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Magnetic properties~phase diagrams, compensation temperatures, and magnetizations! of ferrimagnetic
disordered binary alloy Ising films are investigated within the framework of standard mean-field theory. The
obtained results show some outstanding features, such as the decrease of the critical temperature with increas-
ing number of layers or the existence of multicompensation points in the system.@S0163-1829~96!03037-8#

I. INTRODUCTION

A number of theoretical and experimental works in the
area of magnetic thin films have been stimulated by recent
technological progresses. In particular, modern high-vacuum
techniques, such as the epitaxial growth techniques, allow
one to fabricate very thin magnetic films of controllable
thickness1–3 that may show a number of interesting phenom-
ena not observed in the bulk materials. From the theoretical
point of view, the Ising model has been frequently and suc-
cessfully adopted for the description and understanding of
many characteristic features of thin magnetic films. During
the last decade various types of Ising thin films have been
often investigated by using the standard mean-field theory4–6

and the effective-field theory7–10 that correctly account for
self-spin correlations. A more elaborated method~so-called
third-order Matsudaira approximation! has also been applied
for the case of a diluted ferromagnetic Ising thin film.11 Most
of the above-mentioned works have been devoted to the
study of thickness dependences of the critical temperature
and magnetization. Very recently, some attention has been
directed to understanding of the transverse field12–15 and
crystal field16,17 effects as well as the first-order phase
transition18 of the thin ferromagnetic films. A more compli-
cated model of the ferromagnetic thin film with binary-alloy-
type free surface has been studied as well.19

Here, one should emphasize that the above-mentioned
theoretical works deal exclusively with the ferromagnetic
thin films, although experimental data of ferrimagnetically
ordered thin films have been recently reported in some ex-
perimental works.20 As far as we know, however, no at-
tempts have been made to study thin films ordered ferrimag-
netically. In this work, the standard mean-field
approximation is applied to study a ferrimagnetic Ising thin
film with the s.c. symmetry. The film consists ofn binary-
alloy-type layers composed of two kinds of atoms with dif-
ferent spins that are randomly distributed in each layer. In
fact, recent theoretical studies of ferrimagnetic disordered
binary alloysApB12p have revealed a number of unexpected
and interesting results,21–24 such us the existence of multi-
compensation points or new types of temperature depen-
dences of magnetization. Therefore it is also interesting to
investigate whether similar behaviors may also be observed
in binary alloy thin films.

The outline of this paper is as follows. In Sec. II, the
general mean-field theory for the description of binary alloy

thin films consisting of two kinds (A andB) of atoms with
arbitrary spins (SA and SB) is developed. In Sec. III, the
numerical results for the case ofSA51/2 andSB51 are pre-
sented and discussed. Concluding remarks are given in Sec.
IV.

II. FORMULATION

We consider an Ising binary-alloy-typen-layer thin film
with the simple cubic~s.c.! symmetry, as depicted in Fig. 1.
The system consists of two kinds of magnetic atoms~de-
notedA andB) with arbitrary spinsSA andSB that are ran-
domly mixed in each layer. The composition of the system is
assumed to beApB12p , wherep is the concentration of the
A atoms and (12p) is the concentration of theB atoms. The
Hamiltonian of the system is given by

H52(
i, j

Ji j @~j jASjA
z 1j jBSjB

z !j iASiA
z

1~j jBSjB
z 1j jASjA

z !j iBSiB
z #, ~1!

where the summation is over all nearest-neighbor pairs, and
the spin variablesSiA

z andSiB
z take 2SA11 and 2SB11 val-

ues that are allowed forA andB atoms, respectively. The

FIG. 1. Part of two-dimensional cross section through the
magnetic binary alloy thin film consisting of two kinds of
atoms A and B. The exchange parameters are labeled as
JA
s , JB

s , JAB
s , JA , JB , and JAB depending on the position and

type of atoms.
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exchange interaction parametersJi j depend on the type of
bond and the position of atoms, and they can take the fol-
lowing values:

Ji j55
JA
s.0, for the A–A bond in the surface layer;
JA .0, for the A2A bond otherwise;
JB
s.0, for the B–B bond in the surface layer;
JB.0, for the B–B bond otherwise;
JAB
s ,0, for the A–B bond in the surface layer;
JAB,0, for the A–B bond otherwise.

The occupation numbersj ia50,1 (a5A,B) depending
whether thei th site is occupied by an atom of typea or not,
and they satisfy the relations

j iA1j iB51 and ^j iA&c1^j iB&c51, ~2!

where ^•••&c denotes the random configurational average.
Thus, theA andB atoms are randomly distributed in the thin
film with the concentration̂j iA&c5p and^j iB&c512p, re-
spectively.

Now, let us define the magnetization per site in thekth
layer as

mk5pmAk1~12p!mBk , ~3!

wheremak5!j iaSia
z @c /^j ia&c , and^•••& means the ther-

mal average. When we use the standard mean-field approxi-
mation, then for the ferrimagnetic thin film consisting ofn
layers one obtains the following set of equations for the mag-
netizationsmak :

mA15SAFA~bEA1SA!, mB15SBFB~bEB1SB!,

mA25SAFA~bEA2SA!, mB25SBFB~bEB2SB!,

.

.

. ~4!

mAK5SAFA~bEAkSA!, mBk5SBFB~bEBkSB!,

.

.

.

mAn5SAFA~bEAnSA!, mBn5SBFB~bEBnSB!.

Here,b51/(kBT), Fa denotes the familiar Brillouin func-
tion

Fa~x!5
2Sa11

2Sa
cothS 2Sa11

2Sa
xD2

1

2Sa
cothS 1

2Sa
xD ,

a5A or B, ~5!

and the mean effective fieldsEa i are given by

EA15p~4JA
smA11JAmA2!1~12p!~4JAB

s mB11JABmB2!,
~6!

EB15p~4JAB
s mA11JABmA2!

1~12p!~4JB
smB11JBmB2!,

EA25pJA~mA114mA21mA3!

1~12p!JAB~mB114mB21mB3!,

EB25pJAB~mA114mA21mA3!

1~12p!JB~mB114mB21mB3!,

A

EAk5pJA~mAk2114mAk1mAk11!

1~12p!JAB~mBk2114mBk1mBk11!,

EBk5pJAB~mAk2114mAk1mAk11!

1~12p!JB~mBk2114mBk1mBk11!,

A

EAn5p~4JA
smAn1JAmAn21!

1~12p!~4JAB
s mBn1JABmBn21!,

EBn5p~4JAB
s mAn1JABmAn21!

1~12p!~4JB
smBn1JBmBn21!.

In order to obtain the transition temperatureTc , it is nec-
essary to solve the coupled equations~4!. For this purpose,
we expand the right-hand sides of these equations and con-
sider only terms linear inmak . Then, for then-layer thin
film we obtain the following matrix equation:

AS mA1

mB1

A

mAn

mBn

D 50, ~7!

where the form of the matrixA depends only on the thick-
ness of the film and can be easily found from the linearized
Eqs. ~4!. The critical temperature of the system is then de-
termined from the condition

detA50. ~8!

The compensation temperatureTk is a temperature at which
the resultant~or total! magnetization vanishes below the
critical point. For our system, the total magnetization is
given by

M5 (
k51

n

mk , ~9!
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wheremk means the magnetization in thekth layer defined
by ~3!. Consequently, the compensation temperature of our
system is determined from the equation

p(
k51

n

mAk1~12p!(
k51

n

mBk50, ~10!

in which the magnetizationsmak are solutions of~4!. Fur-
thermore, it is useful to note the possibility of the compen-
sation atT50. In the limit ofT→0 we obtain from Eqs.~4!
solutionsmAk52SA and mBk5SB ,;k ~or mAk5SA and
mBk52SB ,;k). Substituting these solutions into Eq.~10!,
one finds that forT50 and nonzero exchange interactions,
the compensation always appears in our system at a certain
concentration, which is exactly given by

p05
SB

SA1SB
. ~11!

Finally, one should note that the formulation presented in
this section is very easily extendable to more complicated
systems. For example, if the crystal-field term is included
into Hamiltonian~1! all equations in our formulation remain
unchanged, but the Brillouin function must be replaced by
another functionFa(x) defined as follows:

Fa~x!5
( l52Sa

Sa l exp~bDal
2!sinh~ lbx!

( l52Sa

Sa exp~bDal
2!cosh~ lbx!

, ~12!

whereDa denotes the crystal-field parameter.

III. NUMERICAL RESULTS

In this section, we present numerical results for the phase
diagrams (Tc), compensation temperatures (Tk), and magne-
tizations of then-layer ferrimagnetic thin film selecting
SA51/2 andSB51. For this aim, it is convenient to intro-
duce the following dimensionless parameters:

a15JAB
s /JA , a25JB

s /JA , a35JA
s /JA ,

b15JAB /JA , b25JB /JA . ~13!

Of course, the behavior of our thin-film system will depend
on the values ofai ,bi as well as the thickness of the film. In
fact, many numerical calculations have been done selecting
representative sets of the parametersai andbi , however, it is
clearly impossible to present all the results. Therefore, most
of the results that are qualitatively similar as those of bulk
ApB12p binary alloy

25 have been excluded from the present
analysis. Before discussing the results, it is also worth notic-
ing that in the real rare-earth~RE!/transition metal~TM! fer-
rimagnetic alloys the exchange interactionsJA , JAB , and
JB correspond to TM-TM, RE-TM, and RE-RE interactions,
respectively. The magnitudes of interaction usually satisfy
the relationJB,uJABu,JA . Accordingly, in the following,
let us study the systems satisfying the inequality and exam-
ine whether some interesting phenomena can be observed in
them.

At first, Figs. 2 and 3 show the concentration dependences
of critical and compensation temperatures for thin films of
different thicknesses (n52, 3, and 10! for two sets of pa-
rameters. In Fig. 2, we have selectedua1u5a25a3
5ub1u5b251.0. In the figure, both the critical and compen-
sation temperature exhibit behaviors very similar to those of
usualApB12p disordered binary alloys.25 In particular, one
should notice that the compensation temperatureTk may in-
crease with the increase of the thickness in the thin film,
when the concentration is fixed, for instance, atp50.7. Such

FIG. 2. Concentration dependences of the critical temperature
Tc ~dashed curves! and the compensation temperatureTk ~solid
curves! for ferrimagnetic binary alloy thin films of different thick-
nesses (n52,3,10), whenua1u5a25a35ub1u5b251.0.

FIG. 3. The same as in Fig. 2 but forua1u5a25a35b251.0
andb1520.01.

FIG. 4. Concentration dependences of the critical temperature
Tc ~dashed curves! and the compensation temperatureTk ~solid
curves! for ferrimagnetic binary alloy thin films of different thick-
nesses (n52,3,10), when a1520.9, a250.1, a351.0,
b1520.5, and b250.1.
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a behavior may be observed experimentally in a ferrimag-
netic thin film when the film thickness increases. On the
other hand, some characteristic results are found by selecting
the small values of the parameterb1, as illustrated in Fig. 3
for the system withb1520.01. Namely, in a certain range
of concentration~roughly estimated 0.45,p,0.92) the criti-
cal temperature decreases with increasing thickness of the
thin film. The behavior may appear in the system when one
of the exchange parametersJAB or JB becomes weak~i.e.,
ub1u!1 or b2!1) and the region in which this phenomenon
can be observed depends on the values of other exchange
parameters. In Fig. 3, an interesting behavior is observed for
the concentration variations of the compensation tempera-
ture: the possibility of two compensation points appears in
the system when the thickness of the film becomes thick
enough. As far as we know, these phenomena have not been
reported in the literature of thin magnetic films.

Let us now investigate whether such a characteristic be-
havior can be observed in the system which satisfies the in-
equalityJB,uJABu,JA . The case is illustrated in Figs. 4–6
for the system with the values of exchange parameters fixed
as a1520.9, a25b250.1, a351.0, when some typical

values of the parameterb1 are selected. From the figures, one
can see that the critical temperature decreases with increas-
ing thickness of the thin film in a wide concentration region
because bothJAB andJB are weak. In particular, two or three
compensation points can be observed in the system when the
parameterb1 takes a small value, such as in Fig. 5. The inset
of Fig. 5 shows in detail the case when three compensation
points are possible. Generally speaking, one can find the fol-
lowing important fact: As illustrated in Figs. 6 and 7, the
multicompensation points can be rather easily found for
n>4, when the exchange parameterJAB takes very small
values. Then, notice that the conditionuJAB

s u>uJABu seems to
be of principal importance for the appearance of the multi-
compensation points in ferrimagnetic thin films. Although it
is impossible to prove this condition analytically, we could
not find multicompensation points when this condition has
not been valid. Thus, the results presented in this section
indicate that multicompensation points can be easily found in
the ferrimagnetic films of rather great thickness~for ex-
ample,n510). From this fact, one can expect that similar
behaviors may be found for the bulk disorderedApB12p al-
loy with a free surface. Further, one can see from the figures
that the compensation temperature reduces independently of
n to zero atp052/3 in agreement with Eq.~11!.

Finally, to prove whether the predictions of the phase dia-
grams obtained in Figs. 2–7 are correct or not, it is necessary
to study the temperature dependence of the total magnetiza-
tion ~9!. The temperature variations of the total and layer

FIG. 5. Concentration dependences of the critical temperature
Tc ~dashed curves! and the compensation temperatureTk ~solid
curves! for ferrimagnetic binary alloy thin films of different thick-
nesses (n52,3,5,10), when a1520.9, a250.1, a351.0,
b1520.2, andb250.1. The inset shows in detail the dependence
of the compensation temperature for the five-layer thin-film system
(n55) near the critical boundary line.

FIG. 6. Concentration dependences of the critical temperature
Tc ~dashed curves! and the compensation temperatureTk ~solid
curves! for ferrimagnetic binary alloy thin films of different thick-
nesses (n52,3,4,5,10), when a1520.9, a250.1, a351.0,
b1520.01, andb250.1.

FIG. 7. The same as in Fig. 6 but fora1520.5,
a250.01, a351.0, b1520.05, and b250.01.

FIG. 8. Temperature variations of the absolute value of the total
magnetization for then-layer ferrimagnetic binary alloy thin film,
whena1520.9, a250.1, a351.0, b1520.2, b250.1, and the
concentrationp is changed.
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magnetizations are presented in Figs. 8 and 9 for the system
that exhibits two compensation points. The results are
equivalent to the predictions ofTk andTc obtained from the
phase diagram~or Fig. 5!. In particular, the magnetization
curves labeledp50.49 and 0.6 exhibit some characteristic
features. Thus, the results of Fig. 8 represent the types of
magnetization that have not been predicted in the classical
Néel theory.26 However, notice that they are qualitatively
very similar as those reported in Refs. 21–24 for other sys-
tems. In Fig. 9, the corresponding layer magnetizations are
plotted. The layer magnetizations exhibit also their own
compensation points that are, of course, not directly related
to the compensation point of the total magnetization.

IV. CONCLUSION

In this work, we have studied the ferrimagnetic binary
alloys thin films consisting of two kinds of Ising-type atoms.
In Sec. II, we have developed the general mean-field theory

which can be applied for studying various effects in the sys-
tems under consideration. The detailed numerical analysis
has been restricted to the systems with fixed spin values,
namely,SA51/2 andSB51, and the most interesting results
have been presented in Sec. III. Our investigation has re-
vealed some results that have not been predicted for the thin
magnetic films. In particular, we have found that in some
concentration regions the critical temperature can decrease
with increasing thickness of the thin film, when the exchange
interactionJAB or JB takes a small value. Of course, the
critical temperature of the system under investigation is in-
dependent of the signs ofJAB

s andJAB , and hence our results
for the phase boundaries are also valid for ferromagnetic
binary alloy thin films. From the investigation of the com-
pensation temperature, on the other hand, we can conclude
that multicompensation points can be found in the ferrimag-
netic binary alloy thin films when the condition
uJAB

s u>uJABu is fulfilled. As shown in Figs. 8 and 9, the new
types of temperature dependences of the total magnetization
can be observed in the system. At this place, one should
notice that the investigation of compensation points becomes
important in connection with possible technological applica-
tions, since some of ferrimagnetic materials are used as re-
cording media. We hope that systems similar to those dis-
cussed in this paper may be prepared experimentally, so that
the experimental search of the multicompensation points will
be possible in the future.

Finally, the formulation presented in this paper can be
also extended to include the crystal- or transverse-field ef-
fects that may lead to some interesting results. Some of these
problems will be studied in the near future.
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mun.74, 155 ~1990!.

6H. K. Sy and M. H. Ow, J. Phys. Condens. Matter4, 5891~1992!.
7G. Wiatrowski, T. Balcerzak, L. Wojtczak, and J. Mielnicki,
Phys. Status Solidi B138, 189 ~1986!.

8T. Hai and Z. Y. Li, Phys. Status Solidi B156, 641 ~1989!.
9G. Wiatrowski, J. Mielnicki, and T. Balcerzak, Phys. Status Solidi
B 164, 299 ~1991!.

10X. Z. Wang, X. Y. Jiao, and J. J. Wang, J. Phys. Condens. Matter
4, 3651~1992!.

11T. Balcerzak, J. Mielnicki, G. Wiatrowski, and A. Urbaniak-
Kucharczyk, J. Phys. Condens. Matter2, 3955~1990!.

12J. L. Zhong, C. Z. Yang, and J. L. Li, J. Phys. Condens. Matter3,
1301 ~1991!.

13X. Z. Wang and Y. Zhao, Physica A193, 133 ~1993!.
14E. F. Sarmento and J. W. Tucker, J. Magn. Magn. Mater.118,

133 ~1993!.
15J.W. Tucker, E. F. Sarmento, and J. C. Cressoni, J. Magn. Magn.

Mater.147, 24 ~1995!.
16T. Kaneyoshi and T. Balcerzak, Physica A197, 667 ~1993!.
17T. Balcerzak and T. Kaneyoshi, Physica A206, 176 ~1994!.
18G. Wiatrowski, Physica B212, 364 ~1995!.
19G. Wiatrowski, J. Magn. Magn. Mater.136, 209 ~1994!.
20G. Srinivasan, B. Uma, Maheshawan Rao, J. Zhao, and M. Sae-

hra, Appl. Phys. Lett.59, 372~1991!; B. X. Gu, H. Y. Zhang, H.
R. Zhou, M. Lu, Y. Z. Maio, and B. G. Shen, Z. Phys. B94, 369
~1994!; G. Vertesy, I. Tomas, and L. Pust, J. Magn. Magn.
Mater.148, 260 ~1965!.
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