephson junc
tions (dual system where one can derive a sine-Gordon
equation for the Josephson phase variap{&,t).'® In that
case the “kink” solution for¢(x) describes the distributed
supercurrent which gives rise to a magnetic flux soliton as
sociated with a vortex. In our case of the series one-
dimensional array, the “kink” solution fory(x) describes
thex component of the electric fieldn the tunnel barriers of
a discrete arrgy and the electrostatic potentiaf the elec-
trodes in a discrete arragssociated with one excess Cooper
pair sitting at the center of the kink. The way in which ing to (n+1)/2 flux quanta®,=h/2e, in one of the two
charge and flux quantization are treated on equal footing ifoop areas. From the measured periodicityMpfwith mag-
these two classicdbut complementagymodels is intuitively ~ netic field, we could accurately determine the loop areas
appealing. A;=0.18 um? andA,=0.13 um?. The areas correspond to

Several series arrays of small-capacitance Josephson jurleops defined by current paths through the center of the su-
tions have been fabricated and measured. The junctions wepgrconducting electrodes, as would be the case when the
made of Al, with AlO, tunnel barriers, and were formed by magnetic field is either penetrating into, or expelled from the
the usual shadow evaporation techniq(U& The array dis- bulk electrodes.
cussed here ha= 255 junctions in series. The connection By design, the ratioA, /A, is equal to the ratio of the
between nearest-neighbor electrodes was actually two junéunnel junction areas of the two dissimilar SQUID’s. This
tions in parallel, forming a dc-SQUIDsuperconducting ratio, together with the measured normal state resistance of
quantum interference deviceThis geometry allowed tuning the entire array (2.17 K1) allows one to determine the two
of the Josephson coupling between nearest neighbors with &iprmal state resistances between nearest-neighbor electrodes
external magnetic field. Ry1=9.8 KO, andRy,=7.2 k(). Here all numbers refer to

A scanning electron microscop§SEM) micrograph of the two parallel junctions of a loop, as one effective junction
part of the array is shown in Fig.(d), and an equivalent connecting nearest neighbors. We calculate the Josephson
circuit is shown in Fig. (b). Due to a misalignment of the coupling energiesEgl=66 peV and ES’2=89 ueV, where
angle used for evaporation of the top electrode, alternating;=(Rq/Ry)(A¢/2), and Ay=200 ueV is the supercon-
loops in the array have equal area. The effect of this latticelucting energy gap of our Al electrodes. From previous ex-
with a basis of two loop sizes, is clearly seen in the magnetiperience with these junctions we know the specific capaci-
field dependence of the measured current-voltélgd/)  tance is roughly 45 fRiém? which, together with a rough
curve, where two distinct periods of oscillation with mag- measurement of the junction area from the SEM micrograph
netic field are observed. givesEc1=59 ueV andEc,=44 ueV for the two nearest-

The array was symmetrically biased through two XM neighbor charging energies.
current measurement resistors, so that the potentials at the For voltagesV>V, the current must be associated with
edges of the array were above and below the ground poterGooper-pair tunneling because it can be completely sup-
tial by equal amounts. The ground plane was locategressed ak; is suppressed to zefeee Fig. 2 Nonetheless,

250 um below the array. Figure 2 shows the/ character- this current is not completely coherent as there is some finite
istic of the array measured @<50 mK, for several mag- voltage drop across the array, and thus dissipation in the
netic fields between zero and the first minimumBp. We  array. For the moment, we will ignore dissipation and ex-
see a distinct threshold voltage for the onset of currenplain the threshold voltage as the voltage required to inject a
through the array, which increasesBsis suppressed with Cooper-pair charge soliton into the array.

the magnetic field. This Coulomb blockade feature was The dynamic equatior(3), with the addition of some
smeared at higher temperature, and fully disappeared fatamping terms, would allow one to calculate th& curve
T>700 mK~Ec/kg. of the array. The boundary conditions are given by the volt-

The threshold voltage is plotted versus the magnetic fieldhges measured at either end of the arNfx=0)=V_/2,
in Fig. 3. Peaks iV, are seen at magnetic fields correspond-V(x=L)=—V,/2, which are independent of time due to the

FIG. 1. () A SEM micrograph of a section of the array of
SQUID’s showing the alternating loop areas; dhythe equivalent
circuit showing one side of the symmetric bias arrangement.
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FIG. 3. The threshold voltage is shown versus magnetic field.
FIG. 2. Thel-V characteristic of the array for several magnetic The calculated curve explains the measured threshold voltage as
fields. A distinct threshold voltage is seen, which depends on magPeing the injection voltage for a Cooper-pair charge soliton.
netic field.

. ) : SQUID loop. The square-root term accounts for the suppres-
large capacitance of the leadS, >C,. However, in this sion of A, by the penetrating magnetic field.

2;?; rnv;/? V\gszézg'?:}vﬁg:ed'tshcéj?ﬂ%n (;Z:ir\];t?\itli(; C;:r%’ O;g:g Figure 3 shows the measured threshold voltage versus the
y €d L Mmagnetic field, and a calculated curve. The theoretical curve
we consider an array of length>\g, and approximate

saw(y)=sin(y) (valid for E;/Ec>1). Analysis of the sta- required numerical analysis of the Mathigu equation so that

tionary sine-Gordon equation shows that solutions exist fop€ can calculateVe, and7Vc2 for_ given values of

V, less than a threshold voltage, E;1(B)/Ecq ar_1d E_Jz(B)/ECz. To _ach|eve the calcu_lated

curve shown in Fig. 3 we found it necessary to adjust the

V,=2\gv = (4/\m)(elCy) V.. (4)  zero field Josephson coupling energigs andES, each by

a factor of 4.4 larger than the amount calculated friegm

The charging energieEc; and Ec, have each been de-

creased by 15% to account for the effect of the quasiparticle

ﬁmneling, which leads to an enhancement of the capacitance

by an amountsC=37i/(32A,Ry).1%%° The factore/C,

The solutions forV,<V, describe the tail of a Cooper-pair
charge soliton penetrating into the array. R&>V;, soli-
tons and antisolitons are injected into opposite ends of th
array. The current flow is described by a moving train of
uniformly spaced solitons and antisolitons. . .
: o was fixed to 9.9 mV, where the capacitarCg was calcu-

Extrapolating to the limi€;/Ec—0 whereV.=e/C, we lated by dividing the capacFi)tance gof a  strip
can compare Ed4) with the result of an electrostatic analy- C.=e.L/[2IN@W)], having the array dimensions7
sis of a discrete capacitor arr&*> We find that the thresh- (La: S?,ILm w=1 Mm)’ by the effective number of junctions
old voltage given by Eqi4) underestimate¥, by a factor of (N/2= 127.5). The effective dielectric constaet;=4.4

2./\/;: 1.13. This 13% discrepancy is due to the approxima-Was determined from other measurements on this type of
tion V. saw(y)=V_.sin(y) where theE;/E. dependence of substraté!

qnly the amplitude ;/(\j/as pfope“}é’ ac::]purgjt_ed for. A full sholu- The discrepancy between the experimental and calculated
tion to Eq. (3) would account for this discrepancy. Thus, curves near the peaks is in part due to the approximation,

when there is no tunneling, the model recovers eleCtrOStat'CSsaw(X):sin(X), which underestimate®/, by 13% when

In order to compare the experiment W'.th thgory,_we n.eedEJ/Ec<1, near the peaks. There is also experimental error
to account for the basis of two dissimilar junctions in series; “ihe measured/. which was determined by taking the
This is ea,sily dqne by coarse gra}ining.t_he system s_uch th'il}oltage atl =0.5p,t6:, the noise level for the measurement.
2AX7AX - In this case the effgctwe critical voltage IS SIM" This method was ambiguous only for one or two points at the
Ply Ve=Ve1+Vep, which is valid because the capacitance o ays iny, , where the current was suppressed to a minimum
Co<CyC2/(Cy1+Cy). The critical voltagesVe; and Ve, gng no sharp threshold could be identified.
which depend orEy; /Ec, andEj,/Ecy, respectively, can Apart from the peaks, the theoretical curve fits the data
be tuned with magnetic field, where extremely well at low magnéetic fieI((j)s. This fit required ad-

_ 0 rETYRY justing only one parameteEj; andEj, were multiplied by
E(B)=Ey|cos2mBA/Do)|V1-(B/Bo)®, (5 a factor of 4.4, their ratio being fixed. Without this factor we

and similarly forE;»(B). The cosine term accounts for the find that the calculation does not give small enodgmear
SQUID modulation. We find that we do not need to accounthe minimum. Part of this factor might be accounted for by
for any dissimilarity in the two parallel junctions forming the decreasingec; and Ec,, and at the same time increasing
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e/Cy. Indeed, there is greater experimental uncertainty irng a definite valug The measurement of a critical current is
Ec, which was estimated from the junction areas, tEfSn consistent with this assumption, which is explained as result-
which was calculated fronRy . Another factor responsible ing from the low impedance of the electrodynamic environ-
for reducingV, is the effect of next-nearest-neighbor and ment,Z.<Rq. In contrast with these experiments, we have
higher capacitances, which cannot be entirely neglected ifound that when many junctions are connected in series to
our case because the distance to the ground plane was largerm a one-dimensional array, aitical voltage can be ob-
than the array length. The effects of dissipation by quasiparserved, even whek;=E.. Furthermore, this critical volt-
ticle tunneling and movement of background charge coulthge can be modulated with an external magnetic field. Such
also further reduce the observed threshold voltage. Nonunip gbservation implies quantum behavior of the Josephson
formity of the background potential, which is not included i”(ﬁhase, or a definite value of the quasicharge, which is the

our model, could also lead to modified soliton dynamics and,sgmption used in developing the classical electrodynamic
threshold voltage. Further experiments with arrays of various,, o e applied here

lengths could sort these effects out. In conclusion, our experiments demonstrate the Coulomb

At higher magnetic fields, the calculated curve misses th lockade of Cooper-pair tunneling in 1D series arrays of Jo-
experimental data by increasing degree. The critical fiel : : : )
sephson junctions. Our analysis of the data is based on a

used in the calculation wé3,=630 G, where the measured continuum picture, where the electrodynamics of the excess
V; goes to zero. The simple form of the magnetic field sup- P ' y

pression of the superconducting energy gap is valid only irlpcalize_d Cooper pair Is goyerned by a nonlinear wave equa-
the limit that the London penetration depsh , is much tion vv_hlch has soliton solutions. A stationary solution to this
larger than the width of the superconducting electrodestduation allows us to compare the measured and calculated
which may not be valid for these samples. The rapid de!reshold voltage as the Josephson coupling energy is tuned
crease of the measured threshold voltage above 500 G is dydth @ magnetic field. This simple theoretical model agrees

to onset of strong single electron tunneling. The junctioné’ve” with the data .if the ratio_ of the Josephson coupling
haveRy~Rq, and thus there is only a very weak Coulomb energy to the charging energy is enhanced by a factor of 4.4.
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