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By using a simulated annealing approach, Monte Carlo and molecular-dynamics techniques we have studied
static and dynamic behavior of the classical two-dimensional anisotropic Heisenberg model. We have obtained
numerically that the vortex developed in such a model exhibit two different behaviors depending if the value
of the anisotropyl lies below or above a critical valuelc . The in-plane and out-of-plane correlation functions
(Sxx andSzz) were obtained numerically forl,lc and l.lc . We found that the out-of-plane dynamical
correlation function exhibits a central peak forl.lc but not forl,lc at temperatures aboveTKT . @S0163-
1829~96!04626-7#

I. INTRODUCTION

In the last ten years much attention has been dedicated to
the study of the classical two-dimensional anisotropic
Heisenberg model~CTDAHM!. Such attention is grounded
in the fact that a large variety of models may be mapped in
the CTDAHM. Some examples are superfluid, superconduct-
ing films and roughening transitions.1–9 The CTDAHM can
be described by the Hamiltonian

H52J(
^ i , j &

~Si
xSj

x1Si
ySj

y1lSi
zSj

z!, ~1!

whereJ.0 is the exchange coupling constant which defines
a ferromagnetic system andl is an anisotropy,Sa are clas-
sical spin components defined on the surface of a unit sphere,
and ^ i , j & are to be understood as first neighbor indices in a
square lattice. Forl50 we obtain the so-calledXY model
~that should not be confused with the planar model, that has
only two spin components! and for l51 the pure Heisen-
berg model. Thermodynamic properties of the Hamiltonian
~1! are well understood in the limitl50 following the work
of Berezinskii10 and Kosterlitz and Thouless.11 It has a phase
transition of infinite order at temperatureTKT , named
Kosterlitz-Thouless phase transition, with no long-range or-
der, which is characterized by a vortex-anti-vortex
unbinding.12 A vortex ~antivortex! is a topological excitation
where spins on a closed path around the excitation precess
by 2p (22p) in the same direction. WhenT KT is reached
from above the correlation lengthj and magnetic suscepti-
bility x behave as

j;ebjt
2n
, x;ebxt

2h
,

where t5(T2TKT)/TKT , with bj ,bx;1, n5 1
2 and h5 1

4.
When the system goes throughTKT a vortex-anti-vortex un-
binding process occurs increasing the entropy in the system.
Forl,1 we expect the same thermodynamic behavior since
the system is in the same universality class as theXYmodel.
The variation ofTKT with l is experimentally important.
Both analytical as well simulational results show thatTKT
depends weakly onl, except forl;1 whenTKT→0.

The dynamical behavior of theXY model was studied
theoretically with different predictions for the nature of the
neutron-scattering function. Villain13 analyzed the model in
the low-T limit in the harmonic approximation. He found
that the in-planeSxx correlation function behaves as

Sxx~q,v!;uv2vqu211h/2

with h51/4 at TKT , vq is the magnon frequency, and
Sxx(q,v) is obtained by Fourier transforming the space-time
correlation function.

In a hydrodynamic description, without vortex contribu-
tion, Nelson and Fisher14 found the in-plane correlation func-
tion

Sxx~q,v!;
1

q32h CS v

q D ,
where

C~y!;
1

u12y2u12h

around the spin-wave peak and

Sxx~q,v!;vh23

for large values ofv/q.
Both, Villain and Nelson and Fisher predicted a narrow

spin-wave peak to the out-of-plane correlation functionSzz.
By performing a low-temperature calculation which includes
out-of-plane contributions, Menezeset al.15 found a spin-
wave peak similar to that of Nelson and Fisher. In addition to
the spin-wave peak they found a central logarithmically di-
vergent peak.

At TKT vortex-anti-vortex pairs start to unbind, and vorti-
ces may diffuse through the system leading to a strong cen-
tral peak, at the same time the stiffness jumps to zero mean-
ing that the spin-wave peaks disappear.14,16

Mertens et al.17 have proposed a phenomenological
model to calculate the correlation function aboveTKT . Their
approach was based on a well succeeded ballistic approach
to the one-dimensional soliton dynamics in magnetic spin
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chains.18 They found a Lorentzian central peak forSxx and a
Gaussian central peak forSzz.

In a recent work, Evertz and Landau19 using spin-
dynamics techniques have performed a large-scale computer
simulation of the dynamical behavior of theXYmodel. They
found an unexpected central peak in theSxx correlation func-
tion for temperatures well belowTKT , and their results are
not adequately described by above theories.

From the experimental point of view, Wiesleret al.21

studied a very anisotropic material that is expected to have a
XY behavior. ForT,TKT they found spin-wave peaks but it
is not clear if a central peak is present. AboveTKT they
found the expected central peak in the in-plane correlation
function and the out-of-plane function exhibits damped spin
waves. More recently Song22 performed 89Y NMR experi-
ments on a powder sample of type-II superconductor
YBa2Cu3O72d around the Kosterlitz-Thouless temperature
in a magnetic field. In their experiment was observed only
local vortex motion and diffusive behavior seems to be ab-
sent.

Since recent experimental works and numerical ones
present results that are not in accordance with existent theo-
ries, mainly in aspects related to the central peak and vortex
motion, more work to investigate this subject is justifiable. In
fact, we found some results which are in agreement with
Song’s observation about vortex motion, that we present at
the conclusion.

In this work we present some Monte Carlo and molecular-
dynamics simulation in the CTDAHM defined by the Hamil-
tonian~1! for lÞ0. In Sec. II we discuss the effect of finite
anisotropy to both vortex components, in-plane and out-of-
plane. A limiting valuelc for the anisotropy is numerically
obtained. Forl,lc the most stable spin configuration is a

planar one. Forl.lc it develops a large out-of-planeSz

component near the center of the vortex. The behavior of
Sz as a function ofl is obtained. In Sec. III we calculate, by
using Monte Carlo~MC! and molecular-dynamics simulation
the in-plane correlation functionSxx and out-of-planeSzz, for
two values ofl, l,lc andl.lc . Finally in Sec. IV we
present our conclusions pointing out the relevant aspects in-
troduced by a finite anisotropy.

II. STATIC VORTEX SOLUTIONS

In this section we discuss the static vortex solutions to the
Hamiltonian ~1! for arbitrary 0<l,1, firstly in the con-
tinuum limit and then we obtain numerical solutions to the
discrete case.

The classical spin vector may be parametrized by the
spherical anglesQn andFn as

SW n5~cosQncosFn ,cosQnsinFn ,sinQn!. ~2!

In the continuum approximation for the Hamiltonian~1!,
Fn andSn

z5sinQn constitute a pair of canonically conjugate
variables, which allow us to write the equations of motion

Q̇n5
]H/]Fn

cosQn
, Ḟn5

]H/]Qn

cosQn
. ~3!

If Sa has an expansion like

Sa~xn6a,yn!5 (
k50

` S 6a
d

dxn
D kSa~xn ,yn!, ~4!

wherea is the lattice constant, we may rewrite~3! in a con-
tinuum version as

Q̇52J@cosF¹2~cosQsinF!2sinF¹2~cosQcosF!# ~5!

2cosQḞ52J$lcosQ@sin2F¹2sinQ1cos2F¹2~sinQcosF!#2sinQ@sinF¹2~cosQsinF!1cosF¹2~cosQcosF!#%, ~6!

where we kept term up to ordera2 in the expansion.
Single static vortex solution may be obtained from Eqs.

~5! and ~6! with the appropriate boundary conditions23

Sa~x,y!5Sa~2x,y!, limy→6`,

Sa~x,y!5Sa~x,2y!, limx→6`, ~7!

wherea5x,y. One solution can be readily seen as

Q050 and F05arctan
y

x
, ~8!

which describes an in-plane vortex~KT!.
We expect that the expression given by~8! should be a

stable solution for moderate values of the anisotropyl since
as long asl grows a smaller energy configuration may be
achieved if theSz component develops a nonzero value near
the vortex center. Unfortunately a complete analytical solu-
tion with QÞ0 is not available so far. However, if we con-

sider the limitsr→0 andr→`, wherer is the distance from
the center of the vortex, we may write approximate solu-
tions:

F5F0 , ~9!

sinQ5H 12Ar2, if r→0

BexpH 22S 12l

l D 1/2r J , if r→`

We do not really expect that the expressions given by~8!
and ~9! are good solutions for the discrete case in the limit
r→0 since variations onQ should be stronger there. It is
straightforward to calculate the contributions to the energy in
the continuum limit due to both configurations, Eqs.~8! and
~9!, they are dominated by a lnr term. We will see below that
this behavior persists up to values ofl quite nearl51. At
the Heisenberg limit the energy has a completely different
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behavior, the relevant excitations become instantons rather
than vortices which energy is a constant.20

In order to solve the discrete equations of motion given by
~3! in the static case, we use a simulated annealing approach,
which was shown to be quite powerful in determining abso-
lute minimum in spin-glass models.24 We minimize the
Hamiltonian~1! using diagonally antiperiodic boundary con-
ditions to thex andy spin components and diagonally peri-
odic one to thez component

Si ,0
a 5kSL2 i ,L

a , ~10!

S0,j
a 5kSL,L2 j

a ,

FIG. 1. In-plane spin components in a square lattice of linear
lengthL5100. Only the central region with 400 spins are shown
for a better visualization. One can see the presence of only one
vortice due to boundary conditions andTmin51025. The values of
anisotropy are~a! l50.700;~b! l50.710;~c! l50.990.

FIG. 2. Out-of-plane spin components in a square lattice of lin-
ear lengthL5 100. Parameters are the same as in Fig. 1.
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wherek521 if a5x,y and k51 if a5z and 0< i , j<L.
These boundary conditions are enough to create an odd num-
ber of vortex~antivortex! in the system and the ground state
has only one vortex~antivortex!, so that we can find numeri-
cally the stable vortex solution~in-plane or out-of-plane! for
each value ofl anisotropy.

We started the iteration by using the exact continuum vor-
tex solution given by~8! in a square lattice of linear size
L5100. In some cases we have usedL5400 with no signifi-
cant change in the final results. The iterative simulated an-
nealing process is implemented starting at temperature
Tinit50.1 until the minimumTmin51025. Steps in tempera-
ture, DT, are chosen so that the acceptation rate is main-
tained in 50%.

Results forSx,y and Sz are shown in Figs. 1 and 2 for
some values of the anisotropyl. Two types of behavior are
quite clear. There is a region ofl where the stable solution is

Sz50 and another region whereSzÞ0 near the vortex cen-
ter. We observe that forl'lc the S

z component is appre-
ciable only inside a small region near the vortex core. As
long asl increases,Sz becomes larger and the vortex core
grows. Because of theSz symmetry 1Sz and 2Sz are
equivalent solutions. In order to determine the critical value
of l we have obtained a series of solutions forSz andSx,y

for different values ofl. By measuring theSz component at
x5y5a ~wherea is a lattice constant! we determined where
it goes to zero. A plot of such results is shown in Fig. 3. The
Sz component goes to zero atlc.0.70960.001. The behav-
ior of Sz as a function ofl is well described by a function
(Sz)2;(l2lc)

n with n50.78560.004. Of course the exist-
ence of alc does not mean that the system undergoes a
phase transition, but just that the vortex develops an out-of-
plane component from this value ofl. We have also calcu-
lated the energy as a function of the distance to the center of
the vortex for some values ofl. Energy curves obtained by
simulation are shown in Fig. 4 as circles, diamonds, and
squares forl50.710, 0.900, and 0.990, respectively. The
dotted line comes from the exact continuous solution given
by Eq. ~8!. The inset shows a log-linear plot of energy as a
function of ln2r. The deviation from the logarithmic behav-
ior is clear.

FIG. 3. Out-of-plane squared component (Sz
2) as a function of

l. Circles are simulation points~from numerical vortex solution at
T'0) and the solid line is the fit using (Sz)2;(l2lc)

n.

FIG. 4. Vortex energy~measured in units ofJ) as a function of
the vortex diameter 2r . ~r is measured in units of lattice spacing.!
Energy curves forl50.710, l50.900 l50.990 are shown as
circles, diamonds, and squares, respectively. The dotted line comes
from Eq. ~8!. The inset shows a log-linear plot of energy as a
function of ln2r.

FIG. 5. In-plane correlation functionSxx(q,v) as a function of
v for l50.5 and~a! T50.60J/k0 ; ~b! T50.80J/k0 . Values for
q are shown in the inset.
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Now a natural question arises, how a finite anisotropy
changes the dynamical correlation functionsSxx and Szz?
Because the in-plane symmetry is not changed we do not
expect any drastic change inSxx. However, since for
l.lc the most stable vortex solution is forS

zÞ0 the devel-
opment of a central peak forSzzwill not be surprising. In the
next section we numerically calculate bothSxx andSzz.

III. DYNAMICAL CORRELATION FUNCTIONS

In the last section we observed a drastic change in the
Sz spin component when the anisotropyl exceedslc . Be-
cause the in-plane symmetry is not changed whenl goes
throughlc we do not expect any drastic change inS

xx. How-
ever, since the most stable configuration changes suddenly
from Sz50 to a nonzero value the development of a central
peak in theSzz correlation function will not be surprising.

In this section we present Monte Carlo–molecular-
dynamic simulation results we carried out to obtain the cor-
relation functionSxx and Szz for two values ofl, below
(l50.50) and above (l50.80) the critical anisotropy. Our
simulations were done on a 64364 square lattice with peri-
odic boundary conditions at temperatureT50.60 and
T50.80 in units ofJ/k0 which are below and above the

Kosterlitz-Thouless temperatureTKT .
Equilibrium configurations were created at each tempera-

ture using a Monte Carlo method which combines cluster
updates of in-plane spin components25 with Metropolis reori-
entation. After each single cluster update, two Metropolis
sweeps were performed. The cluster update is essential at the
low-temperature region, since the critical slowing down is
severe and it should not be possible to achieve thermody-
namic equilibrium in a reasonable computer time using only
the Metropolis algorithm. We have used in our simulation
200 independent configurations discarding the first 5000 hy-
brid sweeps for equilibration.

Starting with each equilibrated configuration, the time
spin evolution was determined from the coupled equations of
motion for each spin26

d

dt
SW i , j5SW i , j3VW i , j , ~11!

where

VW 5J(
a

~Si21,j
a 1Si , j21

a 1Si11,j
a 1Si , j11

a !êa

FIG. 6. Out-of-plane correlation functionSzz(q,v) as a function
of v for l50.5 and~a! T50.60J/k0 ; ~b!T50.80J/k0 . Values for
q are shown in the inset.

FIG. 7. In-plane correlation functionSxx(q,v) as a function of
v for l50.8 and~a! T50.60J/k0; ~b! T50.80J/k0 . Values forq
are shown in the inset.
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and a5x,y,z, êx and êy are unit vectors in thex and y
direction, respectively. Equation~11! was numerically inte-
grated by using a fourth-order predictor-corrector method27

with a time step ofdt50.025J21. The maximum integration
time wastmax530J21. A few runs with tmax560J21 were
done with the same results for our purpose, giving the same
physical results. The numerical integration stability is
checked out verifying that the constants of motion~energy
andz magnetization! remain constants with a relative varia-
tion of less than 1026 after 1200 time steps. To obtain
Saa(q,v) we first calculated the space-time correlation func-
tions,Saa( i2 j ,t) as

^Si
a~0,0!Sj

a~r ,t !&5
1

N (
i51

N

(
j51

N

Si
a~0!Sj

a~ t ! ~12!

for time steps of sizeDt50.1J21 up to 0.9t max and finally
averaging over all configuration.

By Fourier transformation in space and time we have ob-
tained the neutron-scattering functionSaa(q,v). We restrict
ourselves to momentaqW 5(q,0) and (0,q) with q given by

q5n
2p

L
, n51,2, . . . ,L.

Since these two directions are equivalent we averaged them
together to get better statistical accuracy. The frequency
resolution of our results is determined by the time integration
cutoff (50.9tmax) which introduces oscillations into
Saa(q,v). To reduce the cutoff effects we introduced
Gaussian spatial and temporal functions28 replacing
Saa(r ,t) by

Saa~r ,t !e2~1/2!~ tdv!2e2 ~1/2! ~rdq!2

to computeSaa(q,v). Cutoff parameters areDv50.05 and
Dq50.05.

Figures 5~a! and 5~b! show Sxx(q,v) for T50.6 and
0.8, andl50.5. There is no substantial difference from
those results obtained by Evertz and Landau in Ref. 19 to the
casel50. At low T we have only spin-wave peaks and
T.TKT only central peaks are displaced. The out-of-plane
Szz correlation function is shown in Fig. 6 to the same pa-
rameters and only spin-wave peaks are observed. The inter-
esting behavior comes up when we go throughlc . In Figs. 7
and 8 we show the in-plane and out-of-plane correlation
functions, respectively. ToSxx we observed the same quali-
tative behavior forl,lc , however forS

zz a very clear cen-
tral peak is developed forT.TKT . As commented before the
source of such a central peak seems to lie on the vortex
structure developed forl.lc .

IV. CONCLUSIONS

We have obtained numerically that the vortex developed
in the CTDAHM exhibit very different behavior depending
if the value of the anisotropyl lies below or above the
critical valuelc . For l,lc the spin components lie prefer-
entially in theXY plane, while forl.lc the most stable
configuration develops an out-of-plane component that
grows withl. We have shown that the out-of-plane dynami-
cal correlation function has a central peak forl.lc but not
for l,lc . Theories developed so far did not describe cor-
rectly the correlation function as discussed in Refs. 19, 21,
and 22. In an earlier work~Costaet. al29! suggested that
central peak might be due to a vortex-anti-vortex creation

FIG. 8. Out-of-plane correlation functionSzz(q,v) as a function
of v for l50.8 and~a! T50.60J/k0; ~b! T50.80J/k0 . Values for
q are shown in the inset.

FIG. 9. Number of vortices (Nv) as a function of time
@ t(0.1J21)#.
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annihilation process. We have calculated in our simulations
the fluctuation of the number of vortex with time for all
configurations, anisotropies and temperatures. Figure 9 is a
typical plot of the number of vortex as a function of time.
Below and aboveTKT the fluctuation of the number is very
strong. Pairs may annihilate at the positionrW on time t, re-
appearing atrW8 on t8. This process may introduce the dy-
namics to give the central peaks. This is in accordance with
the NMR results of Song in Ref. 22 who found only local
vortex motion in his measurements and with the central peak

for T,TKT found by Evertz and Landau19 in the in-plane
correlation function. An analytical calculation using a Master
equation approach in order to incorporate the creation-
annihilation process is now in progress.
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