
PHYSICAL REVIEW B 15 DECEMBER 1996-IIVOLUME 54, NUMBER 24
Exact island-size distributions for submonolayer deposition:
Influence of correlations between island size and separation
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We determine the exact scaling form of the size distribution of islands created via homogeneous nucleation
and growth during submonolayer deposition. This scaling form is shown to be controlled by the dependence on
size of the propensity for islands to capture diffusing adatoms. This size dependence is determined directly
from simulations. It is distinct from mean-field predictions, reflecting strong correlations between island size
and separation.@S0163-1829~96!52648-2#
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Homogeneous nucleation and growth of islands dur
the initial submonolayer stage of film growth has been st

ied intensively for decades.1 The field has broad technolog
cal importance since these submonolayer structures ca
fluence the morphology and properties of the result
multilayer film. Quantities of primary interest are the me
island density, and the shape of the island size distribut
The latter has been the focus of several recent theoretic2–6

and experimental7,8 studies. Appropriate interpretation o
their behavior for various deposition conditions can prov
insight into the nature of the nucleation process, and al
extraction of key system parameters.

The traditional theoretical analysis is provided by mea
field ~MF! rate equations.1 This approach derives from wor
of Smoluchowski,9 and has been applied extensively to an
lyze not just nucleation and growth, but various oth
diffusion-mediated processes including coagulation a
chemical reactions.10 Generally, the MF approach ignore
certain spatial correlations, or equivalently particle num
fluctuations, in the system. In the classic MF treatments
nucleation and growth,1 as well as recent refinements,11 the
crucial MF assumption is that thelocal environmentof each
island is independentof its size ~and shape!. The MF rate
equations for the densityN1 of diffusing adatoms, and the
densitiesNs of islands of various sizess.1 ~or for the av-
erage island densityNav5(s.1Ns! quantify their variation
with control parameters~deposition fluxF and substrate tem
peratureT!, and are traditionally used to analyze experime
tal data.

These MF predictions can be tested by ‘‘exact’’ Mon
Carlo simulations for appropriate lattice-gas models
nucleation and growth. A large number of such rec
studies2–6 have demonstrated that the MF predictions ap
for the scaling ofNav andN1 , although refinement of the
simplest theory may be needed in the regime where isl
formation is reversible.12 However, there appears to be
fundamental discrepancy13 between the exact island size di
tribution and MF predictions, which hasnot been resolved
previously. This impacts upon the intepretation of rec
STM studies7,8 which provide precise island size distribu
tions.
540163-1829/96/54~24!/17359~4!/$10.00
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In this paper, we present the first exact analysis of
shape of the island size distribution for irreversible nuc
ation and growth, in the scaling regime of lowF or highT.
Our result differs qualitatively from MF predictions,1,2 as
well as from other speculated forms based on simulat
studies.6 We show that this shape is determined by an un
pected dependence on sizes of the propensityss for islands
to ‘‘capture’’ diffusing adatoms. This size dependence is o
tained directly from simulations. It is quite distinct from th
commonly accepted behavior based on self-consistent
calculations,11 and has not been previously characterized
elucidated. We show that it reflects a strong correlation
tween island size and separation which automatically de
ops during deposition. This size dependence is further el
dated using ideas from stochastic geometry to characte
the nucleation and aggregation processes. Finally, our re
for the island size distribution are related to experimen
findings.

First, we describe explicitly the basic steps inirreversible
homogeneous nucleation and growth, and present a
equation formalism which goes beyond the traditional M
analysis. In this process, atoms are deposited randomly
periodic array of adsorption sites at rateF per site, and there-
after hop to adjacent sites at rateh. Subsequently, adatom
either meet other adatoms, irreversibly nucleating islands
aggregate irreversibly with existing islands. The rate
which diffusing adatoms aggregate with islands of sizes is
written asRagg(s)5hssN1Ns , definingss as the ‘‘capture
number’’ for islands of sizes. Then the evolution ofNs with
time t is described by the rate equations~cf. Ref. 1!

dN1 /dt'F22Ragg~1!2(
s.1

Ragg~s!,

and

dNs /dt'Ragg~s21!2Ragg~s! for s.1. ~1!
Note that u5(s>1sNs5Ft gives the coverage, andsav
5(u2N1)/Nav'u/Nav gives the average island size. On
anticipates solutions of Eq.~1! of the form2,3 Ns
;usav

22f (s/sav), where

E
0

`

dxf~x!5E
0

`

dx xf~x!51.
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It is instructive to reduce Eq.~1! to the approximate pair

dN1 /dt'F2hsavN1Nav

and

dNav/dt'Ragg~1!5hs1~N1!
2, ~2!

wheresav5(s.1ssNs /Nav. From theN1 equation, one an-
ticipates an initial transient regime of increasingN1'Ft,
followed by asteady state regimewheredN1 /dt'0, soF
'hsavN1Nav. The latter steady-state relation, when sub
tuted into the Nav equation, yields (sav)

2(Nav)
2dNav

'(h/F)21s1du, which can be integrated to determine t
behavior ofNav, given the form ofsav ~ands1!.

With the simplest assumption thatss5sav is constant,
one obtainsNav;uv(h/F)2x, with v5x51

3. A more sophis-
ticated approach by Bales and Chrzan11 ~BC! is to determine
thess self-consistently from diffusion equations for adato
capture at a specific island of sizes. This approach is viable
only with the simplifying MF assumption that the enviro
ment of each island~i.e., the distribution of surrounding is
lands! is independentof its size~and shape!. BC show that
the resultingss depend primarily on the ratio of the linea
island size to the mean island separation, and incre
weakly with s. For compact islands, one has ss
5D(us/sav), where D(y);y1/2 for y.1, reflecting
perimeter-mediated capture, sosav'*0

`dx D(ux) f (x)
5sav(u). This modifies the aboveu dependence ofNav to
incorporate the observed saturation, but does not chang
scaling withh/F. However, as noted above, predictions
both the simplest and the BC MF treatments for the isla
size distribution donot agree with exact behavior.13

I. POINT-ISLAND MODEL

We now show that the origin of this discrepancy is due
a dominant contribution to thes dependence ofss from cor-
relations between island size and separation. To cleanly
late this contribution from the above mentioned MFs depen-
dence in the BC treatment, we consider a simplified mo
for irreversible nucleation and growth.2 Here islands occupy
a single site, but carry a label which indicates their size,
which is updated after each aggregation event~see Ref. 2!.
We emphasize that this model not only captures the ess
of nucleation and growth, but it is especially useful here
MF capture numbers for point islands are clearlyindepen-
dentof s ~ss5sav, for all s!!

Figure 1 shows typical simulation results for distributio
of islands, together with the associated Voronoi tessellati
~see below!. Previous analyses1,2 have shown that the mea
island density scales asNav;u v(h/F)2x, wherev'1

3. The
effectivex ~'0.3 whenh/F5108! increases slowly to13, as
h/F→`. The scaled island size distribution, shown in F
2~b!, should be contrasted with MF predictions in Fig. 2~a!.
We also emphasize that the shape of the size distributio
almost completely time invariant.2 The increase ofNav with
u for point islands differs from the saturation behavior o
served for compact islands.3,13 but the island size distribu
tions are very similar foru<0.2 ML where island coales
cence is insignificant.2,3
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II. CAPTURE NUMBER BEHAVIOR

In our simulations, we also directly obtain thess ~and
related quantities! for the first time. This can be done by
introducing a counterMs which is incremented by 1 each
time a diffusing adatom is captured by an island of sizes on
an L3L site lattice. One hasRagg(s)'Dt21L22@Ms(t
1Dt)2Ms(t)#, for sufficiently smallFDt, and thus obtains
ss5Ragg(s)/(hN1Ns). However, due to slow convergence
asDt→0, it is more efficient to use an approach in which

FIG. 2. Scaled island size distributions forh/F5106–109, at
0.2 ML: ~a! MF results~ss5constant! with asymptotic form~thick
line!; ~b! ‘‘exact’’ simulation results; the asymptotic form~thick
line! is obtained from Eq.~4! using the fit ofC() shown in Fig.
3~a!.

FIG. 1. Island distributions, with size labels, and associate
Voronoi tessellations, from simulations withh/F5108 ~top! and
1010 ~bottom!, at u50.2 ML. Panels are 1203120 sties.
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54 R17 361EXACT ISLAND-SIZE DISTRIBUTIONS FOR . . .
one switches off the island nucleation and growth~i.e., one
stops incrementing the island size counters! at the desiredu,
and monitors aggregation rates under continued depositio14

Figure 3~a! shows such results forss /sav versuss/sav, at 0.2
ML, for h/F51062109. These reveal a MF-type plateau fo
s,sav, but a dramatic deviation froms-independent MF be-
havior for s.sav. The form ss /sav'C(s/sav) is almost
completely time invariant for fixedh/F ~results not shown!,
and converges to a nontrivial scaling limit, ash/F→`.
Since *0

`dx f(x)C(x)51, andC(x) is nondecreasing, the
plateau value ofC(x,1)'0.92 is below unity.

This behavior can be elucidated if one characterizes
stochastic distribution of islands via the associated Voron
tessellation of the surface.15 Each cell of such a tessellation
corresponds to the region of the surface closer to an isla
than to any other island; see Fig. 1. If one assumes, as s
gested in previous work,1,15,16 that most atoms deposited
within a cell will aggregate with the associated island, the
there should be a strong correlation between cell areas
aggregation rates. For the ‘‘simple’’ process ofheteroge-
neousnucleation about randomly distributed seeds, this r
sults in an obvious direct relationship between the cell ar
distribution ~which is knowna priori! and the resulting is-
land size distribution.15,16 The same has been suggested f
homogeneousnucleation,16 but in fact here these distribu-
tions are qualitatively different, the nontrivial relationshi
between them being determined below.

It is, however, valuable toquantify the correlation be-
tween cell areas and aggregation rates, and to exploit
results to elucidate the crucial non-MFs dependence of the
capture numbers in our model. We letAs denote the mean
area of cells associated with islands of sizes. Then, since
this tessellation covers the plane, the average cell area sa
fies Aav5(s.1AsNs /Nav51/Nav. In Fig. 3~b!, we show re-
sults forAs /Aav versuss/sav, obtained from tessellating the
simulated island distributions at 0.2 ML forh/F5106

2109. The formAs/Aav5B(s/sav) looks similar to the re-
sults forss in Fig. 3~a!. Thiss dependence ofAs can also be
described as a correlation between island size a
separation.17 For a more precise comparison ofss andAs ,
we first note that, from the steady-state relation, the agg
gation rate can be rewritten asRagg(s)'FAav(ss /sav)Ns .

FIG. 3. Simulation results for:~a! ss /sav; ~b! As /Aav versus
s/sav, at u50.2 Ml, for h/F5106(s), 107~h!, 108~n!, 109~3!,
wheresav'0.93, 0.78, 0.64, 0.43, andsav'25, 49, 98, 200, respec-
tively. The thick solid line in~a! is a simple fit ofC(x). The de-
crease ofsav with h/F ~and a weak increase withu! is explained
from a 2D random walk analysis of aggregation2 showing thatsav

;p/ ln(p21Nav
21).
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Now, if all atoms depositing within a cell aggregate with t
associated island, thenRagg(s)'FAsNs , so it follows that
ss /sav'As /Aav. Instead, analysis of our data reveals a qu
silinear form, ss /sav'(12a)(As /Aav)1a, for all h/F,
where a50.3060.03. It then follows that C(x)'(1
2a)B(x)1a, and consequently thatB(0)'0.88 is below
unity, as isC(0).

The above results provide a geometric interpretation
the relationss /sav'C(s/sav), but do not fully explain its
form. To this end, we note that, in the absence of nuclea
of new islands, time invariance ofss /sav demands

18 either
MF-type s-independentss , or that ss /sav5s/sav. Thus,
continuous nucleation throughout the process must pla
key role in selecting the observed distinct form ofC(x).
Since nucleation of new dimers must ‘‘fit’’ between existin
islands, this process creates areas for new dimers which
smaller thanAav @as is demonstrated by the inequalityB(0)
,1#. This tends to produceAs increasing withs at the onset
of deposition, but as the process continues, islands grow
to aggregation, and areas for smaller islands are ‘‘tra
ferred’’ to bigger islands. This equalizes areas for sma
islands toA25B(0)Aav, producing the plateau inC(x). Se-
lection of the quasilinear portion ofC(x), with C8(x),1, is
more subtle, but it is strongly influenced by preferred nuc
ation in the larger cells associated with the larger islands

One can also characterize the invariance ofss /sav
5C(s/sav) and As /Aav5B(s/sav) with increasingh/F ~at
fixed u! from a different perspective. Ash/F increases, both
the average island separation,l av5Nav

21/2, and sizesav in-
crease. However, if one rescales island sizes by 1/sav, and all
linear dimensions by 1/l av, a ‘‘similarity ansatz’’ implies that
the resulting island distributions are indistinguishable. T
ansatz produces not only the well-known scaling2–6 of Ns
with s/sav, but also that of thess andAs .

III. ISLAND SIZE DISTRIBUTION ANALYSIS

To analyze the asymptotic island size distribution f
large sav, it is most convenient to adopt a ‘‘quasihydrod
namic approach’’~cf. Ref. 1!. Here one treatsx5s/sav as a
continuous parameter in analyzing the equationsdNs /dt
'Ragg(s21)2Ragg(s), for s.1. Then, using Ns
;usav

22f (x), the right-hand side of this equation become

dNs /dt'F~sav!
22@~122Ã! f ~x!2Ãx f8~x!#, ~3a!

where Ã5d(lnsav)/d(lnt)512d(lnNav)/d(lnt)'12v'2
3,

and85d/dx. Converting discrete differences to derivative
invoking the scaling forms for bothNs andss , and using the
steady-state condition,F'hsavN1Nav, the left-hand side be-
comes

2hN1d~ssNs!/ds'2F~sav!
22@C~x! f 8~x!1C8~x! f ~x!#.

~3b!

Above, we have used the independence ofC() and f () on u.
Equating Eqs.~3a! and ~3b!, and integrating forf (x) yields
our main result,

f ~x!5 f ~0!expH E
0

x

dy@~2Ã21!2C8~y!#/@C~y!2Ãy#J .
~4!
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The key determinant of the behavior off (x) is whether
C(x) decreases belowÃx'2x/3, while C8(x) is below
2Ã21. If so, then f (x) displays a singularity atx5x` ,
whereC(x`)5Ãx` . This is the case in the MF treatme
(C51) where f}@12Ãx#2(2Ã21)/Ã, for x,Ã21, and f
50 for x.Ã21. In contrast, it is clear from Fig. 2~a! that
the exact behavior is distinct:19 f (x) does not diverge, bu
achieves a finite maximum atx5xm(.1), whereC8(xm)
52Ã21. Figure 2~b! shows thef (x) obtained from Eq.~4!
using the form forC(x) shown in Fig. 3~a!. Note that Eq.~4!
implies that f (0).0, in contrast to recent suggestions,6 its
value of '0.35 being determined by the normalization
f (x).

IV. COMPACT ISLANDS

As noted above, the same discrepancy between MF
exact behavior off (x) exists for irreversible nucleation an
growth of compact islands11,13 ~even with the BCss). This
is not surprising, given Eq.~4!. The slowly increasing BC
form, C(x);x1/2, for largex, and an effectiveÃ closer to
unity due to saturation ofNav, still leads to an artificial
singularity13 in f (x). This discrepancy prompted us to obta
‘‘exact’’ simulation results forss for a model of irreversible
nucleation and growth of square islands.3 We found that the
form of C(x) is again controlled by island size-separati
correlations, and is in fact remarkably similar to point-isla
behavior~even foru'0.2 ML where the mean linear islan
dimension is 45% ofl av!. Its form is in marked contrast to
the BC prediction. However, the BC approach does ac
rately predictNav, which is determined bys1 andsav.

Next, we discuss the relevance of these asymptotic res
to the analysis of real systems. Certainly, as temperature~and
thush/F! increases, the assumption of irreversible island f
mation will eventually break down. However, from Fig. 2~or
Ref. 13!, it is clear that for finiteh/F above 107, the MF
prediction and exact island size distribution already dif
et
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significantly, reflecting the distinct asymptotic forms. F
typical F'1 ML/min, island formation is irreversible for
Fe/Fe~100! homoepitaxy7 at least up to 450 K where
h/F'108, and for Ag/Ag~100! homoepitaxy8 up to 310 K
where h/F'109. Experimental size distributions for suc
h/F are fit reasonably by ‘‘exact’’ point- or square-islan
simulation results,2,3 but not by the much more sharpl
peaked MF results.13

V. SUMMARY

We have provided, through Eq.~4! together with simula-
tion results forC(x), a precise characterization of the exa
scaling form of the island size distribution for irreversib
nucleation and growth during deposition. Our analysis na
rally extends toreversibleisland formation with prescribed
critical size i.1 ~where only islands of sizes. i are
stable!,1 or to models with significant diffusion of sma
clusters.20 In particular, Eq.~4! holds, but withv the form of
C(x) and thusf (x) dependent oni , and on certain details o
cluster mobility. A MF divergence inf is avoided due to a
significant increase ofC(x) with x, and one retains
f (0).0 contrasting previous claims.6 Recently, we became
aware of work21 on homogeneous nucleation that relates
land growth rates to Voronoi cell areas, as sugges
previously.1,15,16However, Ref. 21 did not identify the ke
size dependence of the capture numbers, or relate this to
island size distribution, and thus made incorrect predictio
for the latter.
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