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We have investigated the energies of a number of phases of ZrO2 using models of an increasing degree of
sophistication: the simple ionic model, the polarizable ion model, the compressible ion model, and finally a
model including quadrupole polarizability of the oxygen ions. The three structures which are observed with
increasing temperatures are monoclinic, tetragonal, and cubic~fluorite!. Besides these we have studied some
hypothetical structures which certain potentials erroneously predict or which occur in other oxides with this
stoichiometry, e.g., thea-PbO2 structure and rutile. We have also performedab initio density functional
calculations with the full-potential linear combination of muffin-tin orbitals method to investigate the cubic-
tetragonal distortion. A detailed comparison is made between the results using classical potentials, the experi-
mental data, and our own and otherab initio results. The factors which stabilize the various structure are
analyzed. We find the only genuinely transferable model is the one including compressible ions and anion
polarizability to the quadrupole level.@S0163-1829~96!00334-7#

I. INTRODUCTION

ZrO2 is an important industrial ceramic combining high-
temperature stability and high strength.1 It is used as an oxy-
gen sensor, in fuel cells, O2 pumps, and as susceptors for
induction heating, as well as artificial diamonds. In order to
understand its properties and predict them there is a need for
atomic scale simulation, which requires a reliable model for
the energy and interatomic forces. Such a model should be
transferable between different crystal structures and physical
conditions. The wide range of applications, particularly those
at high temperature, makes the derivation of atransferable
atomistic modelespecially important because experimental
measurements of material properties at elevated temperatures
are difficult to perform and are susceptible to errors caused
by the extreme environment. First principles, orab initio
calculations, which are based on solving the Kohn-Sham or
Hartree-Fock equations for the electronic structure, give the
most reliable information about properties, but they are only
possible for very simple structures involving a few atoms per
unit cell. For example, they have been used to map the en-
ergy for the tetragonal-to-cubic phase transformation;2,3 but
even the perfect ground-state monoclinic structure would re-
quire for anab initio treatment computer power beyond what
is presently available to most laboratories. An atomistic
model which can be used to investigate properties of com-
plex structures at all temperatures and pressures is the goal of
this paper.

Previous work in this direction has been based on the
ionic model, extended by including polarizable ions—the
shell model.4 The starting point for our present model is also
an ionic description; that is, ZrO2 is treated as Zr41 and
O22 ions, which we extend by using a polarizable-ion model
~PIM!,5 which has been shown to give a better description of
the underlying physics than the old shell model,4 but with the
additional features of compressible ions and quadrupolar dis-
tortions. We found the original shell model to be inadequate
to account for the observed crystal structures of ZrO2. In
order to keep our development physically motivated, we ex-

amine carefully the effect of polarizable ions on the energet-
ics of different crystal structures. It is useful to start by con-
sidering how the rigid ions may pack together as hard
spheres. This will set the scene for understanding the ob-
served structures in ZrO2.

Although the prediction of crystal structures using radius-
ratio rules is not so well justified for oxides as for halides,
because the anion volume depends more on the specific crys-
talline environment,6–8 it is possible to look attrends in
terms of the cation radii as these are generally well defined
and transferable between different crystal structures. The
general rule, that the larger the cation the larger the cation-
anion coordination number, still applies despite the expected
fluctuations in the anion volume. Table I shows a structure
map for a range of systems with stoichiometry MO2. The
smallest cations~Si and Ge! form four-coordinate silicalike
structures based on corner-linked MO4 tetrahedra. The
‘‘medium’’-sized cations tend to form the six-coordinated
rutile structure while the larger~actinide! cations form the
eight-coordinate fluorite structure. Both ZrO2 and HfO2
have a seven-coordinate monoclinic structure as their ground
state. In terms of coordination number it is intermediate be-

TABLE I. MO 2 structure map. The smallest cation~Si41) is at
the top with the largest~actinide! cations at the bottom.

Ion Structure Cation Coordination Number

Si Silica 4
Ge Silica 4

Ti
Sn Rutile 6
Pb

Zr Monoclinic 7
Hf Monoclinic 7

U
Th Fluorite 8
Ce
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tween the rutile and the fluorite structures. The cations ap-
pear too large to form an efficiently packed rutile structure
but too small for the fluorite structure to be energetically
favorable. In fact there is a fluorite structure for ZrO2 at
higher temperature, as discussed below, but if its coordinates
are extrapolated to 0 K, the O-O nearest-neighbor separation
is short compared to those observed in oxides with fluorite
ground state.9

The rutile and fluorite structures are relatively efficient in
terms of the packing of the respective sublattices in order to
maximize anion-cation interactions and minimize the high-
energy cation-cation interactions. The cations occupy holes
such that the cation-cation nearest-neighbor separation,r11

NN

is greater than the anion-anion analogr22
NN The driving force

is the greater cation charge which results in a greater cation-
cation Coulombic repulsion~whose energy goes as the cation
charge squared! with respect to the anion-anion repulsions.
As a result these systems can be termedcharge ordered.
There is no simple seven-coordinate structure that allows for
such efficient packing. This simple analysis, based essen-
tially on packing charged spheres of appropriate radius,
points to the structure of ZrO2 ~and HfO2) being determined
by a more subtle balance of effects than may be the case in
the rutile or fluorite MO2 systems.

Further evidence for this subtle balance of effects lies in
the rich and varied structures taken by both ZrO2 and
HfO2 with increasing temperature and pressure. On increas-
ing the temperature both systems change their structure in
the sequence monoclinic~7 coordinate cations!→ tetragonal
(.8 coordinate cations! → fluorite ~8 coordinate! prior to
melting.1 Evidence is increasing that with increasing pres-
sure both form two phases with orthorhombic
symmetry:10–16 a low-pressure orthorhombic phase closely
related to the monoclinic and a higher-pressure phase with a
distorted cotunnite~PbCl2) structure.

We now describe in detail the structures which are impor-
tant for ZrO2. In fluorite, the stable structure above 2000 K,
the eight-coordinate cations form a fcc lattice with the anions
occupying all the available tetrahedral holes. The tetragonal
structure is stable down to 1200 K when cooled and up to
1450 K when heated17 and can be derived from the cubic via
appropriate shifts in lines of anions. This shift is accompa-
nied by an increase of thec/a ratio fromA2 for the perfect
cube to. 1.45.

We also consider the rutile structure as the structure map
of Table I indicates that both ZrO2 and HfO2 are intermedi-
atebetween rutile and fluorite in terms of cation size. Here,
the anions form a distorted close-packed lattice with the cat-
ions in the octahedral holes. An alternative viewpoint is to
consider this structure as an array of edge- and corner-linked
MO6 octahedra.

18 Figure 1 shows the experimental mono-
clinic ground-state structure which is stable below 1200 K.
This structure is often described in terms of distortions from
the fluorite structure~see, for example, Ref. 19!. An alterna-
tive viewpoint is to consider the structure as alternating lay-
ers of fluoritelike ~four-coordinate! and rutilelike ~three-
coordinate! oxide anions~labeled OI and OII, respectively, in
the diffraction work20–22!, highlighted in the figure by the
two different shades of grey for oxygen sites. The interme-
diate nature of the monoclinic structure is further confirmed
by considering the nearest-neighbor anion-cation separations

in this structure and in the rutile and fluorite at their respec-
tive energy minima. The three-coordinate anion-cation sepa-
rations~2.05, 2.06, and 2.16 Å, respectively,20! are close to
the equilibrium rutile separation~2.12 Å) and the four-
coordinate anion-cation separations~2.15, 2.19, 2.20, and
2.29 Å) are similar to the fluorite separation~2.24 Å). Fi-
nally, we also consider the orthorhombica-PbO2
structure.18 Although this structure is not observed experi-
mentally for ZrO2 or HfO2, every shell model known to us
gives it as the ground state. It consists of distorted MO6
octahedra edge sharing to form zigzag chains. The displace-
ment of the cation, within the local octahedron of anions,
away from the perfect octahedral symmetry site, brings a
further two anions to within what can be considered as the
first coordination sphere, giving an overall 612 coordina-
tion. These extra anions lie beyond the distorted anion octa-
hedra and are associated with twodifferentnearest-neighbor
cation octahedra. Zr41 has a larger ionic radius~0.80 Å)
than Ti41 ~0.68 Å),23 and rutile~TiO2) can be transformed
to ana-PbO2 structure by applying pressure.18 Hence it is
not so surprising that thea-PbO2 structure is found to be the
shell-model ground state for ZrO2. Since thea-PbO2 struc-
ture is still based on the linking of MO6 octahedra, we shall
refer to it as being six-coordinate rather than 612 since the
two extra anions are significantly further away from the cen-
tral cation.

From the above discussion it is clear thatboth the mono-
clinic ~seven-coordinate! and thea-PbO2 structures lie in an
‘‘intermediate’’ region between the six-coordinate rutile and
the eight-coordinate fluorite. An important task of this paper
is therefore to unravel the physics which stabilizes the mono-
clinic structure with respect to thea-PbO2. This clearly in-
volves going beyond the simple ionic models, and is an es-
sential step to deriving a transferable model for ZrO2.

There have been several previous attempts to construct an
atomistic model for ZrO2 in the form of an effective pair
potential ~EPP! plus dipole polarizabilities. Boyer and
Klein24 derived a simple rigid-ion potential from linear
muffin-tin orbital ~LMTO! ab initio calculations. The result-
ing potential model gives the cubic~fluorite! structure as the

FIG. 1. Monoclinic crystal structure. Key: large spheres, O22;
small, Zr41. The darker large spheres distinguish the four-
coordinate oxides from the three-coordinate oxides shown in a
lighter grey.
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ground state, implying that polarization effects need to be
included which will act to lower the energy of the lower-
symmetry structures compared to the highly symmetric fluo-
rite polymorph.

The shell-model potential of Dwivedi and Cormack
~DC!,25 derived from the experimental tetragonal structural
parameters and the dielectric constant, does give a lower
energy for the monoclinic structure with respect to the cubic.
A more recent shell-model potential19 is very similar in form
to the DC potential. However, we found by relaxing the crys-
tal structure with theGULP program26 that the monoclinic
structure is not the ground state with this potential, which
favors instead thea-PbO2 structure.

Perhaps the state-of-the-art paper concerning ZrO2 is that
of Stefanovichet al.19 who present an interesting mix of cal-
culation techniques including Hartree-Fock,27 semiempirical
Hartree-Fock,28 and atomistic relaxation with classical
potentials.26 The full Hartree-Fock calculation reproduces
many of the observed experimental properties including the
monoclinic ground state. The semiempirical method gives a
less satisfactory representation. The classical model predicts
thea-PbO2 structure to be the ground state.

The potential-induced breathing model29,30 ~PIB! aug-
ments the EPP by allowing for the spherical relaxation
~‘‘breathing’’! of the oxide anion charge density, calculated
using a Watson sphere method. Importantly, the energy dif-
ferences between the various polymorphs are different in
comparison to the EPP models which indicates that an EPP
alone is not transferable.

More ab initio data are available concerning the
tetragonal-cubic transition than for any other aspect of
ZrO2. Experimental information is available at high tempera-
tures (.1200 °C!,17 while theab initio data concentrate on
zero K structural information. In this respect, therefore, the
ab initio and experimental data can be considered as comple-
mentary.

We summarize here the results of differentab initio cal-
culations and compare them to experiment. The full-potential
linearized augmented-plane-wave~FLAPW! ab initio calcu-
lations of Jansen,2 based on density functional theory in the
local-density approximation~LDA !, give dz50.029, while
Hartree-Fock calculations ~the CRYSTAL code! give
dz50.0246~Ref. 19! ~both at zero K!. Our own LMTO cal-
culations~another standard LDA method!, studying a range
of unit cell volumes, givedz in the range 0.02–0.04. The
volumes cover the range fromV/V050.92 toV/V050.98,
whereV0 is the volume of minimum energy at 0 K for the
fluorite structure. Experimental neutron scattering17 gives
dz between 0.0574 at 1568 K and 0.0605 at 2318 K. The
experimental data are somewhat ambiguous in the sense that,
althoughdz falls with temperature, the values at 1768 and
1568 K are identical to within the error of the experiment.
On the basis of these data one might either argue fordz
tending to.0.057 at 0 K or argue for a linear decrease to
.0.04 by extrapolating from the higher-temperature data.
However, if one supposes that theab initio data would agree
with experiments extrapolated to 0 K, then the ‘‘linear de-
crease theory’’ seems the most plausible.

The LDA ~T50 K! calculations give a value of 1.425 for
the c/a ratio at the energy minimum,2 close to the Hartree-
Fock value of 1.421.19 The high-temperature experimental

value is around 1.45 with a maximum at.1700°C.17 The
shell model (T50 K! gives a value of 1.454 in good agree-
ment with thehigh-temperaturedata.19

The experimental value for the energy barrierDUtet in the
double well at the transition temperature is 0.057 eV~4.19
mRy!.31 Hartree-Fock calculations give 0.008 eV~Ref. 19!
as does LDA calculations.2

The published shell model of Stefanovichet al.19 predicts
a tetragonal distortion withdz50.060 atT50 K. This is in
excellent agreement with thehigh-temperatureexperimental
data but in poorer agreement with theab initio T50 K data.

The extent of the task we have set ourselves in this paper,
therefore, is to derive a model suitable for use in molecular
dynamics simulations, which not only reproduces the mono-
clinic structure as the ground state, but also reproduces the
other properties without further modification of the basic
model parameters. The complex nature of the ZrO2 mor-
phology should provide a stern test of the truetransferability
of such a potential model.

Having suggested that it is necessary to go beyond the
physics traditionally represented by the shell model, our first
step is to include the breathing of the oxide ion, the second
step is to include dipolar induction effects, and the third step
quadrupolar induction. Our formal procedure is described in
Sec. III, after the following more detailed analysis of the
problems inherent in modeling oxides. The plan of the rest of
the paper is as follows. In Sec. IV we describe how our
model parameters are specified. In Sec. V we present results
for the energy-volume curves for the various structures, as
well as calculated lattice parameters and elastic constants.
We also describe results for the energy versus tetragonal dis-
tortion, for which Jansen2 and ourselves have performedab
initio calculations for comparison. A general discussion of
our results is presented in Sec. VI and in Sec. VII we con-
clude.

II. PROBLEMS OF SIMULATING OXIDES

In this section the specific problems associated with simu-
lating oxides will be outlined. O22 is unstable in the free
state with respect to decomposition to O2 and an electron:
The anion is effectively infinitely polarizable. In the con-
densed environment the Madelung potential stabilizes the ad-
dition of the second electron to O2.7,32As a result the nature
of the anion~its volume and polarizability! is much more
dependent upon the specific environment than for, say, the
halides which, although also compressed by the crystalline
environment, are stable in the free state. This insensitivity of
the halide anion to the precise nature of the ionic environ-
ment allows simple EPP’s to be used with great success over
a relatively wide range of coordination environments. For
O22 the dependence of the anion volume on environment
must be included in the model.

Our starting point is theab initio investigation of environ-
mental effects in cubic crystals by Pyper.33,34 The short-
ranged interatomic repulsion energy at a lattice parameter
R, USR(R), is decomposed into a rearrangement~or self-!
energy@U re(Z;R)# and an overlap energy@Uov(R)#

USR~R!5U re~Z;R!1Uov~R!. ~2.1!
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U re(Z;R) is the energy to create the anion with the charge
density appropriate to the crystal at lattice parameterR in a
crystal with coordination numberZ and is calculated by solv-
ing for the self-consistent wave function and energy of the
anion in a confining potential which simulates the crystalline
environment at lattice constantR. The confining potential
includes both a lattice of point charges~‘‘Madelung poten-
tial’’ ! and a pseudopotential which mimics the repulsion of
the electrons by the closed-shell charge densities of the
neighboring cations, both spherically averaged about the an-
ion position. Both potentials serve to compress the anion
relative to its free state.35,36 Uov(R) then results from the
overlap between the optimized wave functions summed over
pairs of ions. The model fitted toab initio data in this form is
termed thecompressible-ion model~CIM!.37

Figure 2 shows the results of such a calculation for
ZrO2 in the fluorite structure.

38 For the fluorite structure there
are four overlap contributions per single rearrangement en-
ergy term. The rearrangement energy goes to a finite value at
R5` which corresponds to the energy required to form a
~hypothetical! free O22 ion from O2 and an electron.

In order to help us to clarify why this representation is
expected to give a better description of those properties
which depend on coordination number, we derive an EPP
from the same ab initiodata. In the fluorite structure the
crystal energy is given by

USR~R!5(
i52

Nt

(
j51

i21

UEPP~r i j !5
1

4
@U re~4;R!2U`#1Uov~R!,

~2.2!

where the factor of14 is included to cancel the summation
over nearest neighbors. Theab initio data can now be used to
fit with the usual Born-Mayer-type exponential function. An
analogous fitting procedure carried out using a crystal struc-
ture with a different coordination number may, however,
yield a different curve~and hence require different Born-
Mayer parameters!, reflecting the fact thatU re andUov de-
pend differently on coordination number.39 The transferabil-
ity of an effective pair potential model relies on the short-
range interactions being primarily due to the overlap
betweenfrozencharge densities. In reality, the differing de-

pendences of the rearrangement and overlap energies on the
coordination number means that asingleEPP is inappropri-
ate over a range of coordination numbers. This problem is
expected to be particularly acute for oxides~and, indeed, any
anion whose existence in the condensed phase depends on
the confining potential; other examples include the chalco-
genides and N32). However, the same problems do arise in
halides in a more subtle form.40

III. MODEL STRATEGY AND FORMALISM

As demonstrated in the previous section, EPP and CIM
representations can be generated fromab initio data and
compared for the various experimentally observed and imag-
ined structures. Polarization effects, to the desired order, can
also be included in an identical manner in the two short-
range formalisms. We anticipate that, given the relative com-
plexity of the outlined problem coupled with the shortcom-
ings of previous empirical models, the best strategy is to
consider models ofvarying complexitybut parametrized
from the sameab initio data. This will shed light on the
subtle balance of physical effects required to reproduce the
experimentally observed trends.

The total energy for the CIM is partitioned into the fol-
lowing components:

U tot~R!5U re~Z;R!1Uov~R!1Udisp~R!1U ind~R!

1UCoul~R!. ~3.1!

U re andUov have been described above.UCoul is simply the
energy of interaction of the~formally charged! ions
(UCoul5( i52

Nt (1
i -1QiQj /r i j ). U ind is the total induction en-

ergy including multipoles induced to the desired order~in
this case dipolar or dipolar plus quadrupolar!. Details of the
induction models will be presented later in this section. Fi-
nally, Udisp is the dispersion energy given in general by

Udisp5 (
n56,8

`

(
i52

Nt

(
j51

i21 Cn
i j

r i jn
f n~r

i j !, ~3.2!

whereCn is the appropriate dispersion coefficient andf n is
the dispersion damping function representing the effect of
the overlap of the electron clouds, acting to reduce the dis-
persion interaction from its asymptotic value.

In the CIM,37 the breakdown of the anion-cation short-
range energy into the rearrangement and overlap parts has
been formulated in a way which is suitable for performing
molecular dynamics simulation. The internal state of an ion
depends on the changed i in its radiuss̄ i , leading to a total
short-range energy given by

USR5(
j, i

uCIM
i j @r i j2~ s̄ i1d i !2~ s̄ j1d j !#1F~d i !, ~3.3!

whereuCIM
i j is the pair overlap term andF(d i) is the rear-

rangement energy. At the self-consistent energy minimum
for a given set of ion coordinates$r i% i51,N , U

SR is mini-
mized to determine the adiabatic ion radii given by
$dopt

i % i51,N .
For ZrO2 ab initio data are available for the fluorite~four-

coordinate anion! phase. The parameter set

FIG. 2. ZrO2 ab initio ~points! and fits ~solid lines!. Key: X
2U re(4;R); 1, Uov(R).
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$A12,B12,C12,D,a12,g% ~in the notation of Ref. 37! is
adjusted to satisfy the condition

Eov~R!1Ere~R!5F~dopt!14uCIM
12~R,dopt! ~3.4!

over the range of lattice parametersR used in theab initio
calculations.dopt minimizes the total energy determined from

S ]U

]d D
R

54S ]uCI
12

]d D
R

1S ]F

]d D
R

50, ~3.5!

which is solved by the bisection method.41 Note that this
condition leads to the total energy having a many-body char-
acter despite only requiring pair separations for its evalua-
tion.

Induced point dipoles are included as additional degrees
of freedom in an extended Lagrangian formalism42,5 using a
polarizable-ion model~PIM! in which molecular dynamics
are perfomed using ideas borrowed from the Car-Parrinello
~CP! method43 in the manner of Sprik and Klein.42 Hartree-
Fock electronic structure calculations on distorted LiF
crystals44 demonstrate that the short-range~overlap! induced
dipoles can be viewed as the result of an additional potential
~dubbed the ‘‘dent-in-the-wall’’ term!. To study the induced
anion dipole a single cation was displaced from the anion
first-coordination sphere. The resulting dipole moment could
then be decomposed into the Coulombic and overlap terms.
The overlap term was shown to be approximately additive
and is included in the model via the Tang-Toennies damping
function, f (1).45 This function has a single parameterban @the
short-range damping parameter~SRDP!#, which goes as the
reciprocal of the length scale over which the overlap damp-
ing acts.

Overall, therefore both a polarizability and the SRDP are
required to complete the dipolar PIM.

An advantage of including induction effects in the above
manner is that the extension to higher-order moments is
more natural than in the more traditional shell model. To this
end the basic dipolar model has been extended to study both
the effects of cation quadrupoles@in AgCl ~Ref. 46!#. The
alterations to deal with anion moments are mathematically
simple.

IV. PARAMETRIZATION

Having derived computationally tractable models to de-
scribe the response of the oxide ion to the ionic environment
~the ‘‘breathing’’ of the anion! and to handle induced mo-
ments within a dipolar or quadrupolar approximation, we
now consider how each part of the model may be most ef-
fectively parametrized.

A. Short-range terms

As stated in the Introduction, the starting point for the
models is a basic ionic description. Formal ionic charges, the
full valence charges, rather than partial charges as some au-
thors have used, are adopted here for three basic reasons.
First, both theab initio calculations~used to derive the short-
range parameters! and the polarizabilities assume full va-
lence charges. The use of partial charges would, therefore,
require a full reanalysis of all other terms in the potential

model. Second, it appears to us that the use of full formal
charges, coupled with a physically based description of in-
duction effects, presents the best chance of deriving empiri-
cal models that are trulytransferableover a range of state
points. The use of partial charges, the values of which are not
physically well defined, tends to restrict the applicability of
potential models to specific statepoints. Third, the use of the
full formal charges allows a direct comparison between the
potential model and the experimental thermophysical quan-
tities subject to the problems in interpreting the second elec-
tron affinity of the oxide anion discussed in Sec. II.

The CIM is fitted to theab initio calculations as shown in
Fig. 2, with the model parameters given in Table II. The EPP
is derived from the sameab initio data by fitting a Born-
Mayer exponential function to Eq.~2.2!. U re(Z;`) must be
added back to energies derived from the EPP model for com-
parison with the CIM. The EPP fit is shown in Fig. 3 along
with previous EPP model curves25 for comparison. The cur-
rent EPP appears very similar to the previous potentials~de-
rived from purely empirical considerations! in shape al-
though it is consistently more repulsive at a given ion
separation. The EPP parameters are given in Table III.

The similarity of the current EPP to the empirical poten-
tials highlights an important point. A possible interpretation
of the failure of the empirical models is that it is purely a
parametrization problem; that is, given the right parameter
set the shortcomings would disappear. However, the similar-
ity of the ab initio curves to the currentempirical models
indicates that this is not the case and points towards signifi-
cant physical effects being absent from these simple models.

Table IV compares the zero K lattice parameter predicted
by ab initio calculations38 ~and hence predicted by both the
CIM and EPP! with previous calculations and two experi-
mental values. The experimental values are derived from ex-
trapolation from two different sources: from the high-
temperature neutron scattering data17 and to zero impurity in
the cubic stabilized structure.47 As a result of these extrapo-
lation procedures both experimental values are subject to sig-
nificant errors. The current predicted lattice parameter is
larger than both experimental values and in best agreement
with the Hartree-Fock calculation.19

B. Polarization terms

The polarizabilities of the individual species~Zr 41 and
O22! are deduced as 2.756 and 14.872 a.u.,48 respectively,
from the molar polarizability obtained from experimental di-

TABLE II. Fitted CIM parameter sets for ZrO2 in the notation
of Ref. 37.

Parameter/a.u.

a12 1.70
A12 160.0
B12 300 000.0
C12 0.0

g 1.56
D 0.1505
e 3.5
E 9200.0
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electric properties49 and a polarizability obtained for O22 by
extrapolation of ab initio calculations on other oxide
systems.48 Additional confidence in the extraction of the in-
dividual ion polarizabilities comes from relativistic coupled
Hartree-Fock calculations50 on the gaseous Zr41 ion which
give a polarizability of 2.98 a.u. In comparing the Hartree-
Fock value with the number obtained from the experimental
molar polarizability it is assumed that the nature of the
Zr 41 cation is unaffected by the crystalline environment51 as
demonstrated for the alkali and alkaline-earth oxides6 and so
the condensed phase polarizabilities are unchanged from the
gas phase values.

The model may be simplified~and hence made computa-
tionally more efficient! by treating the Zr41 cations as rigid,
that is, of zero polarizability. This can be justified on two

fronts; first, the bare polarizabilities quoted above satisfy
aZr41,,aO22 and second the anion finds itself in a stronger
electric field as a result of the larger charge of the nearest-
neighbor cations.

Finally, for the dipolar model, a SRDP is required. Fol-
lowing previous work37 a value of 1.7 a.u. is chosen.

The model is now complete to within the dipolar approxi-
mation. As might be expected, the parametrization of the
quadrupolar parts of the model is more problematic. Ideally,
one would be able to call upon the relative wealth ofab
initio data available to parametrize the dipolar induction ef-
fects. Unfortunately the sorts of electronic structure calcula-
tions required are, as yet, relatively sparse.52 As a result the
parametrization of the quadrupolar interactions will be sim-
plified as much as possible.

The full model requires a quadrupole polarizabilityC, a
dipole-dipole-quadrupole hyperpolarizabilityB, and an over-
lap function f (2)(r ).46 An analogous analysis to that used in
the dipole case indicates that the overlap-induced quadrupole
will act againstthe Coulombic-induced moment—the over-
lap damps the Coulombic induction. Information regarding
the magnitude of this interaction again comes from the same
series ofab initio Hartree-Fock calculations on distorted
crystals on LiF used for the dipolar model.44 These show that
the overlap interaction effectively cancels that induced by
the Coulombic interactions. This observation perhaps makes
clear why anion quadrupolar effects have not been found to
be necessary more generally. In ZrO2, however, the magni-
tudes of the energy differences between possible crystalline
phases are such that small anion quadrupole effects may be
significant. Additionally, in the crystalline environment the
high symmetry of the anion site may more effectively cancel
the induced dipoles~which would be expected to dominate in
more asymmetric liquid environments!, projecting the anion
quadrupoles to a greater level of importance.

No directab initio C is available for O22 in ZrO2. Sen
and co-workers53,54have derived an approximate relationship
linking a andC which, coupled with the knownab initio
a for ZrO2 of 14.872 a.u.,38 givesC561.86 a.u. Following
previous work on AgCl,46 B can be approximated via the
relationshipB.26C.

However, even with this approximateC andB parameter
set we are still lacking real information to effectively derive
the function f (2). An alternative strategy is to consider the
Coulombic- and overlap-induced quadrupoles together. If we

FIG. 3. Pair potentials:~a! Zr-O, ~b! O-O. Key: X,ab initio data
~Ref. 38!. Dotted line, fit to theab initio data. Solid line, previous
empirical potential~Ref. 25!.

TABLE III. Dipole-dipole (C6) and dipole-quadrupole (C8)
dispersion terms from Ref. 48 with Tang-Toennies damping func-
tion parameters.

C6/a.u. bSR C8/a.u. bSR a/a.u. B/a.u.

Zr-O 25.183 2.201 307.24 2.411 1.30 27.25
O-O 90.79 2.251 1391.08 2.302 1.40 7.72
Zr-Zr 9.274 2.511 84.19 2.674 - -

TABLE IV. Ab initio 0 K fluorite lattice parameters compared
with experimental values.

Method a0/Å V/Å 3 Ref.

CLUSTER 4.940 30.14 19
CRYSTAL 5.154 34.23 19
FLAPW-DFT 5.03a 32.27 2
Hartree-Fock 5.035 31.91 3
Potential-induced breathing 5.101 33.19 30
LMTO 5.04 32.90 Current work
RIP 5.162 34.39 38
Expt. 5.090 32.97 17
Expt. 5.127 33.69 47

aEstimated from Fig. 2 in Ref. 2.
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had a suitable range ofab initio calculations, then theC and
B values would be those relating to the electrostatic-induced
moments only with thef (2) function parametrized from dis-
torted crystal calculations in an analogous fashion to the di-
pole model.5 In the absence~as yet! of such a range ofab
initio calculations one option is to set thef (2) function to
unity and use aC ~and henceB) that is smaller than that
predicted for the purely electrostatic interactions, thus mim-
icking the opposing Coulombicandoverlap effects. The qua-
drupolar model described above is complete in the sense that
it allows for both the Coulombic and overlap moments to be
included in a well-defined way. However, it seems inappro-
priate to derive anf (2) function from very little data in order
to oppose a Coulombic moment dependent upon a quadru-
pole polarizability that is also poorly defined. The magnitude
of the available quadrupole polarizabilities lead us to believe
that a quadrupole polarizability of 9–12 a.u. will be appro-
priate for ZrO2.

The fact that the rest of the potential model is well defined
in terms of the connection of each term in the energy parti-
tion to ab initio calculations allowsC to be varied indepen-
dently of these terms and so its effect on the energetics can
be closely investigated. The value ofB is connected toC as
described above and never varied independently.

C. Other potential terms

Having obtained accurate values for the individual ion
polarizabilities Fowleret al.48 derived dipole-dipole (C6)
and dipole-quadrupole (C8) dispersion coefficients from the
Slater-Kirkwood55 and Starkschall-Gordon56 formulas, re-
spectively. Dispersion damping is included via Tang-
Toennies functions45 fitted to more complex functions.34,57

These values are given in Table III.
Following previous CIM work37 a frozen O22-O22 po-

tential is used derived fromab initio calculations at varying
lattice parameters using the oxygen anion electron density
calculated at the equilibrium lattice parameter throughout.
Theab initio results38 are shown in Fig. 3 along with the fit
to the usual Born-Mayer exponential~Table III!. For com-
parison the~almost hard-sphere-like! potential used in the
previous empirical models is shown.19,25 The currentab ini-
tio potential is much more repulsive and longer ranged than
the older, empirical, model. Although the short-range inter-
action energy for the nearest-neighbor O22-O22 separations
is much smaller than the corresponding Coulombic interac-
tion, the greatly differing curvature of the different short-
range terms strongly affects the crystal properties.

V. CALCULATIONS

The lattice energies of the various polymorphs are calcu-
lated using the EPP and CIM representations of the anion-
cation short-range forces. In order to try to fully understand
the effect of the anion compressibility and the polarization
effects the EPP will be compared with the CIMwithoutpo-
larization effects. First, dipole effects and then dipole plus
quadrupole polarization effects will be added in an attempt to
understand how each term affects the relative polymorph en-
ergetics.

Since moreab initio data are available for the tetragonal

phase, a set of detailed calculations has been made for this
structure. Static energy minimizations were carried out at
nine unit cell volumes with six c/a ratios
~1.48,1.46,1.45,1.44,1.42,1.40! at each volume. At each vol-
ume andc/a ratio minimizations were performed at ten te-
tragonal displacements.

A. Effective pair potential

To fully understand the current EPP it is compared with
the empirical DC model and an EPP~EPP-OO! in which the
O22-O22 short-range term is neglected. The purpose of this
second EPP is simply to clarify the role of the anion-anion
short-range term.

Figure 4 shows the crystal energies against volume for the
current EPP. The energetic order is
Ua2PbO2,U rutile,Ufluorite,Umonoclinic,Ucotunnite compared
with Ua2PbO2,Ufluorite,U rutile,Umonoclinic,Ucotunnitefor the
DC model. The current potential favors the rutile structure
over the fluorite.

This change in ordering can be traced directly back to the
difference in the O22-O22 short-range potential. In our EPP
this term is much more significant at relevant O22-O22

separations than in the DC model~as shown in Fig. 3!. For
example, at the energy minimum for the fluorite structure the
DC potential oxide-oxide short-range energy is some two
orders of magnitude less than that for the current EPP. The
general effect of this increase in significance of the anion-
anion short-range term is to destabilize the higher-coordinate
structures. In confirmation EPP-OO reproduces the energetic
order of the DC potential—the small difference in the
Zr41-O22 repulsive term is not large enough to change the
relative energetics of these crystals. Table V lists the energy
differences between the polymorph energy minima and the
volumes.

The lower symmetry of the O22 sites in the monoclinic
phase allows dipoles to be induced that lower the energy in
comparison to the fluorite structure. In the fluorite structure
the O22 sites have cubic point symmetry, which means they
cannot have dipole moments. As a result the full shell model
does stabilize the monoclinic phase over the fluorite as does
the current EPP with dipoles only.

FIG. 4. Lattice energy vs volume for the current EPP. Key:
3, fluorite;1, monoclinic;s, rutile; ¹, cotunnite;n, a-PbO2.
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In both the current EPP and DC models both the rutile
and thea-PbO2 phases have a lower-energy minimum than
either the monoclinic or the fluorite structures. The differ-
ence in the rutile/a-PbO2 energetics can again be traced
back to the more significant O22-O22 short-range term used
in the current work.

The most striking aspect of these potentials is that the
a-PbO2 structure is the ground state regardless of the details
of the potential~confirming the previous findings19!. There
seems to be no simple way of modifying these potentials to
lower the energy of the experimentally observed monoclinic
phase with respect to thea-PbO2.

If we take the experimental enthalpy of formation and
apply the Born-Haber cycle23 for the monoclinic ground state
at 298 K, we get a lattice energy, with respect to the Zr41

and O22 ions, of211 060 kJ mol21. All of the pair poten-
tials studied give energies for their respective ground states
which are less negative than this.

Table VIII lists the elastic constants (C11, C12, and
C44) for the fluorite structure along with the bulk modulus
B and experimental values.B is obtained from the isotropic
expansions and compressions of the cell. The shear modulus
Cs @[ 1

2(C112C12)# is calculated via an expansion~contrac-
tion! along the 100 direction with a volume-conserving con-
traction~expansion! perpendicular to this.58 A knowledge of
B @[ 1

3(C1112C12)] and Cs yields the values forC11 and
C12. C44 is calculated by applying a shear in the 100
direction.58 The bulk modulus and elastic constants agree
fairly well with experiment.

B. Compressible-ion model

In order to understand how the CIM representation of the
short-range anion-cation interactions changes the relative
crystal energetics the first step is to compare the EPP results
with the CIM with no polarization effects.

The two curves of energy versus volume for the fluorite
structure are identical~to within the quality of the fit! when

related to the same thermodynamic standard. There is a small
deviation at very small volume (,23 Å 3) due to the simple
Born-Mayer exponential being a poorer representation of the
ab initio data in the low-R region. This is not important for
the calculations as this range ofR values is only sampled at
very high pressures. A useful way of assessing the effect of
the compressible-ion representation is to compare all poly-
morph energetics relative to the fluorite energy minimum.

Figure 5 shows the crystal energy against volume curves
for the CIM with no polarization effects. The energetic order
is nowUfluorite,Ucotunnite,Umonoclinic,Ua2PbO2,U rutile. The
effect of the CIM is to stabilize the higher coordinate struc-
tures~here the monoclinic over thea-PbO2) with respect to
the EPP. The same effect appeared in calculations on MgO
and CaO~Ref. 37! and CsCl.40 The precise reasons for this
will be analyzed in the Discussion.

The energy difference between the rutile anda-PbO2
structures remains approximately constant in going from the
EPP (.33.9 kJ mol21) to the CIM (.37.1 kJ mol21) as
both are based on the packing of MO6 octahedra. The
a-PbO2 structure is slightly stabilized by the CIM by virtue
of the distortion to give a cation which is six coordinated, but
which has two additional anion neighbors at a slightly
greater distance, as discussed in the Introduction.

To summarize, therefore, the CIM representation of the
anion-cation short-range interactions behaves very differ-
ently to the EPP in terms of the transferability to coordina-
tion numbers away from the original structure on which the
models were parametrized~in this case the fluorite!. Al-
though it is gratifying that the energy minimum of the ex-
perimentally observed monoclinic phase becomes more
negative than that of thea-PbO2 phase favored by the EPP,
the story is far from complete as the fluorite structure is now
the ground state predicted by the CIM. As we shall see, the
inclusion of induction effects resolves this problem.

We now investigate the importance of the dipole and
quadrupole terms by adding them systematically to the CIM.
The dipolar part of the potential model is much better de-

TABLE V. Energy minimum volumes~in Å3) per molecule for the pair potentials.

V/Å DU/kJ mol21

Structure DC EPP~full ! EPP-OO DC EPP~full ! EPP-OO

Fluorite 32.81 34.39 31.80 - - -
Monoclinic 34.72 35.99 33.53 45.0 13.7 44.6
Rutile 37.23 38.04 35.84 17.2 -46.0 15.7
Cotunnite 30.93 32.69 30.28 123.0 125.3 125.5
aPbO2 35.17 36.82 34.02 -16.7 -70.5 -21.7

TABLE VI. Crystal energy differences~in kJ mol21) with respect to the fluorite minimum for the CIM
with no polarization, dipole polarization only, and both dipole and quadrupole polarization.

V/Å DU/kJ mol21

Structure CIM~no pol.! CIM ~1m) CIM ~1m1u) CIM ~no pol.! CIM ~1m) CIM ~1m1u)

Monoclinic 38.58 38.42 35.74 187.6 158.4 -32.3
Rutile 43.40 43.25 39.60 282.1 235.8 -23.4
Cotunnite 32.62 32.57 32.36 161.0 104.3 87.8
aPbO2 42.00 41.64 37.99 245.0 233.4 -8.7
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fined because it has been obtained fromab initio calcula-
tions, whereas the quadrupolar part has been parametrized in
a much more speculative fashion.

The energies with respect to the fluorite phase are given in
Table VI. The dipole polarization energies range from.50
kJ mol21 in the cotunnite and rutile phases to.10 kJ
mol21 in thea-PbO2 polymorph. The quadrupole stabiliza-
tion energies are of the order of 250 kJ mol21 for the
a-PbO2 and rutile structures, 190 kJ mol21 for the mono-
clinic, and only.10 kJ mol21 for the cotunnite. The struc-
tural reasons for these energy magnitudes will be discussed
in Sec. VI.

Figure 6 shows the CIM energy/volume curves for the full
dipolar and quadrupolar model. Again, the fluorite curve is
identical to that in Fig. 5. The relative energetics~given in
Table VI! have changed dramatically with respect to the pre-
vious models. The monoclinic structure is now the ground
state with the overall orderUmonoclinic,U rutile,Ua2PbO2

,Ufluorite,Ucotunnite.
Table VI lists the equilibrium volumes for the various

polymorphs at the energy minima. The effect of the dipole
and quadrupole polarization is to increase the system densi-
ties. The largest volume changes are observed when quadru-
poles are added to thea-PbO2, rutile and monoclinic forms,
consistent with these structures having the larger quadrupole
polarization energies. Table VII lists the volumes of the
monoclinic structure for the various models compared with
previous model results and two experimental values. The
CIM without polarization effects gives a volume signifi-
cantly greater than the experimental value. Whenbothdipole
and quadrupole effects are added the CIM molar volume
decreases to give a much better agreement with experiment.

Although the predicted ground state is now monoclinic, in
agreement with experiment, the calculated lattice energy is
still significantly more positive than the experimental value.

Table VIII lists the bulk modulus and elastic constants
calculated as described in the previous section.B is identical
in the CIM with and without polarization effects as such
effects are precluded by symmetry.C11 and C12 show a
small change on the inclusion of polarization.C44, however,
is greatly altered by the inclusion of anion quadrupoles as a
field gradient is developed by the shearing distortion. In the
absence of anion quadrupolesC44 is much greater than the
experimental value. The addition of the anion quadrupoles
lowersC44 although it is still significantly greater than ex-
periment.

C. Tetragonal distortion

For the tetragonal distortion the ideal fluorite structure
corresponds to a local energy maximum within a double-well
structure in the energy/distortion curve in which the two en-
ergy minima corresponding to the tetragonal structure. There
are three parameters of general interest: thec/a ratio of the
unit cell, the energyDU tet required to mount the central en-
ergy barrier in the double-well structure, and the displace-
mentdz of the oxide sublattice from the ideal fluorite posi-

FIG. 5. Lattice energy vs volume for the CIM with no polariza-
tion effects. Key as for Fig. 4.

FIG. 6. Lattice energy vs volume for the CIM with full polar-
ization effects. Key as for Fig. 4.

TABLE VII. Crystal volumes for the monoclinic structure from
experiment, the DC shell model, the PIB, and the current EPP and
CIM.

V/Å3 Ref.

Expt. 35.59 20
Expt. 35.06 63
DC shell model 35.89 25
PIB 37.45 30
Current EPP, no polarization 35.99 -
Current EPP, dipoles only 35.90 -
Current CIM, no polarization 38.58 -
Current CIM, dipoles only 38.42 -
Current CIM, full polarization 35.74 -

TABLE VIII. Fluorite elastic constants and bulk modulus for
the current EPP and the CIM with and without full dipolar and
quadrupolar polarization effects.

B/GPa C11/GPa C12/GPa C44/GPa

EPP 201 414 95 99
CIM ~no polarization! 204 405 104 471
CIM ~full polarization! 204 402 105 177
Expt. ~Ref. 64! 194 417 82 47
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tions in the energy minimum. The latter is usually quoted in
terms of thec-axis length which, by convention, is the axis
along which the oxide ions move in the distortion.

We first consider how a simple EPP can reproduce the
tetragonal distortion. As before, our strategy is designed to
determine the role of the various contributions to the total
energy. In order to make the connection to previous empiri-
cal models both the DC potential and current EPP will be
analyzed.

Figures 7~b!–7~e! show the various contributions to the
total crystal energy@Fig. 7~a!# for the DC potential as a func-
tion of dz , with cell volume corresponding to the tetragonal
energy minimum throughout. No polarization phenomena are
included here. The total energy shows the characteristic
double-well structure discussed above. It is interesting to
note that this structure appearswithout polarization effects.
Polarization effects would be expected to become significant
away from dz50 ~where they are precluded by the high
symmetry of the anion site! and so we might have expected
that they alone were responsible for the double-well struc-
ture. In Figs. 7~b!–7~e! we see that the Coulombic and short-
range Zr41-O22 interactions effectively cancel over thedz
range of interest. The difference in O22-O22 dispersion en-
ergy ~there is no Zr-O term in the DC potential! is less sig-
nificant than the other terms shown. The double-well struc-
ture can, therefore, be traced directly to the reduction in

O22-O22 repulsive Coulombic energy that results from the
tetragonal distortion. This is perhaps not such a surprising
result in view of the short O22-O22 nearest-neighbor length
which has already been noted in the Introduction. Asdz in-
creases from zero the anions move away from the ideal fluo-
rite packing into a pseudo-close-packed arrangement of
lower energy.

For larger cell volumes, corresponding to the density of
the transition temperature, the O22-O22 interaction energy
is smaller as a result of the lower system density. The rela-
tively small size of the Zr41 cation compared to cations
having fluorite ground states means that asdz increases from
zero the Coulombic energy gained from the decrease of two
Zr-O distancesoutweighsthe increase associated with the
short-range repulsion. For a larger cation the potential energy
minima will be atdz50 as any distortion leads to the short-
range energy outweighing the Coulombic attractive force.
The Zr41 can be thought of as able to ‘‘rattle’’ in the tetra-
hedral hole. The result is the same double-well structure as
observed at zero K.

The sum of the terms leads to the double-well structure of
Fig. 7~a! with an energy minimum atdz.0.06. The current
EPP, whose parametrization was not based on any knowl-
edge of the nature of the tetragonal distortion, gives a differ-
ent result, withdz.0.1 in poor agreement withboth the ab

FIG. 7. Breakdown of the tetragonal distortion energy for the DC potential:~a! Total energy,~b! O-O Coulombic energy,~c! Zr-O
Coulombic energy, and~d! Zr-O short-range energy.
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initio and experimental data. The difference in performance
of the two pair potentials can be traced back to two terms.
First, the O22-O22 short-range energy, which reinforces the
Coulombic repulsion@Fig. 7~b!#, is much more significant in
the EPP due to its longer range. Second, the presence of
Zr41-O22 dispersion introduces terms that act like Fig. 7~c!
with respect todz . Both of these terms act to increase the
dz at which the energy minimum occurs.

For the CIM, in contrast to the EPP, no double-well struc-
ture is present in the absence of polarization effects. Asdz
increases from zero two anion-cation separations are reduced
and two are increased—each anion becomes effectively 212
coordinate. As a result of this effectiveloweringof the anion
coordination number the EPPunderestimatesthe anion-
cation short-range interaction energy in the manner already
observed.

Just as for the structural energies described in Sec. V B,
the inclusion of polarization effects at a purely dipolar level
is not enough to reproduce the observed experimental trends,
in this case the double-well structure. Figure 8~a! shows an
energy againstdz plot for the full CIM ~i.e., with dipoles and
quadrupoles!. The inclusion of anion quadrupoles~un-
changed from Sec. V B! recovers the double-well structure.

Figure 8~b! shows the same curves calculated at the density
of the tetragonal-cubic transition. Figure 9~a! shows a series
of energy curves forc/a51.42 at differing volumes. The
minimum indz is seen to have moved to a higher value~with
respect to the zero K structure! in a manner consistent with
the combinedab initio and experimental observations. Fig-
ure 9~b! shows the position of thedz minimum plotted
against cell volume forc/a51.42. The dependence of the
minimum position on volume is slightly greater than linear.

As the volume increases, in the CIM, thec/a ratio at the
energy minimum remains at around 1.42. Our LMTO calcu-
lations on the other hand, show a change from a minimum at
1.42 atV/V050.92 to a minimum at 1.44 atV/V050.96.
This increase inc/a ratio is consistent with otherab initio
calculations and the experimental value. As the volume in-
creases the CIM does stabilizec/a51.44 overc/a51.40 ~at
V/V051.0! and c/a51.45 overc/a51.40 ~at V/V051.06!.
However, the overall minimum remains atc/a51.42 in con-
flict with the experimental observation. In other words we
can state that the general trend towards the smallerc/a ratio
being destabilized with increasing volume is reproduced by
the CIM but the effect is not large enough to stabilize
c/a51.45 at the experimental high-temperature density. Pos-
sible reasons for this shortcoming will be described in Sec.
VI.

FIG. 8. CIM tetragonal distortion, full polarization.~a! atV0, ~b!
at a density corresponding to the high-temperature experimental
data ~Ref. 17!. Key: thick solid line,c/a51.48; dotted line, 1.46;
dashed line, 1.45; long dashed line, 1.44; dot-dashed line, 1.42; thin
solid line, 1.40.

FIG. 9. ~a! Tetragonal distortion using the full CIM at different
volumes forc/a51.42. The volumes~in a.u.! are X, 427.0;1,
436.3;s, 445.6;x, 454.9;¹, 464.2;L, 480.0;h, 491.3; *, 500.0.
~b! Position of thedz minimum against volume.
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As the volume increases, the height of the energy barrier
aboutdz50 increases. The LMTO calculations give energy
barriers in the range from 0–1 a.u. atV/V050.92 to 1.5–3.5
a.u. at V/V050.98. The CIM gives a barrier height of
.0.75 a.u. atV/V050.92, increasing to.2.1 a.u. at
V/V051.06~corresponding to the high-temperature density!.
Hence, the general trends in both barrier height and behavior
with volume are reproduced.

VI. DISCUSSION

A. Transferability of the CIM

The most important aspect of the CIM representation of
the anion-cation short-range interaction is the stabilization of
higher-coordinate structures. For ZrO2 the seven-coordinate
monoclinic structure is stabilized over the six-coordinate
a-PbO2 structure. Thea-PbO2 structure is not observed in
ZrO2, but it tends to appear in systems with increasing cat-
ion size, as the ionic model predicts. For example, several of
the systems in the structure map of Table I with the rutile
ground state undergo a pressure driven transition to the
a-PbO2 structure. In addition, the mixed cation ZrTiO4 sys-
tem forms a high-temperaturea-PbO2 phase.59 At lower
temperatures this structure distorts to allow the Zr41 cation
to attain near-eightfold coordination with the smaller Ti41

becoming sixfold coordinated.
The observation that the CIM stabilizes the higher-

coordinate structures has also been made for MgO, CaO,37

and CsCl.40 We believe it is a general result, which we can
illustrate by the following example. Let us construct a new
EPP corresponding to a three-coordinate anion crystal struc-
ture. The CIM potential~fitted to the four-coordinateab ini-
tio data! is used to produce the three-coordinate curves
which are then used to generate the new EPP in the same
manner as before. Thus,

U3
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i21
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1

3
@U3

re~R!2U3
re~`!#1U3

ov,

~6.1!

whereU3
re andU3

ov are now the rearrangement and overlap
energies in the three-coordinate structure. Figure 10 shows
the comparison of the EPP derived from the four-coordinate
~ab initio! data ~EPP-4! with that derived from the three-
coordinate CIM~EPP-3!. If the EPP representation of the
short-range interactions were truly transferable, these curves
would be identical. However, EPP-3 is consistently more
repulsive than EPP-4 over the range of anion-cation separa-
tions of interest. The repulsive energy stored in a compressed
anion increases less than linearly with the number of neigh-
bors compressing it. Hence, the use of EPP-4 to model all
polymorphs leads to the anion-cation repulsive energy being
underestimatedfor structures with coordination number less
than 4 and overestimated for coordination numbers greater
than 4. The CIM stabilizes higher-coordinate structures~and
destabilizes lower-coordinate systems! with respect to the
EPP.

Previous CIM work on MgO clearly demonstrates the
greater transferability of the CIM representation by compar-
ing it with additionalab initio calculations.37 In that case the
CIM was fitted to a six-coordinate rocksalt structure and then
used to generate the four- and eight-coordinateU re and
Uov. These curves compared excellently with additionalab
initio calculations on the four- and eight-coordinate struc-
tures ~which had not been used to parametrize the CIM in
any way!, demonstrating the true transferability.

B. Dipoles and quadrupoles

The second important aspect of our investigation concerns
the magnitude of the polarization energies. The dipole polar-
ization energies are small compared to those found in, for
example, layered structures60 where the anions sit in highly
asymmetric environments. Such layered structures become
stabilized for combinations of small~highly polarizing! cat-
ions and large~highly polarizable! anions. As a result of the
relatively small dipole polarizability of the oxide anion such
structures are not observed for this series~analogous to the
halide case in which no such structures are formed by fluo-
rides but dominate the other halide systems!. In the polymor-
phs considered here the anions are in sites at which large
dipolar induction effects are precluded by the high symme-
try. The small dipoles that do arise do so as a result of small
displacements of the anions from the ideal lattice sites. As a
result the dipole polarization effects are not nearly large
enough to stabilize the monoclinic structure over the fluorite
in the CIM.

The quadrupole stabilization energy for the rutile,
a-PbO2, and monoclinic phases is much larger than the cor-
responding dipole energy. This behavior can be traced back
to the existence of the three-coordinate oxides sites which
result in significant fieldgradientswhich give rise to the
relatively large quadrupoles. The quadrupole stabilization
energy is similar fora-PbO2 and the rutile phases as both
are based exclusively on the three-coordinate oxide sites, al-
though thea-PbO2 energy is slightly smaller due to the
distortion of the oxide site to the effective 311 coordination.
The monoclinic quadrupole stabilization energy is consider-
ably less than that for either the rutile or thea-PbO2 struc-
tures but still much greater than the dipole polarization en-
ergy. This can be traced back to the ‘‘intermediate’’ nature

FIG. 10. EPP’s derived for three-coordinate~dashed line! and
four-coordinate~solid line! anions.
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of the monoclinic structure discussed previously in which the
anions occupy alternating layers of three-coordinate~rutile!
and four-coordinate~fluorite! sites. Thus, half the anions lie
in the three-coordinate sites which lead to the large quadru-
pole effects, while the other half lie in the more symmetric
four-coordinate sites. Despite only half the anions now being
in the critical three-coordinate sites the overall quadrupole
stabilization energy is over half that of the rutile, as there is
a significant distortion of the local tetrahedra of cations
around the four-coordinate sites.

An interesting side issue is that this observed role for
anion quadrupoles has implications for the effective model-
ing of systems which themselves have rutile as their ground-
state structure, for example, TiO2 itself. This is a tradition-
ally difficult simulation problem, with current models either
reproducing the experimental structureor the dielectric prop-
erties but not both simultaneously.61 Future work will test if
the current developments help to rectify this situation.

C. Cancellation of errors

The available empirical models and, indeed, the current
EPP all appear to do a satisfactory job of modelingcertain
aspectsof the behavior of ZrO2. For example, these models
do stabilize the monoclinic structure over the fluorite and
give good agreement with the experimental and theoretical
molar volumes. However, they are stuck with the fundamen-
tal problem of the stability of thea-PbO2 structure. Simi-
larly, the empirical potentials appear to model the tetragonal
distortion relatively well although the agreement with the
high-temperatureexperimental data appears better than that
with the 0 K ab initio calculations. However, the current
CIM ~derived fromab initio calculations! gives poor agree-
ment with both the experiment and theab initio tetragonal
calculations. The effectiveness of the pair potentials in mod-
eling specific aspects of the structure can be attributed to an
effective cancellation of errors. The CIM, without polariza-
tion effects, gives the monoclinic structure equilibrium vol-
ume as significantly greater than both the experiment and the
EPP prediction and shows no double-well structure for the
tetragonal distortion. The addition ofboth dipole and quad-
rupole polarization effects rectifies both of these problems;
with this full CIM the monoclinic equilibrium volume is
lowered to give good agreement with experiment and the
double-well structure returns. Thus, the partial successes of
the pair potentials appear in cases where the compressible-
ion and quadrupole effects effectively cancel. Importantly,
the full CIM now gives the monoclinic structure as the
ground stateand predicts tetragonal distortions in better
agreement with both theab initio and experimental data.

A further manifestation of this cancellation of errors is
seen in the elastic constantC44. The EPP gives good agree-
ment with experiment, while the CIM, without polarization
effects, upsets the cancellation of errors and predicts aC44 an
order of magnitude too large. The inclusion of the anion
quadrupole effects returns the agreement with experiment al-
though, in this case, the agreement is slightly worse for the
CIM than for the EPP. This will be developed later in this
section.

D. Other terms in the potential model

The role of the O22-O22 short-range term has also been
found to be critical. Previous models have favored the use of
an empirical potential.62 The current work uses a potential
fitted toab initio calculations using the oxide anion electron
density appropriate to the equilibrium lattice parameter~a
‘‘frozen’’ potential!. Although theenergyof even the current
potential is much less than the corresponding Coulombic re-
pulsive energy at the typical crystal separations, it is the
curvatureof the short-range curve that is important and that
effects the crystal properties. The general effect is to desta-
bilize the higher-coordinate structures. The greater the num-
ber of anions packed around a central cation, the smaller the
anion-anion nearest-neighbor separations tend to be. For ex-
ample, the experimental nearest-neighbor anion-anion sepa-
rations lie in the range 2.581–2.985 Å,21 while the current
models give 2.581 Å as the fluorite analog forall nearest-
neighbor pairs. The reduction of cation-anion coordination
number from 8 to 7 allows a relaxation in the cation first-
coordination sphere.

E. Shortcomings and future development

The current model is, of course, far from perfect. Short-
comings are observed in both the modeling of the tetragonal
phase and theC44 elastic constant in the fluorite structure.
The predicted increase in thec/a ratio at the energy minima
from .1.42 at small volume to.1.45 at the high-
temperature density is not observed, although a trend to-
wards an increase in thec/a ratio with increased molar vol-
ume is seen. Similarly, although the effect of the quadrupole
polarization is to lowerC44 towards the experimental value,
the final value is higher than that observed experimentally.
Again, however, the correct trend is present.

Both of these shortcomings may be related to the rela-
tively speculative manner in which the quadrupolar aspects
of the model have been parametrized. The short-range, dipo-
lar induction, and dispersion effects~including damping! are
all fixed to ab initio calculations and, as such, are well de-
fined. The full quadrupole CIM model could, in theory, ac-
count forbothCoulombic- and overlap-induced quadrupoles
in a manner analogous to the dipoles, usingab initio data.
However, the lack of data leads to our using asmallerquad-
rupole polarizability than would be expected in order to
mimic the damping effect of the overlap on the Coulombic-
induced moment. In the tetragonal phase and the calculation
of C44 the role of the quadrupoles is particularly subtle and
so the shortcomings of this approximation may become ex-
posed.

VII. CONCLUSIONS

Previous models of the ionic type, including the shell
model, are unable to predict the stability of the ground-state
monoclinic structure of ZrO2 with respect to an orthorhom-
bic structure. Our aim has been to understand the origin of
this problem and to develop an improved, physically based
model. In the process of doing this we have obtained a better
general understanding of the origin of the observed crystal
structures in the metal dioxides.

We have investigated systematically the energetics of sev-
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eral crystal structures of ZrO2 using a range of semiempir-
ical interatomic potentials. The three structures which are
observed at increasing temperatures are monoclinic, tetrago-
nal, and cubic~fluorite!. Besides these we have studied hy-
pothetical structures which some potentials erroneously pre-
dict or which occur in other oxides, e.g., thea-PbO2
structure or rutile.

The first important effect we have included is spherical
relaxation~‘‘breathing’’! of the oxygen ion. This is the com-
pressible ion model~CIM!. The ion contracts as its coordi-
nation increases, resulting in a reduction in overlap energy
but an increase in rearrangement energy. It is therefore a
more repulsive object~with lower rearrangement energy! at
lower coordination. However, the reduction in rearrangement
energy is not offset by the gain in overlap energy. The result
of this is to destabilize lower-coordination structures; in par-
ticular the six-coordinatea-PbO2 structure is thereby
brought to a higher energy than the experimentally observed
seven-coordinate monoclinic structure. An effective pair po-
tential ~EPP! cannot achieve this by any amount of fitting,
because an EPP is fundamentally not transferable.

However, the CIM is also found to stabilize the eight-
coordinate fluorite over both the six- and seven-coordinate
polymorphs. We find that the addition of anion polarization
at both the dipolar and quadrupolar levels is necessary in
order to stabilize the seven-coordinate monoclinic structure.
The stabilization works because the anions sit in much more
asymmetric environments in the monoclinic than in the fluo-
rite structure. We can picture the seven-coordinate mono-
clinic structure as consisting of alternating layers of rutilelike
three-coordinate oxygen ions and fluoritelike four-coordinate
oxygen ions. The driving force for the formation of this
structure appears to be the existence of the three-coordinate

oxygen sites, which are the sites that experience the largest
quadrupole polarization.

Besides the various perfect crystal structures, we have
investigated the energy pathway for distortion of the cubic to
the tetragonal structure. The experimental data point to the
existence of a double well in the energy versus tetragonal
distortion of the oxygen sublattice. Although this is repro-
duced with an EPP, it is for the wrong reason, due to a
fortuitous cancellation of errors. A CIM, even with dipole
polarizability, shows no double well. It is only properly ac-
counted for when quadrupole distortions of the anions are
included.

We have found that although some structural information
can apparentlybe explained with a simple ionic or shell
model, these models are not transferable. The CIM with di-
polar and quadrupolar terms is necessary in order to explain
all the data we have from experiment andab initio calcula-
tions. We can therefore apply it with some confidence to
study thermal properties such as phase transitions and de-
fects such as grain boundaries.
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