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We study the Jahn-Teller effect in ZnS:Fe21 by means of a modified Lanczos-type algorithm, able to give
any excited state of very large quantum systems with good accuracy. The calculations are performed in the
energy range of 2945–3580 cm21, in the framework of a multimode vibronic model. The zero-phonon
emission lines~hot lines! are also evaluated. The results are compared with the experimental ones.
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I. INTRODUCTION

Many experiments1,2 have confirmed the role of the Jahn-
Teller effect in the infrared absorption spectrum of magnetic
impurities in the II-VI compound semiconductors. At the
same time, many theoretical vibronic models have been pro-
posed~different for the symmetry and for the number of
phonon modes taken into account! and have been treated
either by means of perturbation theory,2 or by direct diago-
nalization of matrices of rank as large as possible, taking
advantage of symmetry-adapted basis states,3,4 or also of
generalized Glauber states.5

In Jahn-Teller systems with strong coupling, the main ob-
stacle is the large number of basis functions required in the
product space of the electronic and vibrational states. How-
ever, the Lanczos-Haydock-Heine-Kelly recursion method,6

appropriately implemented, has emerged as a very powerful
computational procedure.

In the case of the Fe21 impurities in ZnS, the near-
infrared-absorption spectrum exhibits a structure more com-
plex than that predicted by the crystal field and spin-orbit
interaction. There is a very intense line at 2945 cm21 and
there are two weak lines at 2964 and 2984 cm21, followed
by a number of other transitions, qualitatively interpreted as
phonon-assisted transitions; so a vibronic Jahn-Teller term
must be introduced in the system Hamiltonian. In a previous
paper7 we have proposed a multimode vibronic model,
treated with a traditional Lanczos recursion method; how-
ever, only a few excited levels could be obtained, because
the finite arithmetic precision produces loss of orthogonality
among the states of the Lanczos chain. When the basis loses
orthogonality, ‘‘good eigenvalues’’ should be distinguished
from ‘‘ghost eigenvalues’’ or ‘‘spurious eigenvalues’’; this
may limit the accuracy of the procedure~as discussed in
detail, for instance, in the prototype example of the Nesbet
matrix.8!

In this paper we revisit the multimode vibronic model
with a modified Lanczos-type algorithm,9 which can give
good accuracy. This procedure is illustrated in Sec. II; in
Sec. III we will show the results; Sec. IV contains conclud-
ing remarks.

II. THEORY

The near-infrared-absorption spectrum of Fe21 in ZnS
arises from the electronic transitions between the initial5E
and the final5T2 multiplet of Fe

21, obtained from the split-
ting of the 5D electronic term~the spin-orbit interaction fur-
ther splits this multiplet!. Moreover, the dynamical Jahn-
Teller effect is recognized to play a very important role,
because many phonons10,11of different energies and symme-
tries can be coupled with the5T2 excited states, determining
the complex structure of the experimental spectra.

The Jahn-Teller active modes for the5T2 multiplet ~ne-
glecting the breathingG1 mode! are those of symmetryG3

andG5 ~the Bethe notation is used for the phonon modes; the
correspondig Mulliken notationE andT2 is reserved for the
electronic part!. The very high intensity of the first line of the
spectrum at low temperature suggests a Jahn-Teller energy
weaker or of the same order of the spin-orbit coupling
constant.12

Calculations made in a cluster model13 considering as ac-
tive a single mode of symmetryG3 or G5 ~see, for instance,
Ref. 14! have given between them very similar results, but
they are not able to describe the experimental feature, and in
effect only a limited range of the spectrum can be repro-
duced. So it is necessary to consider a coupling with at least
two modes of different energy and, possibly, of different
symmetry. Here we recall only some relevant points inherent
in the system taken into account and in the procedure.

The total Hamiltonian consists of the sum of the elec-
tronic contribution including the spin-orbit interaction, the
lattice Hamiltonian, and the linear coupling of the electronic
part with two-phonon modes of different frequency and cou-
pling energy.

The number of basis functions, a product of electronic and
vibrational functions, can become so large as to make diffi-
cult or hopeless any direct diagonalization of the Hamil-
tonian. The Lanczos recursion method presents a fundamen-
tal difficulty that makes this method unstable: due to finite
arithmetic precision, the functions constructed with the
three-term iterative relation lose orthogonality rather soon
~about 20–30 steps! and ‘‘spurious states’’ or ‘‘ghost states’’
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appear in the diagonalization procedure.
To override these difficulties, and to obtain any excited

state with the desired accuracy, we have previously proposed
a new iterative technique,9 which leads to determination,
within the Lanczos algorithm, of the ground state of the aux-
iliary operatorA5(H2Et)

2, and hence the eigenvalue of
H nearest in energy toEt , whereEt is any chosen trial
energy in the range of interest. For more details, see Ref. 9.
The iterative process alternates the diagonalization of 232
Lanczos matrices to a two-pass Lanczos procedure of suit-
able small dimension.

Concerning the details of calculations, we notice that the
Lanczos chain coefficientb1 is the most important indicator
of the accuracy of the calculation. Hence it will be used to
determine at what level to stop the global iterative cycle. In
fact, let uc0

M& be the normalized ground state afterM cycles;
at the next step we have

b1
M5^c0

MuHuc1
M&5uuHuc0

M&2a0uc0
M&uu

with a05^c0
MuHuc0

M&.

Thus, in this formalism, when the procedure converges,
uc0

M& is an eigenstate ofH and b1
M is approaching zero

(b1
MÞ0 imply again a component in the orthogonal space!.

In practice,b1 is chosen to be smaller than a suitable preci-
sion parametere. In the vibronic system taken into account,
for e'1022, the relative accuracy of the eigenvalues is
1028–1029.

For what concerns the more convenient number of 232
relaxation steps, we have noticed that the technique is effi-
cient if b1 is monotonically decreasing. When this character-
istic is lost, it is useful to alternate a two-pass Lanczos pro-
cedure with a number of steps not higher than ten, to safely
avoid the ghost states.

III. RESULTS

The infrared-absorption spectrum1 at low temperature of
Fe21 in ZnS presents a strong line at 2945 cm21 ~referred to
as L0), followed by two weak lines at 2964 and 2984
cm21 (L1 andL2). There are then four rather broad lines at
3051, 3129, 3182, and 3241 cm21 (L3, L4, L5, and L6);
after some other structure, at 3500 cm21 the spin-orbit part-
ner band begins. When the temperature increases other tran-
sitions are observed~hot lines or zero-phonon emission
lines!, of decreasing intensity, at 2930, 2919, 2899, and 2882
cm21.

In a previous paper7 we have considered a two-phonon
vibronic model, both ofG3 symmetry. For the sake of scru-
pulosity, the studies of the two-mode vibronic model
5T2^ (G31G5) have been performed, but the results are not
satisfactory, particularly as far as the possibility of reproduc-
ing both the energies and the intensities of the transitions is
concerned. Thus we remain at the two-mode vibronic model
5T2^ (G31G3). The number of basis functions is now
4(N111)2(N211)2, because here the formalism of the
‘‘dipole-carrying’’ state12 and the symmetry involved allows
us to work in an invariant subspace ofH of reduced
dimension.14 In the calculations we have used the crystal-
field parameter 10uDqu53136 cm21 ~to reproduce the first
L0 line!, the free-ion spin-orbit coupling constant15

FIG. 1. Behavior ofaN for some states whose energy is given in
cm21. The calculations are made within the modified Lanczos pro-
cedure and withl52100 cm21, 10uDqu53136 cm21, \v1525
cm21, EJT1550 cm21; \v25125 cm21, EJT25130 cm21.

FIG. 2. Relative intensities, in arbitrary units, of the transitions
from the ground state to the vibronic states associated to the5T2
multiplet; histogram and convolution with a Gaussian function
~half-width of 4 cm21). The phonon energies and the Jahn-Teller
energies are the same as in Fig. 1. In the inset, the phonon and the
Jahn-Teller energies are\v15125 cm21, EJT1 5 130 cm21;
\v25295 cm21, EJT2550 cm21.
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l52100 cm21, the phonon energies\v1525 cm21,
\v25125 cm21; the Jahn-Teller energiesEJT1550 cm21

andEJT25130 cm21, these last chosen to reproduce the en-
ergies and the intensities of the experimental lines.

The maximum numberM of phonons for each degree of
freedom has been determined working with one phonon
mode at time and changingM at fixedS ~the Huang-Rhys
factor, that is, the Jahn-Teller energy in units of the phonon
energy!. The results have shown thatM'2S11 assures a
relative accuracy at least of 1024 in the eigenvalues and of
1022 in the eigenvectors~the accuracy is better for the
lower-lying states!.

This rule remains valid also for the two-mode vibronic
model, as confirmed by the calculation of the contribution
~calledaN) of the basis functions with a fixedtotal phonon
numberN, to the projection modulus square of chain eigen-
state. In Fig. 1 we show the behavior ofaN for some levels
of interest. It can be seen thataN is almost zero for any state
already forN>10, and its maximum value occurs atN<7.

With the procedure discussed, we have explored a large
energy range, up to 3580 cm21. In Fig. 2 we give the histo-
gram of the energies and the intensities for the transitions
from the ground zero-phonon state (g1 level in the 5E mul-
tiplet! to the vibronic5T2 levels. As expected, the first three
lines agree well with the experimental ones. At higher ener-
gies we obtain many eigenstates very near one another, sepa-
rated by less than the experimental resolution; if we associate
to each transition a Gaussian function, with half-width of the
order of the experimental resolution~4 cm21), we obtain the
dashed line shown in Fig. 2 superimposed on the palisade. In

the inset of the same figure, we show what was obtained with
two interacting modes of intermediate and high energy, that
is, \v15125 cm21, \v25295 cm21; Jahn-Teller energies
EJT15130 cm21 andEJT2550 cm21. As expected, theL4
line is enhanced and a new transition appears at about 3200
cm21, corresponding to theL5 transition line. In Table I we
give the relevant eigenvalues compared with the experimen-
tal data.

The transitions observed at higher temperature, hot lines
~or equivalently the emission zero-phonon lines!, involve as
initial states~final states! the higher levelsg i ( i53,4,5) of
the multiplet5E and are below the first line at 2945 cm21 by
the quantitydEi5Eg i

2Eg1
. The energies can be satisfacto-

rily calculated taking into account the crystal-field and the
spin-orbit interaction at all the orders. To calculate the peak
intensity, however, we need to know the vibronic ground
state of the5T2 multiplet.

The energies and the line intensities, shown in Table II,
agree with the experimental results given in Ref. 1 within the
experimental uncertainties of the order of a factor of 2.

IV. CONCLUSIONS

We have applied our recently developed Lanczos-type al-
gorithm to a multimode vibronic model for studying the
Jahn-Teller effect on Fe21 impurities in ZnS. The technique
proposed, differently from the ordinary Lanczos procedure,
has allowed us to span accurately a very large energy range.
Also, the knowledge of the vibronic wave functions has al-
lowed us to find very easily the hot lines. The increased
numerical accuracy allows us to better define the physical
model considered, including the limits of the model. So we
have found that the more convenient symmetry for the pho-
non coupling is theG3 symmetry, and that more phonons are
needed to reproduce all the rich stucture of the experimental
spectra.
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Orúe, ibid. 38, 3556~1988!.

4V. Savona, F. Bassani, and S. Rodriguez, Phys. Rev. B49, 2408
~1994!.

5J. Rivera-Iratchet, M. A. de Oru´e, M. L. Flores, and E. E. Vogel,
Phys. Rev. B47, 10 164~1993!.

6C. Lanczos, J. Res. Nat. Bur. Stand.~U.S.! 45, 255~1950!; 49, 33

~1953!; Applied Analysis~Prentice-Hall, Englewood Cliffs, NJ,
1956!; R. Haydock, V. Heine, and M.J. Kelly, J. Phys. C5, 2845
~1972!; 8, 2591~1975!. See also the volume by D. W. Bullet, R.
Haydock, V. Heine, and M. J. Kelly, inSolid State Physics,
edited by H. Erhenreich, F. Seitz, and D. Turnbull~Academic,
New York, 1980!, Vol. 35.

7L. Martinelli, M. Passaro, and G. Pastori Parravicini, Phys. Rev.
B 40, 10 443~1989!.

8A. Cordelli, G. Grosso, and G. Pastori Parravicini, Comput. Phys.
Commun.83, 255 ~1994!.

9G. Grosso, L. Martinelli, and G. Pastori Parravicini, Phys. Rev. B

TABLE I. Energies and peak intensities of the relevant transi-
tions from the ground state calculated with the modified Lanczos
procedure and withl52100 cm21, 10uDqu53136 cm21,
\v1525 cm21, EJT1550 cm21; \v25125 cm21, EJT25130
cm21 and compared with experimental values.1 The numbers in
parentheses give the calculated total intensity of the groups of states
around the levels of energy 3051 and 3129 cm21.

Experimental data Results of this work
Ei ~cm21) I i

rel Ei ~cm21) I i
rel

2945 100 2945.2 100
2965 4 2964.5 3.8
2985 1 2984.0 2.6
3051 12 3050.9 3.2~9!

3129 25 3128.4 1.25~9!

TABLE II. Energy separations and intensities of the hot lines
calculated with the same parameters as in Table I and compared
with the experimental values.

i dEi
calc ~cm21) I i

calc dEi
expt ~cm21) I i

expt

4 16 130 1562 100
3 32 100 2662 120
5 52 130 4662 60

7628 54BRIEF REPORTS



51, 13 033~1995!.
8J. Bergsma, Phys. Lett. A32, 324 ~1970!.
9N. Vagelatos, D. Wehe, and J. S. King, J. Chem. Phys.60, 3613

~1974!.
10L. Martinelli, M. Passaro, and G. Pastori Parravicini, Phys. Rev.B

39, 13 343~1989!.

11M. D. Sturge, inSolid State Physics, edited by F. Seitz, D. Turn-
bull, and H. Ehrenreich~Academic, New York, 1967!, Vol. 20.

12G. Bevilacqua, thesis, University of Pisa~1995!.
13C. E. Moore, Atomic Energy Levels, Nat. Bur. Stand.~U.S.! Circ.

No. 467 ~U.S. GPO, Washington, D.C., 1949!; Vol. II ~U. S.
GPO, Washington, D.C., 1952!.

54 7629BRIEF REPORTS


