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Using a direct calculation, the line intensity of the two-photon (7F6)G1g-G1g(
5D4) transition of Tb

31 in the
elpasolite lattice has been accounted for under third-order perturbation theory. Employing the appropriate
4 f 75d intermediate levels,x andm, the transition moment has been written in terms of electric-dipole allowed
transitions between the 4f 8 and 4f 75d configurations, and of the spin-orbit coupling between the intermediate
states. The calculated line strength is sensitive to the locations of the intermediate-state energy levels.
@S0163-1829~96!50540-0#

I. INTRODUCTION

Kaiser and Garrett1 first observed the phenomenon of
two-photon absorption in Eu21:CaF2. Subsequently, the
theory for two-photon intraconfigurational transitions was
developed by Axe,2 using the conventional Judd-Ofelt clo-
sure approximation3,4 in second-order perturbation, by cou-
pling the two electric dipole operators into an effective op-
erator acting between same parity initial and final states. A
complete evaluation of second-order effects was given by
Kibler and Gacon5 and by Reid and Ng.6 Third-order pro-
cesses in intraconfigurational two-photon spectroscopy, in-
cluding spin-orbit interaction in intermediate states7,8 were
introduced to understand experimental results for Gd31. The
extension to fourth order was carried out by Downer9 and
Ceulemans.10 The group-theoretical solution rules and polar-
ization dependence of two-photon transitions were derived
by Bader and Gold11 and generalized by Andrews12 and
Kibler and Daoud,13 and are substantially different from
those for one-photon transitions. This provides a source of
complementary information for the investigation of the en-
ergy levels and excited states of transition-metal and rare-
earth ions. The use of linear or circularly polarized radiation
with oriented cubic crystals has enabled detailed assignments
to be made for s-electron @Tl 1 ~Refs. 14 and 15!,
d-electron~Mn41,16 Cu1,17 and Ni21 ~Refs. 18–20!# and
f -electron@Sm21,21,22Eu31,22 and Eu21 ~Ref. 23!# systems.
A more suitable cubic lattice for the investigation of triposi-
tive cations is the elpasolite type,24 and experimental two-
photon studies have been performed for Cs2NaGdCl6.

25–27

In this system all of the crystal field~CF! levels of the
8S7/2 electronic ground state of the Gd31 ion are nearly de-
generate so that the selection rules for transitions to CF lev-
els of excited multiplet terms are not restrictive. However,
f n systems in elpasolite lattices with evenn may present
more restrictive selection rules and more distinguishing po-
larization dependences for transitions between CF levels. In
this study we focus upon the two-photon absorption strength
of the 7F6 to

5D4 transition of the Tb31 ion in the octahe-
dral elpasolite lattice, which has been measured by
Denning.28 In particular, the observed intensity of the
(7F6)G1g→G1g(

5D4) transition was observed about 14
times greater than (7F6)G1g→G3g(

5D4).
28 The intensity of

the former transition is, however, calculated to be zero when

the Judd-Ofelt approximation is employed in third-order
Judd-Pooler-Downer formalism.7,9 Ceulemans has attributed
the intensity to a fourth-order mechanism,10 by contrast to
the latter weaker transition which was attributed to a third-
order mechanism. The current interest in direct
calculations29,30 prompted us to perform a direct calculation
of the intensities of transitions between the relevant CF lev-
els of Tb31 in order to resolve these problems. In what fol-
lows it is shown that theG1g→G1g transition can be ex-
plained by direct calculation using third-order perturbation
theory, and that the calculated values are comparable with
the experimental results.

II. GROUP-THEORETICAL BACKGROUND

The two-photon absorption between 4f n states of the
same parity can be described by using second-order pertur-
bation theory.31 The initial state couples with the final state
by two electric dipole operators via the opposite parity inter-
mediate levels. The intermediate levels belong to configura-
tions such as 4f n21d, 4f n11d21, and 4f n21g,32 and for sim-
plicity in this study we confine this to appropriate 4f n215d
states. Higher-order processes are necessary when the
second-order contribution isDSÞ0, DL or DJ.2, and/or
the transition is forbidden by symmetry selection rules be-
tween CF states. In the third-order case, the transition matrix
element between initial stateG ig i and final stateG fg f ~where
g i is a component of the representationG i) can be written
as7,9

MG ig i→G fg f

5(
m,x F ^G fg f u«1•Dum&^muVux&^xu«2•DuG ig i&

~Ex2EG i
2\v2!~EG f

2Em!

1
^G fg f u«2•Dum&^muVux&^xu«1•DuG ig i&

~Ex2EG ig i
2\v1!~EG f

2Em!
G .

~1!

The summation is over all the intermediate statesux& and
um&. V can be the spin-orbit or crystal-field operator, and the
operator acts between intermediate (d-electron! states.\v1
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and\v2 are the photon energies.«•D is the scalar product
of the polarization vector« of the photon and of the electron
dipolar operatorD where

Dq
15(

i
r iCq

1 ,

Cx5
1

A2
~C21

1 2C1
1!,

Cy5
i

A2
~C21

1 1C1
1!,

Cz5C0
1 . ~2!

The two-photon transition line strength can be expressed as31

SG i→G f
5 (

g i ,g f
uMG ig i→G fg f

u2. ~3!

In Oh point group symmetry the representation of the electric
dipole operator isG4u .

31 Under second-order perturbation,
for a G1g initial CF state the allowed two-photon transitions
are to terminal CF states contained in the direct product
G4u^ G4u , i.e., toG1g , G3g , G4g , andG5g provided that the
LSJ selection rules are complied with. AG1g2G2g transi-
tion is therefore symmetry forbidden, and it can be shown a
G1g2G4g transition is forbidden when using two photons
from a single beam.33 Under the Judd-Ofelt approximation
the two dipole operators are coupled into a second rank ten-
sor operator which transforms asG3g1G5g (Oh). Therefore,
only the transitions to terminal CF states withG3g1G5g rep-
resentations are allowed in second order. We will comment
elsewhere concerning the use of the Judd-Ofelt approxima-
tion in this calculation, and the fourth-order formalism of
Ceulemans.10

III. TWO-PHOTON ABSORPTION SPECTRUM
OF Cs2NaTbCl 6

This section presents the direct calculation of the intensity
of the two-photon transition from the ground state of the
4 f 8 configuration of Tb31 in Cs2NaTbCl6 (7F6)G1, to the
excited CF levels (5D4)G1 and (5D4)G3. The polarization
directions are not specified in the published28 one-color two-
photon absorption spectrum of Cs2NaTbCl6. Elpasolite crys-
tals prepared by us are polycrystalline on a microscopic
scale. In the following calculation we consider one-color lin-
early polarized radiation parallel to the@001# crystal axis.
The initial and final statesu i & and u f & described in the sub-
groupO, can be written as34

u4 f 8~2S11LJGJgJ!&

5 (
MJ ,MS ,ML ,

MS8 ,ML8 ,mfs ,mf l

^JMJuGJgJ&^SMSLMLuJMJ&

3^S8MS8
1
2mfsuSMS&^L8ML83mfl uLML&

3^J8MJ8uS8MS8L8ML8&

3u4 f 7 2S811LJ8
8 J8MJ8&u4 f

1 1
2mfs3mfl&. ~4!

The values of the Clebsch-Gordan coefficients and the basis
transformation coefficients are available in Refs. 35–37. Ex-
perimental data for the 4f 75d intermediate states are inad-
equate and we limit our calculation to the lowest/dominant
intermediate levels. The lowest state results from the cou-
pling of the core 4f 7(8S7/2) G6, G7, andG8 levels with the
5d states.38,39 The CF splitting of the core8S7/2 term mul-
tiplet is negligibly small.40 The crystal-field splitting of the
5d1 state is greater than that due to the spin-orbit coupling,
so that thed orbital first splits intoG5 andG3 states.

41 The
energy of theG5 state is lower than that ofG3 by more than
20 000 cm21.41 The orbitalG3 state will further couple with
spinG6 to give theG8 spin-orbit-coupled state.G5 will split
into G7 andG8 via the spin-orbit coupling. The separation
betweenG7 andG8 is about 1200 cm21.41

The transition between the initial state7F6 and the final
state 5D4 is spin forbidden, so that the third-order mecha-
nism involving spin-orbit coupling (V5HSO) has to be con-
sidered. The spin-orbit operator can be written as

HSO5z f (
n51

7

l n•sn1zdl d•sd . ~5!

The matrix element of spin-orbit coupling acting on thed
electron is equal to zero in this case. Thef -electron spin-
orbit operator couples the core state8S with 6P. The corre-
sponding matrix element,

K 4 f 7~8S!Uz f (
n51

7

l n•snU4 f 7~6P!L ,
is equal toz fA14, wherez f51696 cm21.42 We neglect the
electrostatic interaction between the 4f 7 core and the 5d
electron, and this approximation is not likely to lead to a
serious error.34 The wave function of the intermediate state
can then be written as34

u4 f 7~2S811LJ8
8 GJ8gJ8!5d~GsG lGdgd!&, ~6!

where the irreducible representations describing the 5d elec-
tron refer to spin, orbit, and spin-orbit coupled states, respec-
tively. The core 4f 7 and the 5d representation of the inter-
mediate states are transformed intoJM and smslml bases,
respectively,

u4 f 7~2S811LJ8
8 GJ8gJ8!5d~GsG lGdgd!&

5 (
MJ8,gs ,g l ,mds ,mdl

^J8MJ8uGJ8gJ8&^GsgsG lg1uGdgd&

3^ 1
2mdsuGsgs&^2mdluG lg l&

3u4 f 7 2S811LJ8
8 J8MJ8&u5d

1
2mds2mdl&. ~7!

The nonvanishing matrix elements of 4f 8(7F6G1)
→4 f 7(8S7/2G7/2g7/2)5d(Gdgd), and

4 f 7~6P7/2G7/2g7/2!5d~Gdgd!→4 f 8~5D4G1!

and 4f 8(5D4G3g) transitions can then be calculated by em-
ploying the Wigner-Eckart theorem,
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^3mfl urCq
1u2mdl&5^3iC1i2&^3mfl u1q2mdl&^ f ur ud&/A7

~8!

and

^2mdlurCq
1u3mfl&5^2iC1i3&^2mdlu1q3mfl&^dur u f &/A5.

~9!

The results for the calculated matrix elements will be pre-
sented in detail elsewhere, and are the same when using
Griffith’s35 or Watanabe’s36 and Koster’s37 tables. We take
the energy of the intermediate levels 4f 7(8S7/2G6, G7, and
G8) 5dG5(G8 and G7) ~labeled E1 hereafter! and
4 f 7(8S7/2G6, G7, and G8) 5dG3(G8) ~E2! to be 37 000
cm21 and 57 000 cm21, respectively.39 The energy levels
due to the electrostatic interactions between the crystal-field
levels of the core 4f 7(6P7/2) and the 5d electron are ex-
pected to be much higher than those of the 4f shell and we
approximate these energy levels to be degenerate. Upon sub-
stitution of the calculated matrix elements and the relevant
energies into Eq.~1!, the calculated two-photon transition
strength is identical in thexx, yy, andzz polarization direc-
tion for theG1g→G1g or theG1g→G3g transition. The ratio
~labeledR) between the two-photon transition strengths of
G1g→G1g andG1g→G3g is estimated to be 5.6 which is in
good agreement with the experimental result, considering the
approximations in intermediate state energies, and the ne-
glect of J mixing in our calculations. The calculated polar-
ization dependences of the (7F5)G1g→G1g , G3g ,
G5g(

5D4) transitions are in agreement with the predictions
from simple group theory.33 In particular, the intensity of the
(7F6)G1g→G5g(

5D4) transition is zero for one-color excita-
tion by two photons of the same polarization. Figure 1 shows
the sensitivity of the ratioR to the energiesE1 andE2,
keeping E2 constant. The energy of the intermediate
4 f n215dG4u CF state plays a crucial role in the prediction of
the correct ratioR.

IV. CONCLUSIONS

In this study, we have demonstrated that the two-photon
transition (7F6)G1g→G1g(

5D4) of Tb31 in the elpasolite
lattice is allowed under third-order perturbation and that a
direct calculation can reproduce the relative line strength in
agreement with experiment. The sensitivity of our calculated
result to the locations of the 5d-electron energy levels dem-
onstrates that the approximation of an effective barycenter
may not be justified.
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