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The thermodynamic properties~TP! of atom-vacancy solid solutions are investigated with molecular-
dynamics calculations usingN-body potentials. For the example of copper we analyze the vacancy concentra-
tion dependence of TP in the high-pressure simulations. Calculated pressure-induced TP of atom-vacancy solid
solutions in copper prove the necessity of accounting the peculiarities of the crystal structure and potential in
the study of vacancy-driven properties of solids.@S0163-1829~96!00234-2#

The high-pressure properties of solids have been the sub-
ject of a vast amount of attention over the past 40 years.
Usually the research on the influence of high pressures is
focused on the study of dynamic and static properties of
solids. The description of pressure-induced behavior is com-
plicated by phase formation. This is the reason why high-
pressure study traditionally converges to the investigation of
the conditions of formation and stability of phases under
pressure~see, for example Refs. 1 and 2!.

It is well-known that the existence of vacancy-type de-
fects~VTD’s! plays an important role in mechanical, optical,
and electrical properties of solids. VTD’s mostly define dif-
fusion and phase transformations in solids. Some recent
papers3,4 prove the vacancy-driven phase transitions as a
mechanism of the martensite transformation. Study of VTD
properties under pressure may therefore be an important
point in the understanding of the high-pressure behavior of
solids.5–7

The development of the theoretical study of VTD-induced
properties is limited by the need to consider solids with a
very low concentration of VTD’s. A typical value of the
VTD concentration ind metals is about 102321025 ~Ref. 8!
and in semiconductors it is even less (;1028210210).9

Thus the number of atoms that have to be taken into account
in cluster or supercell calculations for metals should be
1032105. Nevertheless, the size of the supercell may be de-
termined from the range over which VTD’s can effectively
interact with each other. This is not directly related to the
equilibrium concentration of VTD’s, which is a function of
temperature and formation energy through the Boltzmann
distribution. There should be some VTD-VTD separation
distance beyond which VTD interactions are negligible and a
relationship between vacancy formation energies and con-
centrations no longer exists. In this case the effective inter-
action radius,r0, is the physical parameter which determines
the size of calculation required to evaluate a VTD formation
energy which is comparable with the experimental data.10,11

Theoretical evidence of the existence of the physical param-
eterr0 is given by calculations for Al,

10 which shows almost

no variation in the formation energy for a change of the
supercell size from 8 to 32 atoms. The results of Ref. 10
indicate that this situation exists at quite high concentrations
of vacancies in Al. Even though the VTD concentrations in
this case are high and very far from reality, the obtained
values are in a reasonable agreement with the measured data.
For metalsr0 may be small due to the effective screening of
the charge variations by the almost free-electron gas, al-
though for semiconductorsr0 is larger due to the long-range
character of interatomic interactions.

To describe thermodynamic properties~TP’s! of atom-
vacancy solid solutions under pressure we have to use meth-
ods of statistical physics and to take into consideration a
crystal structure. That is the reason why in calculations of the
thermodynamic parameters for vacancies the molecular-
dynamics~MD! or Monte-Carlo~MC! methods are widely
used~see, for example, Refs. 3 and 4!. The main input to
MD or MC simulations is the interatomic potentials. The
necessity to calculate the relaxation of the lattice for metals
leads to the inclusion of volume-dependent terms in the in-
teratomic potentials. The account of these many-atomic
terms is very important for the correct calculation of vacancy
formation energy or relaxations of the lattice in the vicinity
of the ‘‘empty’’ site of the crystal lattice. This statement
follows immediately from the Cauchy relation, which is au-
tomatically satisfied for pairwise interactions and fails in me-
tallic systems. The same concerns the study of the behavior
of the metal with vacancies under pressure in MD or MC
simulations. Introducing nonpairwise interaction in metals as
will be shown leads to a nonlinear dependence on pressure of
thermodynamic properties in an atom-vacancy solid solution.

In order to evaluate the equilibrium concentration of
VTD’s under pressure we shall start with the representation
of the atom–VTD solid solution, assuming it to be of the
substitutional type. In the alloy with small concentration of
one component it is possible to assume an existence of a
disordered solid solution. The concentration of the vacancies
is very small (cv;102321025) and the disappearance of

PHYSICAL REVIEW B 1 OCTOBER 1996-IIVOLUME 54, NUMBER 14

540163-1829/96/54~14!/9726~4!/$10.00 9726 © 1996 The American Physical Society



the ordering state immediately leads to the statement~see
Ref. 12! that the Gibbs free energy of this solution may be
written in the following form:

G5E~cv!1kT@cvln~cv!1~12cv!ln~12cv!#1pV, ~1!

whereV is the atomic volume corresponding to the concen-
tration of vacanciescv and to external pressurep. E(cv) in
the unrelaxed pairwise interaction approximation is dis-
cussed in detail in Ref. 12. When many-body interactions are
accounted forE(cv) may be written as follows:

E~cv!5*Vcv
21~2Vav2Vaa!cv1Vaa1Emb~cv!, ~2!

*V5
1

2(rW,rW8
Vvv~rW,rW8!, ~3!

Vaa5
1

2(rW,rW8
Vaa~rW,rW8!,

Vva5
1

2(rW,rW8
Vva~rW,rW8!.

HereVvv(rW,rW8), Vaa(rW,rW8), Vva(rW,rW8) are the pairwise inter-
action potentials between two vacancies, between two atoms,
and between an atom and a vacancy, respectively.12 Summa-
tion is done over vectorsrW andrW8, which link lattice sites of
the parent lattice~fcc in the case of copper!. Emb(cv) is the
term which contains many-body interactions and is, in prin-
ciple, concentration dependent. Using Eq.~1! and the equi-
librium condition]G/]cv50 one immediately gets

cv5F11expS dHdcv 1

kTD G
21

. ~4!

H is the enthalpy andH5E(cv)1pV(cv). This expression
is more general than the Boltzman distribution

cv;expS 2
Hv

kTD , ~5!

which is usually used to describe the temperature depen-
dence of the vacancy concentration. Equation~4! may be
reduced to Eq.~5! if one makes a linear approximation for
the concentration dependence ofH,

H~cv!5H01cvHv , ~6!

with Hv independent ofcv andHv..kT. Equation~4! is a
Fermi-type distribution function of vacancies in a completely
disordered atom-vacancy solid solution. Making use of Eq.
~2!, Eq. ~4! may be rewritten as follows:

cv5S 11expH F S 2*V1
]2Emb

]cv
2 D cv2Vaa12Vva

1
]Emb

]cv
1p

dV

dcv
G 1kT J D 21

. ~7!

It is customary to suggest that at some pressurep

V5Va
p1Vv

p cv
12cv

2*Vcv , ~8!

hereVa
p is an atomic volume,Vv

p is a vacancy formation
volume, and*V is a measure of the deviation ofV from
Zen’s law. Let us turn to Eq.~6! which is usually treated as
the definition of the formation energy of vacancies. It may be
considered as the first term of a polynomial function:

H~cv!5H01cvHv
~0!1

1

2
cv
2Hv

~1!1•••. ~9!

HereHv
(0) andHv

(1) are the expansion coefficients. Introduc-
ing the square term allows us to get the concentration-
dependent formation enthalpy of vacancies:

Hv5
dH
dcv

5Hv
~0!1cvHv

~1!1•••. ~10!

Confining the powers to the first two terms of Eq.~10! we
obtain

Hv
~0!52Vaa12Vav1p~Vv

p2Va
p!1

]Emb

]cv
, ~11!

and

Hv
~1!52~*V1*Vp!1

]2Emb

]cv
2 . ~12!

Expression~12! gives a physical meaning of the additional
term 1/2Hv

(1)cv
2 which is determined by the mixing energy in

the pairwise interaction approximation, the mixing volume in
atom-vacancy solid solution, and by the second derivative of
the many-body term on concentration of vacancies. Here we
assume that*V is a pressure-independent term and so there
are only two pressure-dependent contributions to the aver-
aged atomic volumeV. The term includingHv

(1) is linked
with the mixing enthalpy of solid solutions, which in the
model of a regular solid solution is represented as

DH5Uc~12c!. ~13!

Comparing the term proportional toc2 with the correspond-
ing term proportional tocv

2 from Eq. ~9! we find

Hv
~1!522U. ~14!

ThusU should consist of two terms: one is the energy of
vacancy-vacancy pairwise interactions and the second is pro-
portional to ]2Emb/]cv

2 and is the nonlinear change of
many-body interactions in atom–VTD solid solution.

To obtain detailed information on the pressure depen-
dence of TP of atom-vacancy solid solutions we have per-
formed molecular-dynamics~MD! simulations for copper,
using a cell with 256 atoms. Constant pressure, periodic
boundary conditions were used in the evaluation of the en-
thalpy of the ideal lattice,H256, and of the cell with a va-
cancy,H255. The enthalpy of vacancy formation was calcu-
lated for different pressures according to the standard
definition:

Hv
f 5HN212

N21

N
HN , ~15!
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where N is the number of atoms in a supercell,HN21 and
HN are the total enthalpies of all the atoms in supercells with
the vacancy and without it, respectively.

We allow the simulation to relax the positions of the ions
around the vacancy at any fixed value of pressure. We would
like to emphasize that this is an essential feature of the MD
technique, which enables us to determine the relaxed posi-
tions of individual atoms. We used for our calculations the
N-body potential for Cu from Ref. 13. The value of the for-
mation volume for a vacancy in Cu was calculated just as
shown by Eq. 15. We got the value of formation volume for
pressure equal to zeroV f58.3 Å3. This result is in good
agreement with the experimental results for Cu,V f50.8V,
whereV is a volume per atom for an ideal crystal~see Refs.
15! which for Cu isV511 Å3. The obtained agreement with
experimental results and the tests on system size in Refs. 13
and 14 show that in theN-body potential description the
effective interaction radius for vacancies in copper is less
than 14.46 Å, which is the size of the supercell for 256 atoms
at zero pressure. The use ofN-body potentials in the MD
study of the pressure-induced VTD properties is important
due to the tight-binding character ofN-body potentials: pair
potentials give the same value for vacancy formation energy
as for cohesive energy, while experiments show these quan-
tities to be different by a factor of 3.

Further, fixing cv , we proceed to study the pressure-
induced TP on the example of copper in the assumption of
Hv

(1)5const. This assumption means that our simulations are
devoted to the study of the crystal potential response on the
TP of atom-vacancy solid solution under pressure. Figure 1
shows the results of the modeling of the pressure dependence
of the supercell size. We carried out our calculations for Cu
in a fcc lattice. The curvature of the equation-of-state curve
of the ideal crystal structure is somewhat different from that
of the lattice with the vacancy concentration 3.931023.
Such a concentration corresponds to the existence of one
vacancy per 256 atomic supercell. We note that thep(V)
dependence in our calculations is not linear and that the com-
pressibility of Cu with vacancies is slightly higher.

The behavior of the energy of vacancy formation calcu-
lated according to Eq.~15! is plotted in Fig. 2. The formation
energy is characterized by the strong nonlinear growth of its
value with the growth of pressure. This result has encour-
aged the additional detailed study of the properties of vacan-

cies in a wide pressure region. The dependence of the va-
cancy formation volume,V f , vs pressure is also shown in
Fig. 2. We conclude thatV f for copper increases slightly at
low pressures~up to 20 kbar! and after that starts to decrease
significantly abovep5150 kbar. The explanation of the ob-
tained phenomena is presented in Fig. 3. Understanding that
V f is the difference of the atomic volume and the relaxation
volume we have plotted together with the curve ofV f vs p
the relaxation volume and the atomic volume dependences.
The relaxation volume strongly decreases at small pressures
and has the opposite dependence to the vacancy formation
volume. Due to the rapid decrease of the relaxation volume
in comparison with the rate of decrease of atomic volume the
effect of growth ofV f is obtained. In the high-pressure re-
gion the calculations show the rapid growth of the relaxation
volume that leads to the decreasing ofV f . This growth of
the relaxation volume reflects the significant weakening of
the bonds in the high-pressure region. This surprising re-
sponse to applied pressure may be related to the ‘‘Poisson
contraction’’ effect of the,001. dumbbell copper self-
interstitial. In that case a uniaxial tensile strain along
,001. reduces the separation between the dumbbell
atoms.14

In Fig. 4 we have plotted the difference between the ideal
~Arrhenius! and nonideal dependences of vacancy concentra-

FIG. 1. The pressure dependence of the 256-cite supercell size
~Å! with ~solid line! and without~squares! vacancy for copper from
theN-body potential MD simulations.

FIG. 2. The vacancy formation energy~triangles!, and the va-
cancy formation volume in Å3 ~squares! calculated for different
pressures for copper with theN-body potential-MD simulations on
256-cite supercell.

FIG. 3. The equation of states~solid squares! plotted together
with the pressure dependence of the relaxation volume in Å3 ~solid
circles! and the vacancy formation volume in Å3 ~triangles! as a
result of the same MD simulations on 256-cite supercell.
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tions. An Arrhenius-type dependence implies a pressure-
independent vacancy formation energy. A difference of loga-
rithms of concentrations of 0.3 leads to a decreasing of
vacancy concentrations by a factor of 1.3.

The results of the MD simulations on the example of cop-
per in the constantHv

(1) approximation shows clearly the
nonlinear behavior of the pressure-induced TP of the atom–

VTD solid solution even if we neglectVvv andVva contri-
butions. Such simulations show the influence of the crystal
potential on the calculations of vacancy properties under
pressure. The influence on TP of an atom-vacancy solid so-
lution of a metal lattice with vacancies is actually a conse-
quence of the nontrivial response of the relaxations to the
applied pressure. It comes from two factors:~i! the interac-
tion of vacancies, even when their concentration is small;~ii !
the nonpairwise character of interatomic forces in metals.

The dependence of the vacancy formation energy and vol-
ume on pressure has to be obtained from experimental study
of processes where vacancies play a key role. In particular
this concerns the study of the pressure behavior of the diffu-
sivity D. Usually such experiments are aimed at obtaining a
knowledge about the formation volume. This volume is ob-
tained from the slope of] lnD/]p on pressure. However, our
simulations have shown that this slope will be different for
different pressures. Thus more delicate analysis of experi-
mental data in this case is needed to account the deviations
from the straight line in] lnD/]p as a function of pressure.
The extraction of the data on formation volume for Cu, for
example, as shown in our simulations~see Fig. 3!, may be
performed only in the pressure region 25–75 kbar. In this
region the vacancy formation volumeV f may be assumed to
be pressure independent.
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