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Based on electrical resistivity and Hall-coefficient measurements from 2 to 370 K on slightly reduced
semiconductive rutile single crystals with various oxygen deficiencies Od from 3.731018 to 1.331019/cm3,
electronic conduction above 4 K isdiscussed in terms of two conduction bands separated by 0.03–0.05 eV. In
this range of Od , defects are mostly Ti interstitial ions. Ionization of Ti interstitial donors takes place above
about 4 K. The ionization energyE2 depends on the donor concentrationND and decreases with increasingND

for Od,131019/cm3. The density of states effective massmd** of the lower conduction band is estimated to be
~7–8!me ~me is the free electron mass!. The anisotropy of the effective mass is also estimated to be roughly
mc** >(2–4)me andma** >(10–16)me in thec anda directions, respectively. The mobility above 50 K of the
lower conduction band electrons is discussed.@S0163-1829~96!06235-2#

I. INTRODUCTION

Rutile ~TiO2! has a tetragonal crystal structure with lattice
parametersa54.594 Å andc52.959 Å, and, therefore, has a
large anisotropy in various properties.1 At the stoichiometric
composition it is an insulator with an energy band gap of
about 3 eV. Upon slight reduction it becomes ann-type
semiconductor, because nonstoichiometric defects that are
introduced by the reduction treatment act as donor centers.
Therefore, its electronic conduction is closely related to de-
fect structures.

Electronic conduction below 3 K is well explained in
terms of hopping of electrons from lattice defect to lattice
defect~donor to donor! in a process similar to the impurity
conduction that is observed in elemental semiconductors
such as Si and Ge.2–5 On the other hand, for the interpreta-
tion of electronic conduction above 4 K, various mechanisms
have been proposed involving either small polaron6 or stan-
dard band conduction in one7 or two3,8 bands, and a variety
of values for the conduction electron effective mass have
been reported.

Defect structures have been extensively studied by vari-
ous experimental methods, and various types of defects have
been reported. The defect structure varies with oxygen defi-
ciency Od , but the question of which type of defect is domi-
nant in which region of Od is still under discussion~Ref. 5
and references therein!. In order to identify defects we have
performed experiments by electron paramagnetic resonance
~EPR!,9–11 transmission electron microscopy,12 and channel-
ing methods,13 and have shown conclusively that the domi-
nant defects are Ti interstitials in the region of Od investi-
gated, i.e., 3.731018,Od,1.331019/cm3 ~from TiO1.9996 to
TiO1.9999!.

In the present paper, electronic conduction above 4 K is
discussed in connection with defect structures on the basis of

the results of measurements of electrical resistivitiesr, Hall
coefficientsRH , and their anisotropies. Electronic conduc-
tion below 3 K has already been discussed in a previous
paper.5

II. EXPERIMENTAL PROCEDURE

Plate-shaped parallelepiped specimens of size about 1235
30.8 mm3 were cut from two single-crystal boulesA andB
of nominal purity 99.99%, which differ slightly in actual
purity. For the anisotropy study specimens having the fol-
lowing two orientations were prepared from the same boule:
one with the longest edge parallel to thec axis and the larg-
est face perpendicular to thea axis ~ca specimen!, and an-
other with the longest edge parallel to thea axis and the
largest face perpendicular to thec axis ~ac specimen! @Figs.
1~a! and 1~b!#.

These were slightly reduced in vacuum to obtain the de-
sired Od , then cut into the so-called bridge shape with six
side arms for attaching potential leads and Hall leads on both
sides of the stem crystal, as shown in Fig. 1~c!. The experi-
mental method for the vacuum reduction has been described
in detail in a previous paper.5 Copper lead wires of diameter
0.1 mm were soldered to the arms with indium. It was con-
firmed that Ohmic contact was achieved. Electrical resistiv-
ities and Hall coefficients were measured from 2 to 370 K by
the conventional 6-terminal dc technique. In the electrical
measurements current was supplied in the direction of the
longest edge, i.e., thec axis forca specimens and thea axis
for ac specimens. The resistivities thus measured are de-
noted byrc and ra , respectively. ForRH measurement, a
magnetic fieldH between 2000 and 3000 G was applied in
the direction perpendicular to the largest face, i.e.,Hia for
ca specimens andHic for ac specimens. The Hall coeffi-
cients thus obtained are denoted byRH,a andRH,c , respec-
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tively. In ther measurements two readings were taken with
opposite directions of specimen current to eliminate thermal
emf, and their average was used as the value of resistivity. In
theRH measurements two readings were taken with opposite
directions of magnetic field for each direction of specimen
current. The resistivities and the Hall coefficients were still
reproducible in measurements made after the specimens had
been kept at room temperature for six months.

III. EXPERIMENTAL RESULTS

Reduction temperaturesTR and oxygen deficiencies Od of
the specimens are listed in Table I. Figures 2 and 3 show
results of rc and RH,a measurements for theA-boule ca
specimens with various values of Od up to 1.331019/cm3.
~Figure 2 has already been shown in a previous paper.5! The
RH curves exhibit two maxima or shoulders at about 3 and
110 K. Below 3 K,RH,a decreases with decreasing tempera-

FIG. 1. Crystallographic orientations of~a! ca specimens and
~b! ac specimens, and~c! the dimensions of the bridge-shaped
specimen. The thickness of the specimens is about 0.8 mm.c, cur-
rent lead;p, potential lead; andh, Hall lead.

FIG. 2. Electrical resistivitiesr and Hall coefficientsRH mea-
sured forca specimens with various oxygen deficiencies Od from
3.731018 to 1.331019/cm3 as a function of reciprocal temperature
1/T.

FIG. 3. Electrical resistivitiesr and Hall coefficientsRH mea-
sured at temperatures higher than 77 K for theca specimens with
various oxygen deficiencies Od from 3.731018 to 1.331019/cm3 as
a function of reciprocal temperature 1/T.

TABLE I. List of specimens. Oxygen deficiency Od , reduction
temperatureTR , and resistivity at 300 K,r300 K.

Boule
Specimen

No.
Od

~cm23!
TR
~K!

r300 K
~V cm!

A1 3.731018 1273 2.48
A2 4.5 1273 1.52
A3 5.0 1373 1.46

A A4 5.5 1373 1.35
A5 8.5 1273 0.88
A6 10 1273 1.14
A7 13 1273 1.04
B1ca 7.4 1273 0.81

B B1ac 7.4 1273 3.04
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ture, whilerc increases with a very small activation energy.
Between about 4 and 20 K, bothRH,a andrc decrease with
increasing temperature and are approximated in the form of
C exp(E/kT). Above 30 K,rc begins to increase. Three tem-
perature regions are apparent, as distinguished by distinctive
features of theRH,a versus 1/T curves, below 3 K, from 4 to
40 K, and above 110 K. Activation energies obtained in each
temperature region are denoted byE1, E2, andE3, respec-
tively. E1 was determined from ar versus 1/T curve below
about 3 K under the approximationr5r0exp(E/kT). E2 was
deduced from the slope of a log10(RH,aT

3/2) versus 1/T curve
between 5.5 and 12 K by assumingRH,a51/nec, as de-
scribed in Sec. IV A. This temperature range was chosen so
that the slopes of these curves are not affected by the pres-
ence of the maxima or shoulders around 3 and 110 K@cf.
Fig. 9, wheren/T3/2}(RH,aT

3/2)21#. E3 was obtained from
the slope of a log10(RH,a) versus 1/T curve between 210 and
250 K.E1, E2, andE3 are plotted in Fig. 4 as a function of
Od together with previously reported results for
Od.1.331019/cm3. E2 decreases with increasing Od in the
region Od,1019/cm3, but increases in the region
Od.1019/cm3. E3 is approximately independent of Od .

Figure 5 shows Hall mobilitiesmH,c (5RH,a/rc) for three
ca specimens as typical examples. They exhibit a maximum
around 15 K. Above 30 K, their temperature dependence can
be approximated byT2~2.5–3.0!. The maximum value around
15 K decreases with increasing Od in the region
Od,1019/cm3.

To investigate the anisotropy in the conduction process,r
and RH were measured for theB-boule ca and ac speci-

mens,B1ca andB1ac, which had been reduced in the same
ampoule to have the same Od . The values of (rc ,RH,a) and
(ra ,RH,c) are shown in Figs. 6 and 7, and the anisotropy
ratiosra/rc andRH,c/RH,a are shown in Fig. 8. Below 40 K,
RH is negligibly dependent on the specimen orientation,
whereasr is orientation dependent, withra larger thanrc by
a factor of 2–3, i.e.,ra/rc52–3. Becker and Hosler also
reportedra/rc52 ~Ref. 8!. Above 40 K,RH shows orienta-
tion dependence. The activation energy ofE3 obtained from
theRH,c curve is about 0.08 eV, which is two to three times
as large as that obtained from theRH,a curve of theca speci-
men. It is to be noted thatra shows a maximum at about 300
K and decreases with increasing temperature above 300 K.
On the other hand,rc shows no such maximum up to 370 K,
which is the highest temperature covered in the present ex-
periment and continues to increase very slowly above 300 K.

IV. DISCUSSION

From the point of view of chemical bonding rutile is re-
garded as intermediate between ionicity and covalency.1 In
polar crystals the interaction of conduction electrons with
lattice polarization is important. Therefore, in reduced rutile
the polaron effect on electronic conduction must be taken
into account. For a polaron there are two limiting situations,
i.e., the large and small polaron limits, depending on its size
r f , which is a measure of the extent of lattice distortion
induced by excess electrons.14

If r f is larger than a lattice constant, the large polaron

FIG. 4. Activation energiesE1, E2, andE3 as a function of
oxygen deficiency Od . The results previously obtained for
Od.1.331019/cm3 are also included. The error bars of the values of
E2 are within the size of the symbols~open circles!. FIG. 5. Hall mobilitiesmH for three specimens.
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model can be applied. In the case that the electron-lattice
interaction measured by the coupling constanta is small, the
ionic polarization field, which is determined by the dynami-
cal properties of the lattice, adiabatically follows the slow
translational motion of the excess electron. For largea
~strong coupling!, the electron becomes self-trapped in a
bound state of its own displacement field. In both cases the
conduction process can be interpreted in terms of the stan-
dard band model with a modified effective mass.14

If r f is smaller than a lattice constant, the small polaron
model can be applied. In this case the coupling constant is
large and the excess electron is strongly localized around a
single lattice ion. At low temperatures, narrowing of the con-
duction band due to the electron-lattice interaction must be
considered and the bandwidth is temperature dependent. At
high temperatures of the order of\v0/(2k) ~v0 is the fre-
quency of the longitudinal lattice polarization field!, the
bandwidth becomes so narrow that the band picture breaks

down. The electron motion between such small polaron
states proceeds via a phonon-activated hopping process, and
in this regime, drift mobility increases exponentially with
temperature.14

According to the polaron theory, the polaron effective
massm** can be estimated if the electron-lattice coupling
constant and the rigid lattice massm* are known. The latter
accounts for the effect of the periodic lattice on the electron
motion when ions are fixed at their equilibrium positions. On
the basis of the investigations on the width of the conduction
band by various authors, Bogomolov, Kudinov, and Firsov
suggested thatm* was on the order of~3–5!me ~me is the
free-electron mass!, neglecting the crystal anisotropy.6

The characteristic lengthu21, which has a value of nearly
the same order asr f , is given byu

215(2m*v0/\)
21/2 ~Ref.

14!. If, in a rutile crystal, the maximum longitudinal mode
frequencyv051.531014 s21 ~Ref. 15! and the rigid lattice
mass given above are used, it follows thatu2152.8–3.6 Å.
Considering thatm* was estimated by neglecting the anisot-
ropy, it is possible that the criterion for the large polaron
model is satisfied in thec direction, i.e.,r f.c. It might be
said thatr f lies in a region intermediate between the small
polaron and large polaron models.

A. Effective mass

Both models allow consideration of the band conduction
process at low temperatures. Therefore, as described below,
the density of states effective massmd** of the conduction
band can be estimated fromRH data below about 20 K. In
this temperature region the ionization of donor centers takes
place. When only one kind of donor center is present, the
number of electrons in the conduction band,n, is given by
the following equation at low temperatures where the condi-
tion ND.NA@n can be satisfied:

n5
ND2NA

NA

Nc

2 Smd**

me
D 3/2 expS 2

E2

kTD ,
Nc52~2pmekT/h

2!3/2. ~1!

HereND andNA represent the donor and acceptor concen-
trations, respectively. According to the small polaron model,
the effective mass is temperature dependent in the form

FIG. 6. Electrical resistivitiesr and Hall coefficientsRH mea-
sured for specimensB1ca andB1ac as a function of reciprocal
temperature 1/T.

FIG. 7. Electrical resistivitiesr and Hall co-
efficients RH measured at temperatures higher
than 77 K for specimens~a! B1ca and~b! B1ac
as a function of reciprocal temperature 1/T.
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md** 5md* expSSm~T!

kop
2 D , ~2!

throughSm(T), which contains a factor coth~\v0/kT!.16 kop
represents the optical dielectric constant. In the low-
temperature region where~\v0/kT!.2, coth~\v0/kT! be-
comes nearly temperature independent. Even if the lowest
longitudinal mode frequency 731013 s21 is taken forv0

~Ref. 15!,md** can be considered to be temperature indepen-
dent below 267 K. Therefore, in either the large or the small
polaron model the effective massmd** can be estimated from
Eq. ~1! by consideringmd** to be constant. In the present
paper, as described later, the conductivity is interpreted on
the basis of the two-conduction-band model. As the lower
conduction band provides the basic contribution to the elec-
tronic conduction below 100 K, the effective mass discussed
here is that related to the lower conduction band. The carrier
concentrationn can be estimated from the Hall coefficient
RH using the equation

RH5S mH

m D S 1

necD . ~3!

In the usual band model, the ratio of Hall to drift mobilities
mH/m is constant and nearly equal to unity. In the small po-
laron band regime, this ratio is crystal structure dependent. If
the structure has a square lattice in the plane perpendicular to
magnetic fieldH, the ratio is unity.17 This is the case forRH,c
in rutile. As shown in Fig. 8,RH is isotropic below 40 K.
Therefore, the ratio can be considered to be nearly unity in
both large and small polaron models. Hence we assume
mH/m51 below 40 K. From Eq.~1!, it follows that

S n

T3/2D
1/T→0

5
ND2NA

NA
S 2pmek

h2 D 3/2Smd**

me
D 3/2. ~4!

If ND andNA are known,md** /me can be estimated from the
extrapolation of the ln~n/T3/2! versus 1/T curve below 20 K
to 1/T→0. Since the defects are mostly Ti interstitial donors
in the specimens with Od less than 10

19/cm3, ND is estimated
from the relationND>1

2Od . ForNA we have no definite in-
formation.NA is considered to depend on the impurity con-
centration and, in some cases, on the oxygen deficiency. It
may be assumed, however, that it is nearly constant within a

narrow range of oxygen deficiency. Under this assumption,
the value of (md** /me) was estimated from the experimental
data for the three specimensA2, A3, andA4 whose oxygen
deficiencies fall in the narrow range of
~4.5–5.5!31018Od/cm

3. The ln~n/T3/2! vs 1/T curves for the
three specimens are shown in Fig. 9. In the temperature
range from 5 to 12 K the curves agree well with Eq.~1!, and
the curves in this range are extrapolated to 1/T→0. Taking
account of the scattering of the data points, the ranges of the
extrapolated values of (n/T3/2)1/T→0 and the values ofE2 are
listed in Table II. The value of (md** /me) thus estimated
ranges from 2 to 13. It follows that

md** 5~7–8!me . ~5!

In terms of a simple many-valley conduction-band model,
md** is expressed as

md** 5NV
2/3~m1** m2** m3** !1/3, ~6!

whereNV is the number of valleys, andm1** , m2** , and
m3** are the mass parameters along the three principal axes
of the ellipsoidal energy minima.18 Measurements of the pi-
ezoresistivity of reduced rutile above 78 K suggest that the
minimum of the conduction band is located on thekz axis in
k space and that the band is not degenerate.19 From the crys-
tal symmetry the energy surface consists of one or two ellip-
soids of revolution with respect to thekz axis. Energy ellip-
soids have three principal axes alonga, a, andc crystal axes
and have effective massesma** , ma** , andmc** associated
with each axis, i.e.,

md** 5NV
2/3~ma** ma** mc** !1/3. ~7!

The values ofma** andmc** are estimated from the an-
isotropy in mobility at low temperatures. For the ellipsoidal
energy surface model under consideration, the conductivities
sa , sc and their anisotropy ratiosc/sa , and Hall coeffi-
cientsRH,c , RH,a and their anisotropy ratioRH,c/RH,a are
given by the following equations:20

sa5n
e2

ma**
^ta&, sc5n

e2

mc**
^tc&,

sc

sa
5
ma**

mc**
^tc&

^ta&
,

~8!

FIG. 8. Anisotropy ratios of electrical resistiv-
ities ra/rc , and Hall coefficientsRH,c/RH,a for
specimensB1ca andB1ac as a function of re-
ciprocal temperature 1/T.

54 7949ELECTRONIC CONDUCTION ABOVE 4 K OFSLIGHTLY . . .



RH,c5
1

nec

^ta
2&

^ta&
2 , RH,a5

1

nec

^tatc&

^ta&^tc&
,

RH,c

RH,a
5

^ta
2&^tc&

^ta&^tatc&
.

The assumption thatRH,c51/neccorresponds to the relation
^t a

2&/^ta&
251. If ta/tc5const, it follows thatRH,c/RH,a51

andsc/sa5const. This is the case below 40 K, as shown in
Fig. 8. Below 30 K, the Hall mobility and, therefore, the drift
mobility, are oxygen deficiency dependent~Fig. 5!. In this
temperature region, scattering by ionized centers is impor-
tant. For the anisotropy in the conductivity due to this scat-
tering mechanism, theoretical calculations have been per-
formed by Samoilovichet al.21,22and Korenblit.23 Figure 10
shows the relationship amongma** /mc** , ta/tc , and
sc/sa , which was obtained from the results of Korenblit’s
calculation23 and Eq. ~8!. The experimental result
ra/rc5sc/sa52–3 indicates that the energy surface is ob-
late ellipsoidal with an effective-mass anisotropyp
5ma** /mc** 54–10.

In the case of an oblate ellipsoidal energy surface, the
mobility in the c direction due to scattering by ionized cen-
tersmi ,c is given by

m i ,c5
e

mc
!! ^tc&>A

~12p!2~11 4
25p!

$~p21!1 1
2A~p21!/p ln@~Ap2Ap21!/~Ap1Ap21!#% ln@~24mc** kT/\

2!kstkT/4pe2n8#
,

A5
29/2kst

2mc**
1/2~kT!3/2

3p3/2NIe
3ma**

,

n85n1~n1NA!S 12
n1NA

ND
D , ~9!

whereNI is the concentration of ionized centers andkst is the
static dielectric constant.21,23As seen from Fig. 5, the mobil-
ity has a maximum around 15 K, which results from the
competition between scattering by ionized centers and by
phonons. When both contributions to mobility become equal,
the observed mobilitymexpt exhibits a maximum and is ex-
pected to have the value12mi ,c because~1/m!5~1/mi ,c!
1~1/mphon!. Therefore,mi ,c is expected to take the value
2mexpt around 15 K. For specimenA4, which has
ND52.7531018/cm3 and NA50.6731018/cm3, the mobility
mi ,c at 15 K was calculated for various combinations ofp

~4<p<10! andmc** /me . In this calculationNI was taken to
be equal to 2NA , becauseNA donors become ionized due to
the trapping ofNA electrons byNA acceptors. The magnitude
of NA was estimated from Eq.~1! usingmd** 57me . The
static dielectric constantskst are 89 in thea direction and 173
in the c direction.24 In the present calculation the average
value for a powder sample, 117, was used. The results are
shown in Fig. 11. The experimental valuemexpt at 15 K is
about 650 cm2/V s. Taking account of uncertainty in the
value used forkst in the calculation, the effective mass
mc** is roughly estimated to be~2–4!me so thatmi ,c has a

FIG. 9. n/T3/2 values for specimensA2, A3, andA4 as a func-
tion of reciprocal temperature 1/T.

TABLE II. ( n/T3/2)1/T→0 ~n is the carrier concentration!, donor
concentrationND , and ionization energyE2 for specimensA2, A3,
andA4.

Specimen
No.

(n/T3/2)1/T→0
~cm23 K23/2!

ND

~cm23!
E2

~eV!

A2 ~1.04–1.10!31017 2.2531018 ~5.00–5.10!31023

A3 1.15–1.22 2.50 4.88–5.00
A4 1.32–1.40 2.75 4.85–4.96
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value betweenmexpt and 2mexpt.
The value ofmc** can also be estimated from Eq.~7! with

the condition 4<p<10. Figure 12 shows the obtained rela-
tionship amongmc** , ma** , andp for md** 5(7–8)me and
NV51 or 2. The value ofmc** falls in the region~1–4!me ,
which is in good agreement with the value estimated above.
Better agreement is obtained forNV51, i.e., a single ellip-
soid. ForN¹51,ma** >(10–16)me . From these analyses it
follows that

md** >~7–8!me , mc** >~2–4!me ,

ma** >~10–16!me . ~10!

For the density of states effective mass various values
have been reported based on measurements of properties
such as thermoelectric powerQ and specific heat. The values
vary in a very wide range from 2me to 190me . From mea-
surements ofQ in the temperature region from 100 to 300 K,
Thurber and Mante,25 Acket and Volger,7 and Cristea and
Babes26 derived~20–35!me at room temperature,~5–13!me
at 300 K and~2–8!me at 150 K, respectively. Frederikse27

derived~12–32!me from similar measurements above 300 K.

These values were estimated based on the one-conduction-
band model. Baumard and Gevais28 obtained~8–10!me from
the study of infrared reflectivity at room temperature for
more heavily reduced specimens than those used in most
experiments. Pascual, Camassel and Mathieu29 estimated the
lower limit of the effective mass to be 8me based on optical
absorption experiments from 1.6 to 300 K. On the other hand
Sandin and Keeson30 derived the very large value of 190me
from measurements of specific heat between 0.3 and 20 K.
DeFord and Johnson31 reported 12.5me as a rough estimate
based on a study ofr and RH for Nb- and Nb1H-doped
rutile specimens from 6 to 40 K. This value is of the same
order of magnitude as the present result.

In the following section, the experimental value of the
effective mass will be compared with the values calculated
from polaron theories. In the large polaron model the cou-
pling constanta is given by32

a5
1

2 S 1

kop
2

1

kst
D S e2u\v0

D . ~11!

Substituting v051.531014 s21, kop>7 ~Ref. 27!, and
kst>117 into Eq.~11!, it follows thata52.7–3.5. This range
of values ofa is typical for the case of intermediate cou-
pling. Lee, Low, and Pines determined that for the interme-
diate coupling case~a<6! in the large polaron model, the
conductivity effective massm** is given by33

m** 5m* ~11a/6!. ~12!

The assumption thatm*5(3–5)me thus leads to
m** 5(4–8)me , whereas from other relations given by
Schultz34 @m** 51.89m* ~a53! andm** 53.89m* ~a55!#,
it follows thatm** 5(6–20)me .

On the other hand, the small polaron effective mass is
nearly temperature independent belowT,\v0/(2k) and ap-
proximated by

m** >m* expSSm~T50!

kop
2 D . ~13!

The factorSm(T50) is approximately given by

Sm~T50!5
16Z2e4

3\Mv0
3b4

, ~14!

FIG. 10. The relationship among conductivity anisotropy
sc/sa , effective-mass anisotropyma** /mc** , and relaxation time
anisotropyta/tc in the case of ionized center scattering.

FIG. 11. Mobilities in thec directionmi ,c calculated for speci-
menA4 using Eq.~9!. mexpt represents the experimental value of the
mobility at 15 K.

FIG. 12. Effective massesmc** calculated from Eq.~7! for vari-
ous values of effective-mass anisotropyma** /mc** .
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where1Z ~2Z! is the charge of a positive~negative! lattice
ion, M is the reduced ion mass, andb is the lattice
distance.16 It follows that m** >(1.3–5.0)m*>(4–25)me
for v051.531014 s21, m*>(3–5)me and b52.96–4.6 Å.
These values, which are calculated by neglecting the anisot-
ropy in both large and small polaron models, are of the same
order of magnitude as those obtained in the present experi-
ments.

B. Ionization energy of a donor center

Between about 4 and 20 K, bothr andRH decrease with
increasing temperature, and the carrier concentrationn in-
creases with increasing temperature according to Eq.~1!. In
addition, resistivity decreases with increasing Od . Upon dop-
ing of Al, which acts as an acceptor, resistivity increases due
to the compensation effect.5 These results indicate that the
ionization of donor centers takes place in this temperature
region. Our EPR experiments performed at 4.2 K revealed
that, for Od,1019/cm3, the main defects areC centers, which
were assigned to be Ti interstitial ions, and which increase in
number with increasing Od .

9–11 EPR and channeling
experiments13 demonstrated that the dominant defects in the
Od region investigated in the present study are Ti intersti-
tials. Therefore, the activation energyE2 is an ionization
energy for Ti interstitial donor centers. It exhibits Od depen-
dence ~Fig. 4!; for Od,131019/cm3 it decreases with in-
creasing Od , whereas for Od.131019/cm3 it increases with
increasing Od . In the case ofp-type Si it has been reported
that ionization energy decreases with increasing acceptor
concentrationNA in the form ofE02gNA

1/3 ~Ref. 35!. If we
assume thatE2 here has a similar dependence upon donor
concentrationND ~>1

2Od!, it can be approximated by

E250.012125.3331029ND
1/3 ~eV!, ~15!

in the region Od,5.531018/cm3, although the concentration
range investigated in the present study is very narrow com-
pared with the case of Si~Fig. 13!. The ionization energy at
the limit of low donor concentration,E0, is about 0.012 eV.
Taking account of the error bars of the data points,E0 ranges
from 0.0098 to 0.014 eV. In the case of the large polaron,
Simpson36 calculated the ionization energyE2 of an electron

trapped at an interstitial defect in an ionic crystal assuming a
hydrogenlike wave function for the trapped electron, and
found thatE2 can be approximated byE2>m* e4/~2\2kst

2!
for small values ofa and b where b5e2u/kst\v0. When
b51, the region ofa where this approximation can be ap-
plied extends up to 6. The smaller the value ofb, the larger
this region becomes. In the case of rutile,b>0.35–0.45 and
a52.7–3.5, so the above relation can be applied. Using
m*>(3–5)me and kst>117, we obtainE2>0.003–0.005
eV. On the other hand, in the small polaron model, the donor
ionization energy is of the order ofe2/kstd, whered is the
distance between a donor center and the nearest Ti ion.37 In
the case of rutile, e2/kstd>0.05 eV. The value
E050.0098–0.014 eV falls in the intermediate region be-
tween these two.

C. Two-band conduction

We discuss the smallRH maxima or shoulders around 110
K in terms of the two-conduction-band model proposed by
Becker and Hosler.3,8 At low temperatures the contribution
of the lower band is predominant, while above about 80 K
electrons become excited into the upper band and its contri-
bution becomes larger with increasing temperature. The
maxima or shoulders result from the difference in mobility
between these two bands. In the following, the analysis will
be performed for specimensB1ca andB1ac in which the
defects are mostly Ti interstitial ions. According to the two-
conduction-band model,RH,a andRH,c are given by

RH,a5
1

ec

r laMQDE1r ua
~MQD11!~MQE11!

MQ11

n
,

RH,c5
1

ec

r lcMQD21r uc
~MQD11!2

MQ11

n
, ~16!

where the subscriptsl andu denote the quantities associated
with the lower and upper conduction bands, respectively.8,20

In addition,n, MQ, D, andE are defined as

nl /nu5~mdl** /mdu** !3/2 exp~DE/kT![MQ,

nl1nu[n, ~17!

D[m la /mua , E[m lc /muc ,

whereDE is the energy separation between the upper and
lower band minima. The quantitiesr a andr c are Hall factors
given byRH,a5r a/nec andRH,c5r c/nec. As noted in Sec.
IV A, r la and r lc are taken equal to unity, i.e.,r la5r lc51.

The carrier concentrationn can be calculated whenM2/3

5(mdl** /mdu** ) andDE are known. For specimensB1ac and
B1ca, E250.0055 eV andND53.731018/cm3. Usingmdl**
57me , the acceptor concentration is estimated from Eq.~1!
to be NA51.6331018/cm3. The Hall coefficientsRH,a and
RH,c were calculated for various sets of parameters
(DE,mdl** /mdu** ,D,E,r ua ,r uc) under the assumption that
they are temperature independent. An energy separationDE
in the range of 0.03–0.05 eV gives good agreement between
experimental and calculatedRH,a and RH,c curves. Fairly
good agreement was obtained for the sets of parameters
~0.047 eV, 10, 0.0001, 0.00079, 0.0023, 0.0019! and ~0.047

FIG. 13. The donor concentration dependence of the ionization
energyE2. The solid curve represents Eq.~15!.
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eV, 1.7, 0.0015, 0.011, 0.032, 0.029!, but these parameters
cannot be determined uniquely. The calculated results are
shown in Fig. 14. They give better agreement in the case of
RH,a thanRH,c , and are more sensitive to the values ofr ua
and r uc than to those ofD andE. The difference between
calculated and experimental values results partly from ne-
glecting the temperature dependence ofM , D, E, r ua , and
r uc . Becker and Hosler

8 obtained 0.04–0.06 eV forDE from
the analysis of anisotropy ratios of Hall coefficients. By a
similar analysis,DE50.023 eV was obtained from the
present data. The maximum on theRH,a curve is not as large
as that on theRH,c curve because the difference in mobility
between the lower and upper bands is smaller in thec direc-
tion than in thea direction.

The smallness of values ofr ua and r uc suggests that the
upper conduction band is rather anisotropic as pointed out by
Becker and Hosler8 and Herring.38 The conduction bands of
rutile originate from the 3d level of Ti ions. The calculation
by Kahn and Leyendecker39 suggests the splitting of the con-
duction band due to the orthorhombic environment of Ti by
the order of several hundredths of an eV. The analysis above
indicates that the donor centers are mostly exhausted at about
250 K. As an example, the calculated temperature depen-
dence of carrier concentrationsnl and nu for mdl** /mdu**
51.7 is shown in Fig. 15. Therefore, the temperature depen-
dence ofRH curves above 250 K is determined only through
that of theMQ values. This is the reason whyE3 is inde-
pendent of the oxygen deficiency Od .

From the discussion above the smallRH maximum or
shoulder around 110 K is explained qualitatively based on
the two-conduction-band model. The energy separation be-
tween the bottom of the lower conduction band and the bot-
tom of the upper one is 0.03–0.05 eV, and the mobility of an
upper-band electron is higher than that of a lower-band elec-
tron.

D. Mobility above 50 K

Above about 30 K, the mobility becomes weakly depen-
dent on Od and decreases rapidly with increasing tempera-

ture ~Fig. 5!. In this temperature region phonon scattering
becomes dominant. For example, from 30 to 100 K the car-
rier concentration increases gradually by a factor of about 2.5
~Fig. 15!, while the mobility greatly decreases by a factor of
more than 10. Therefore, the observed increase ofr with
increasing temperature above 30 K is attributed to the de-
crease of mobility. According to the two-conduction-band
model, the contribution of the upper-band electrons having

FIG. 14. Comparison of experimental and calculated values of Hall coefficients for specimens~a! B1ca (RH,a) and ~b! B1ac (RH,c).
Solid curves represent the experimental results. Calculated results were obtained for three sets of parameters,
(DE,mdl** /mdu** ,D,E,r ua ,r uc): s for ~0.047 eV, 10, 0.0001, 0.00079, 0.0023, 0.0019!, n for ~0.047 eV, 1.7, 0.001, 0.013, 0.033, 0.017!,
and1 for ~0.047 eV, 1.7, 0.0015, 0.011, 0.032, 0.029!.

FIG. 15. Carrier concentrations in the upper and lower conduc-
tion bandsnu andnl of specimenB1ca estimated using the two-
conduction-band model forDE50.047 eV andmdl** /mdu** 51.7.
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higher mobility becomes large above about 100 K. For speci-
menB1ca the temperature dependence of the mobility in the
c direction above 50 K of the lower-band electrons,ml ,c , was
estimated from the electrical conductivity data under the as-
sumption thatM , D, E, andr ua are temperature independent.
The results are shown in Fig. 16~a!. Taking account of the
contributions of both optical and acoustic-phonon scattering,
the mobilitym is given by

1

m
5

1

mopt
1

1

macoust
. ~18!

In the large polaron model, the drift mobilitymopt is given by
the following equation in the temperature region where
\v0/kT@1:40

mopt5
e

2m*av0
S m*

m** D 3f ~a!exp~\v0 /kT!, f ~a!>1.

~19!

For the acoustic-phonon scattering,macoust}T
23/2. The mlc

values estimated above can be approximated by the equation

1

m lc
58.49 exp~2534/T!14.4731025T3/2 ~cm22 V s!,

~20!

as indicated by a dotted curve in Fig. 16~a!. The longitudinal
optical phonon has three modes withv057.031013,

8.731013, and 1.531014 s21 ~Ref. 15!. Equation~20! seems
to indicate that the interaction with the mode with
v057.031013 s21 ~\v0/k>534 K! is the most effective in
this temperature region. Assumingm** 5(11a/6)m* and
f ~a!51, the values ofm** andm* can be estimated from
Eqs.~19! and~20! as a function ofa; for a51,m** >78me ,
and m*>67me , for a52, m** >30me , and m*>23me ,
and fora55, m** >6.3me , andm*>3.5me . According to
the estimation by Eagle,15 the coupling constanta for the
mode withv057.031013 s21 is the smallest among the three
modes and is given bya50.05(m* /me)

1/2. The a andm*
values estimated above, however, do not satisfy this relation.
If all three modes are taken into account, the mobilitymopt
may be obtained from the formulamopt5etopt/^m** & with an
average effective masŝm** & and a relaxation timetopt,
which is given by

1

topt
5(

j51

3 S 1

topt,j
D 5(

j51

3 S e

mj
!!mopt,j

D , ~21!

where eachtopt,j is a relaxation time associated with an in-
dividual modej .15 The mobility can, therefore, be expressed
by

1

m
5

A1

topt
1A2T

3/2, ~22!

and the average effective mass can be estimated from the
value ofA1. Usingaj values estimated by Eagle,15 the rela-
tion m** 5~11a/6!m* and Eq. ~19! for each individual
mode, and Eq.~21!, the coefficientsA1 andA2 were deter-
mined so that the mobilities given by Eq.~22! would take
values as close as possible tomlc for various values ofm*
betweenme and 10me . The average effective mass was es-
timated from the values ofA1 to be ^m** &.31me . As an
example, mobilities thus calculated form*54me and
^m** &572me are shown in Fig. 16~a! as a chain curve. The
fit of mlc to Eq. ~22! is not very good and the estimated
^m** & is also much larger than that derived in Sec. IV A.
There remains some uncertainty in the estimation ofmlc and
in the fitting to Eqs.~20! and ~22! due to the following two
assumptions:~1! In derivingmlc the parametersM , D, E, and
r ua were assumed to be temperature independent, and~2! in
the fitting to Eqs.~20! and ~22! the anisotropy in effective
mass was neglected as a result of the use of Eq.~19!. How-
ever, it seems to be difficult to explain the mobility above 50
K of the lower-band electrons in terms of the large polaron
intermediate coupling model.

The conductivity in thea direction sa increases with
increasing-temperature above 250 K, while this is not the
case forsc ~Figs. 6 and 7!. Such an increase insa was also
observed by Bogomolov and Zhuze, while in thec direction
it was not observed up to 600 K, or at least not so conspicu-
ously as in thea direction.41 The drift mobility in the a
directionmla can be estimated in a similar way to that for
mlc . The estimated mobilitiesmla for specimenB81ac are
shown in Fig. 16~b!. mla has smaller values thanmlc and a
different temperature dependence. It is probable that in an
anisotropic crystal the mobility has different temperature de-
pendences for different directions. The decrease ofmla with
increasing temperature becomes slower above 250 K. When

FIG. 16. ~a! Hall mobilitiesmH,c(5RH,a/rc) and drift mobili-
tiesmlc of the lower-conduction-band electrons estimated using the
two-conduction-band model for specimenB1ca for three sets of
parameters, (DE,mdl** /mdu** ,D,E): s: ~0.047 eV, 10, 0.0001,
0.00079!; n: ~0.047 eV, 1.7, 0.001, 0.013!; and1: ~0.047 eV, 1.7,
0.0015, 0.011!. The mobilities given by Eq.~20! and the mobilities
calculated using Eq.~22! for m*54me and ^m** &572me are in-
dicated by a dotted curve and a chain curve, respectively.~b! Hall
mobilities mH,a(5RH,c/ra) and drift mobilitiesmla of the lower-
conduction-band electrons estimated for specimenB1ac in the
same way as for specimenB1ca and using the same three sets of
parameters (DE,mdl** /mdu** ,D,E). The curves were drawn only to
guide the eye.
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the conductivity continues to increase at higher temperatures,
as observed by Bogomolov and Zhuze,41 mla increases with
temperature; the increase in conductivity with temperature is
attributed to the increase in mobility. This is characteristic of
the hopping conduction mediated by small polarons.14 These
results suggest that the small polaron model is appropriate
for the discussion of conduction by lower band electrons, at
least, in thea direction, though there is some uncertainty in
the estimation ofmla because theRH,c curve was fitted as-
sumingM , D, E, andr uc to be temperature independent, and
rather less successfully than theRH,a curve.

V. SUMMARY

Based on electrical resistivityr and Hall coefficientRH
measurements from 2 to 370 K on slightly reduced semicon-
ductive rutile single crystals with various oxygen deficien-
cies Od from 3.731018 to 1.331019/cm3, electronic conduc-
tion above 4 K was discussed. According to the results of our
EPR and channeling experiments, defects are mostly Ti in-
terstitial ions in this range of Od .

Ionization of Ti interstitial donors takes place above about
4 K. The ionization energyE2 depends on the donor concen-
tration ND . If E2 has an ND dependence given by
E25E02gND

1/3 as in the case of Si, it can be approximated
with E050.01260.002 eV for Od,5.531018/cm3, although
the range ofND investigated in the present experiment is
narrow.

On theRH curves a small maximum or shoulder is ob-
served around 110 K. This is interpreted in terms of two
conduction bands, which are separated by 0.03–0.05 eV in
energy at the bottom of the band. The upper-band electron
has a smaller effective mass, larger mobility, and larger an-
isotropy than the lower-band electron. The contribution of
the upper band to the electronic conduction becomes con-
spicuous above about 100 K.

From theRH data below 20 K the density of states effec-
tive massmd** of the lower conduction band was estimated
to be about~7–8!me . The anisotropy of the effective mass
was roughly estimated to bemc** >(2–4)me and ma**
>(10–16)me from measurements of mobility and the an-
isotropy in resistivity.

The mobility above 50 K of the lower conduction-band
electrons was also discussed. For this temperature range, at
least in thea direction, the small polaron model must be
taken into account.
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