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Tunneling calculations for systems with singular coupling matrices: Results for a simple model
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The tight-binding approach has become one of the most common and useful methods for incorporating
band-structure effects into the calculation of the tunneling resonances of resonant tunneling diodes, the energy
levels of quantum wells, and other heterostructure properties. For several years now, numerical stabilization
methods have allowed the use of tight-binding models for even very long struct8800 A). These
methods still, however, suffer from a common deficiency: the reliance on a transfer-matrix calculation to
determine the boundary conditions. The difficulty is rooted in the fact that the mere generation of a transfer
matrix requires a matrix inversion which may not always be possible. Recently, we have shown how to obtain
the complex band structure in the case of singular coupling matrices, for which a transfer matrix does not exist.
Here we study a simple model, deliberately constructed in such a way that a transfer matrix does not exist, and
demonstrate that its tunneling properties are exactly what one anticipates from the bulk bands.
[S0163-182696)00836-3

Empirical tight-binding techniques have been employed Because the real bands of a material are always available
for a number of years now in tunneling calculations forfrom the (well-behavedl bulk Hamiltonian, it seems more
quantum heterostructures such as resonant tunneling dioddiely that the nonexistence of a transfer matrix under certain
They can provide a much more complete description of theonditions is a defect of the method itself rather than an
bulk band structures of the constituent materials than camherent physical property of the system. This is not to say
effective-mass approaches and they are well suited to hahat the nonexistence of a transfer matrix is without physical
dling heterointerfaces. Numerical stabilization mettodls consequences: in our recent study of the complex bands of
have permitted their use in modeling structures in excess dpaAs and AlAs in the second-near-neighisg’s* model?
3000 A long. Despite these impressive achievements, tighwe have seen that it is indicative of evanescent states which
binding approaches still have one significant remaining probgrow and decay infinitely quickly. States with such proper-
lem, perhaps not as widely recognized as it should be: thées obviously must be calculated by something other than
reliance on transfer matricsin these methods a transfer- the transfer-matrix methotihere we extend our previous
matrix equation yields the basis states in terms of which thavork,> showing how it may be employed in tunneling calcu-
boundary conditions are expressed. Furthermore, in Refs. lations. To demonstrate its utility, we present a tunneling
and 3, transfer matrices are used in the solution of the 'Schrealculation for a single barrier/well heterostructure described
dinger equation itself. The problem is quite simply that gen-using a second-near-neighbor two-band model having pa-
erating a transfer matrix requires inverting one or more subrameters deliberately chosen to give singular coupling matri-
matrices which couple the various atomic planes to oné&es, so that a transfer matrix does not exist.
another, and in many cases of interest these submatrices be-Our method is most easily introduced using a simple di-
come singular, so that a transfer matrix does not exist. Foatomic tight-binding model: one having anlike orbital on
example, in arf001]-oriented zinc-blende crystal described each cation site and@-like orbital on each anion sife’ In
with the second-near-neighbseip® model (which can cor- order to illustrate the method in the case of singular coupling
rectly reproduce thé&-valley transverse effective masst ~ matrices, we include interactions up to second-near-
the interfacial wave vectok =2m/ae, (lattice constant is neighbor; eventually we will sebne of the second-near-
a), the transfer matrix does not existhis is a potentially neighbor parameters to zero in order to obtain singular cou-
fatal difficulty for the tight-binding method, since the above pling matrices.(Setting both to zero merely reduces the
procedure is obviously of little use in treating indirect semi-problem to the nearest-neighbor calculation, at which point
conductors having conduction-band minima which occur athe equations are easily rewritten in terms of nonsingular
the X points. Using this procedure as the starting point in acoupling matriceg. Because this model lack®,- and
calculation incorporating inelastic processéshich mix  py-like orbitals, there is little point in including the depen-
states of differingk) is likewise problematic. Difficulties dence onk =k.e +kye; therefore, we restrickj=0. The
will also arise when a set of tight-binding parameters render§chralinger equation in either the Blochnow with
the coupling matrices which one inverts to obtain the transfek=Kke,) or planar-orbital base@vith k;=0) may be written
matrix singular. Furthermore, the transfer matrix is most of-down directly from its second-near-neightsp® form. It is,
ten computed numerically, so that even near-singular courowever, easier to recognize that fqr=0 the problem re-
pling matrices will result in a transfer matrix of poor quality, duces to that of a linear chain of atoms and that the various
having inaccurate eigenvalues and eigenvectors. Thus oneteractions may be combined into intra- and inter-atomic
must determine the expansion states with a method appllayer couplings(Fig. 1). Taking the chain along the axis,
cable in the case of singular coupling matrices. with anion layers at positionsna/2, cation layers at
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FIG. 1. Linear chain of atoms showing effective inter-atomic-

layer matrix elements. Anions are large and shaded, cations are

small and striped. A monolayer &2 long; monolayet is shown,
along with the nearest-neighbor atomsLof 1.

(na/2+al4), ned, the bulk Hamiltonian is
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whereEg andE, are the same-layer interactions,, is the
nearest-neighbor atomic layer interaction, ahdandV, are
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FIG. 2. Heterostructure for the tunneling problem.
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The eigenstates @b) or (6) become the basis states in terms
of which the boundary conditions in the left- and right-semi-

the second-near-neighbor atomic layer interactions. In thignfinite regions are expressed in the heterostructure tunneling
scheme thé.th monolayer consists of the anion atomic layerproblem. In Ref. 5 it is shown that although there appear to

at La/2 together with the cation atomic layer at
(La/2+al4).
Writing the state in the planar orbital basis,
n'a na a
— p . S .
|\I’>—§ [Cn’ za,7>+Cn, SC,7+Z> , (2)

the Schrdinger equation yields pairwise equations:

VpCP_ 1+ Ve Cs_ 1 +[Ep— EICR—V( CE+V,CP, = o(, )
3

Vscﬁ—l_vspcg"' [Es— E]Cﬁ+VSpCE+1+VSCﬁ+1= Ov( )
4

where(3) and(4) are shown for bulk. As discussed in Ref. 5,
the bulk eigenstates representing propagatfiBtpch) and

evanescent states are found for the solutions of the forwar

(5), and reverse(6), eigenproblems:
N M Xy=M_Xq, (5

(6)

where
Vp, 0 0 O
Vsp Vs 0 O
M+E ’
— 0 0 1 0
0 0O 0 1

be two eigenproblemgfor singular M., A.=% can be
considered eignevalues, as well as the obvipus=0), an
implementation usingisPACK(Ref. 8 routines yields all ei-
genvalues in one diagonalization; we follow that procedure
here. In addition, as expected from the discussion in Ref. 5,
the characteristic polynomials ¢5) and(6) are identical,

NIV NI[(Es— E)Vp+ Vi + (Ep—E) V4]
+NA[(Es—E)(Ep—E)+2V,Vs—2VZ ]
9

and it is seen that in the singular cagesay V. =0,
V,#0), (9) becomes a third-degree polynomial of the form
N-p(\+), wherep(A.) is a polynomial of degree 2 of
which A . =0 is not a root.

We consider the simple single well/barrier tunneling

+N2[(Es—E)Vp+ V2, + (Ep—E)Vs]+V,V=0,

&)roblem depicted in Fig. 2; four monolayers of material B

dre sandwiched between two semi-infinite regions of mate-
rial A. We take the structure to be unbiased and compute the
transmission probability as a function of the energy of the
incident particle. The eigenstates of the left-and right-semi-
infinite regions, A, are thus identical. We express the bound-
ary conditions in terms of the eigenstates®f, (6), arrang-

ing the vectors as columns of ax4 matrix, P, which we
write in terms of 2<2 blocks,P, ;:

P1,2

Pll

P=[s"b(MigNpM]= ,
- EZ,l Ez,z

(10

wheres” ands" are, respectively, forward- and reverse-
decaying(surfacé states and(") andb(") are, respectively,
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TABLE I. Tight-binding parameters for materials A and B; units

are eV. 13 '
Parameter A B

= 0.5 0.3 %

Ep -0.6 -0.2 %

Vsp 0.5 0.3 £

Vs 0.0 0.0

Vv, 0.1 0.05

i sl

forward- and reverse- propagatitigloch) states. Note that 00 02 04 06 08 10 12 14 16 1.8 20
in the case of singularM., sPeKer(M,) and s kaj
eKer(M_).

The most natural method for solving the tunneling prob- £ 3. Real bands of materials &olid lineg and B (dashed
lem without generating a transfer mattexcept to obtain the  jineg as produced by the parameters of Table I.

basis statgsis that of Ting, Yu, and McGilf we employ it

here, but modify it by obtaining the basis states from thearenotinverting coupling matrices; indeed for there to be a

generalized eigenproblertd) or (6) instead of computing basis, the columns dfL0) must be linearly independent. In

and d_iagonalizir_lg a transfer matrix. S?nce these states ar, ddition, we stress that the eigenstate$5of (6) are used in
used in formulating the boundary conditions, we discuss °n.|¥ormulating the boundary conditions iexactly the same

that part of the method of Ref. 2 here. In the Ie‘ct'sem"manner as are the transfer-matrix eigenstates in the original

infinite region that total state consists of a unit amount of the[hethod of Ting, Yu, and McGiff. With this modification to
forward-propagating eigenstate and as yet unknown amoun Reir method, it is no longer necessary to deal with transfer

of reverse-decaying and reverse-propagating eigenstates: matrices and thus the presence of eigenstatés)of6) cor-

Co Pi1 Pl 0 re responding to infinite or zero eigenvalues presents no prob-
c_}zﬁ P [r : ':[1 : r:[r}‘ 1y lem. . o
121 222 b As indicated in the discussion ¢L0)—(16) above, one
where the reflection coefficient |s,|? and, from(11), formulates the boundary conditions for the tunneling prob-
lem in terms of the eigenstates ¢), (6) regardless of
r:El_é[CO_El.ll]v (12 whether or not the matrice™. are singular. What may
come as a surprise is that the transmission and reflection
C_1—PyoP13Co=[Po1—Po P 3P4l 1. (13)  coefficients in the case of singuldt. behaveexactly as

one would expect based on the band structures of the con-
Gtituent materials. We demonstrate this by constructing a de-
liberately singular case, the parameters of which are listed in
Table I. Since our purpose here is to demonstrate the utility

In the right semi-infinite region the state consists of as ye
unknown amounts of forward-propagating and forward-
decaying eigenstates:

c =) P, 1Mt t of this method the parameters are not chosen to mimic some
S| = = t=[ S} (14  particular materials, rather they are selected to best show the
Cs| [P21 P22l O ty current approach. In Fig. 3, we graph the bands dsdlid

lines and B (dashed linesproduced by these parameters.

h h issi ffici 2 f 14 ; LA :
where the transmission coefficient|t|", and, from(14), SinceV,=0 for both materials, it is readily apparent that the

t=P;1Cs, (15)
0 —e

Cs~P11P;1C5=0. (16 N
Because we consider only unbiased structures and there are _ 4t
only either two(or zerg Bloch states at a given energy, the § |
speeds of all propagating states are identical and thus all £ 6
velocity factors become unity. Equatio$3) and (16) ex- g 8r
press the boundary conditions for the entire structure and the g 10k
Schralinger equation as written using the method of Ref. 2 & Il
results in a 1& 16 banded matrix. We take the A-B interface
to occur at an anion plane; for the same-plane interface pa- -4
rameter we také,= 3(E{j"+E”) and for the second-near- 050 0.5 0.60 063 0.0 0.75 080 0.95 090 095 100
neighbor interactions we tak¥,=3(V{¥+V{®) and Vv, Y EneréZfS[e\}] 83 0.90.0.95 1.

=4v®N+V®). Since our purpose here is to demonstrate

our method rather than model a specific heterostructure, we FIG. 4. Base-10 logarithm of the transmission-versus-energy
select the interface parameters on the basis of convenienc&urve of the single well/barrier heterostructure of Fig. 2, with ma-
With regard to equation§l1)—(16), we emphasize that we terials A and B described by the parameters of Table |I.



54 BRIEF REPORTS 7673

matricesM.. for both are singular. In particular, this means Well. Thus, we see that even in the case of singular coupling
that there is no transfer matrix for either material and th@matrices, we can accurately calculate heterostructure tunnel-

eigenstates of material A used in formulating the boundary"d Properties. L .
conditions cannot be calculated in the usual manner. We have demonstrated that it is possible to accurately

We calculate the transmission-versus-energy curve of thcalpulate jche trgnsmi.ssi_on properties of. a hetero_struc_ture de-
. ; I M&cribed with a tight-binding model even in cases in which the
structure of Fig. 2 using the modified method of Ref. 2 dis-4¢rices coupling the various atomic planes are singular. By
cussed above; the results are plotted in Fig. 4. The energymoving the necessity of dealing with transfer matrices in
resolution for this curve is 1 meV and faill points flux  formulating the boundary conditions, we have resolved a ma-
conservation was excellenR+T=1.0=68, 0<6<10 '°.  jor problem of tight-binging approaches. Our simple, delib-
Furthermore, Fig. 4 displays exactly the behavior we expectrately singular example displays the intuitively expected
from the bands of Fig. 3. There, notice that the carriers incitransmission behavior and we find that flux conservation is
dent from the conduction band of A initially tunnelera  excellent. This method should be generalizable to more com-
quantum well made of material B, until they reach an energyPlete tight-binding models to enable the calculation of trans-
of about 0.67 eV, at which point they are above theMiSSion properties and energy Ieve!s of heterostructures in
conduction-band maximum of B so that the well becomes #1tuations for which a transfer matrix does not exieg.,
barrier. Correspondingly in Fig. 4, we observe an initially CETt@ink; or parameter setsThis should increase the utility
high transmission with two shallow resonances at abou f tight-binding methods when employed as parts of calcu-

0.543 and 0.638 eV which then falls above this final reso-at'ons for indirect semiconductors and/or incorporating in-
o .. elastic processes.

nance. The resonances, too, exhibit the proper physics: com-

paring the deBroglie wavelengths of the incident particles We thank R. C. Bowen, D. Jovanovic, G. Klimeck, and R.

(N=27/k;no), we find that at the lower-energy resonancelLake for stimulating discussions and comments and we

almost exactly two half wavelengths fit in the well while at gratefully acknowledge Texas Instruments, Inc. for support-

the higher almost exactly three half-wavelengths fit in theing this work.
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