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We show that it is possible to reconcile NMR and neutron-scattering experiments on both La22xSrxCuO4
and YBa2Cu3O61x , by making use of the Millis-Monien-Pines mean-field phenomenological expression for the
dynamic spin-spin response function, and re-examining the standard Shastry-Mila-Rice hyperfine Hamiltonian
for NMR experiments. The recent neutron-scattering results of Aeppliet al. on La1.86Sr0.14CuO4 are shown to
agree quantitatively with the NMR measurements of63T1 and the magnetic scaling behavior proposed by
Barzykin and Pines. The reconciliation of the17O relaxation rates with the degree of incommensuration in the
spin-fluctuation spectrum seen in neutron experiments is achieved by introducing a transferred hyperfine
coupling C8 between17O nuclei and their next-nearest-neighbor Cu21 spins; this leads to a near-perfect
cancellation of the influence of the incommensurate spin-fluctuation peaks on the17O relaxation rates of
La22xSrxCuO4. The inclusion of theC8 term also leads to a natural explanation, within the one-component
model, the different temperature dependence of the anisotropic17O relaxation rates for different field orienta-
tions, recently observed by Martindaleet al.The measured significant decrease with doping of the anisotropy
ratio, 63R563T1ab /

63T1c in the La22xSrxCuO4 system, from 63R53.9 for La2CuO4 to 63R.3.0 for
La1.85Sr0.15CuO4 is made compatible with the doping dependence of the shift in the incommensurate spin-
fluctuation peaks measured in neutron experiments, by suitable choices of the direct and transferred hyperfine
coupling constantsAb andB. @S0163-1829~96!04830-8#

I. INTRODUCTION

The magnetic behavior of the planar excitations in the
cuprate superconductors continues to be of central concern to
the high-temperature superconductivity community. Not
only does it provide significant constraints on candidate
theoretical descriptions of their anomalous normal-state be-
havior, but it may also hold the key to the physical origin of
high-temperature superconductivity. Recently two of us have
used the results of NMR experiments to determine the mag-
netic phase diagram for the La22xSrxCuO4 and
YBa2Cu3O61x systems.2 We found that for both systems
bulk properties, such as the spin susceptibility, and probes in
the vicinity of the commensurate antiferromagnetic wave
vector (p,p), such as63T1, the

63Cu spin relaxation time,
and 63T2G , the spin-echo decay time, displayz51 scaling
and spin-pseudogap behavior over a wide regime of tempera-
tures. On the other hand, the neutron-scattering experimental
results of Aeppliet al.1 on La1.86Sr0.14CuO4 which probe di-
rectly x9(q,v), the imaginary part of the spin-spin response
function, while supporting this proposed scaling behavior, at
first sight appear incapable of explaining NMR experiments
on this system.

This apparent contradiction between the results of NMR
and neutron-scattering experiments, both of which probe

x(q,v) in La1.86Sr0.14CuO4, is but one of a series of such
apparent contradictions. For example, in the YBa2Cu3O61x

system, NMR experiments on63Cu and 17O nuclei in both
YBa2Cu3O7 ~Ref. 4! and YBa2Cu3O6.63 ~Ref. 5! require the
presence of strong antiferromagnetic correlations between
the planar Cu21 spins, and a simple mean-field description of
the spin-spin response function with a temperature-
dependent magnetic correlation lengthj*2, was shown to
provide a quantitative description of the measured results for
63T and 17T1 in YBa2Cu3O7,

6 and YBa2Cu3O6.63.
7 Yet

neutron-scattering experiments on YBa2Cu3O7 ~Refs. 8–10!
and YBa2Cu3O6.63,

11 find only comparatively broad,
temperature-independent, peaks inx9(q,v), corresponding
to a quite short (j&1) temperature-independent magnetic
correlation length. The apparent contradiction is especially
severe for the La22xSrxCuO4 system, where neutron-
scattering experiments show at low temperatures four incom-
mensurate peaks in the spin-fluctuation spectrum, whose po-
sition depends on the level of Sr doping,12 while the
quantitative explanation~using the same one-component
phenomenological description which worked for the
YBa2Cu3O61x system! of the measurements of63T1 and
17T1 in this system requires that the spin fluctuations be
peaked at (p,p), or nearly so.13,14 Viewed from the NMR
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perspective, there are two major problems with four incom-
mensurate spin-fluctuation peaks. First, the Shastry-Mila-
Rice ~SMR! form factor,15,16 which, provided the peaks are
nearly at (p,p), effectively screens neighboring17O nuclei
from the presence of the strong peaks in the nearly localized
Cu21 spin spectrum required to explain the anomalous
temperature-dependence behavior of63T1, fails to do so for
the considerable degree of incommensuration in the
peaks at (p,@p6d#) and (@p6d#,p) seen in
La1.86Sr0.14CuO4.

14,17,18As a result17T1 picks up a substan-
tial anomalous temperature dependence which is not seen
experimentally. Second, with the doping-independent values
of the hyperfine couplings which appear in the SMR form
factors for a commensurate spectrum, the calculated anisot-
ropy of 63T1 for the incommensurate peaks seen by neutrons
is in sharp variance with what is seen in the NMR
experiments.14

Two ways out of these apparent contradictions have been
proposed. One view is that the spin-fluctuation peaks seen in
the neutron-scattering experiments reflect the appearance of
discommensuration, not incommensuration; on this view, the
La22xSrxCuO4 system contains domains in which the spin-
fluctuation peaks are commensurate~so that there are no
problems with17T1), but what neutrons, a global probe, see
is the periodic array of the domain walls.19 A second view is
that a one-component description ofx(q,v) is not feasible;
rather, the transferred hyperfine coupling between the nearly
localized Cu21 spins and the17O nuclei is presumed to be
very weak, and the17O nuclei are assumed to be relaxed by
a different mechanism, whence the nearly Korringa-like be-
havior of 17T1.

18 A further challenge to a one-component
description has come from the very recent work of Martin-
dale et al.3 who find that their results for the temperature
dependence of the planar anisotropy of17T1a for different
field orientations appear incompatible with a one-component
description.

In the present paper we present a third view: that the
one-component phenomenological description is valid, but
what requires modification are the hyperfine couplings which
appear in the SMR Hamiltonian which describes planar nu-
clei coupled to nearly localized Cu21 spins. We find that by
introducing a transferred hyperfine couplingC8, between the
next-nearest-neighbor Cu21 spins and a17O nucleus, the
nearly antiferromagnetic part of the strong signals emanating
from the Cu21 spins can be far more effectively screened
than is possible with only a nearest-neighbor transferred hy-
perfine coupling, so that the existence of four incommensu-
rate peaks in the La22xSrxCuO4 system can be made com-
patible with the17T1 results. We also find that by permitting
the transferred hyperfine coupling,B, between a Cu21 spin
and its nearest-neighbor63Cu nucleus to vary with doping,
we can explain the trend with doping of the anisotropy of
63T1 in this system. We then use these revised hyperfine
couplings to re-examine the extent to which the recent results
of Aeppli et al.1 on La1.86Sr0.14CuO4 can be explained quan-
titatively by combining the Millis-Monien-Pines~hereafter
MMP! response function6 with the scaling arguments put
forth by Barzykin and Pines.2 We find that they can, and are
thus able to reconcile the neutron-scattering and NMR ex-
periments on this member of the La22xSrxCuO4 system.

We present as well the results of a reexamination of the

NMR and neutron results for the YBa2Cu3O61x system. Here
we begin by making the ansatz that it is the presence of
incompletely resolved incommensurate peaks which is re-
sponsible for the broad lines seen in neutron experiments.
We follow Dai et al.9 who suggest the increased linewidth
for YBa2Cu3O7 seen along the zone diagonal directions re-
flects the presence of four incommensurate peaks, located at
Qi5(p6d,p6d), a proposal which is consistent with the
earlier measurements of Tranquadaet al. for
YBa2Cu3O6.6.

11 We then find that incommensuration can be
made compatible with NMR experimental results provided
the transferred hyperfine coupling constantB is somewhat
doping dependent in this system as well. Moreover, on con-
sidering 17T1 for YBa2Cu3O7, we find that incommensura-
tion combined with the presence of the next-nearest-neighbor
coupling,C8, leads to results which are consistent with the
experimental results of Martindaleet al.,3 who find an
anomalous temperature dependence of the planar anisotropy
of 17T1. This agreement with experiment preserves the one-
component description of the planar spin excitation spectrum
and provides an independent check on the presence of
C8-like terms in the hyperfine Hamiltonian.

The outline of our paper is as follows: In Sec. II we re-
view the SMR description of coupled Cu21 spins and nuclei
as well as the mean-field description ofx(q,v), and examine
the modifications brought about by incommensuration and
next-nearest-neighbor coupling between Cu21 spins and a
17O nucleus. In Sec. III we review the experimental con-
straints on the hyperfine coupling parameters, and present
our results for their variation with doping in both the
La22xSrxCuO4 and YBa2Cu3O61x systems. We show in Sec.
IV how the 63Cu NMR results can be reconciled with
neutron-scattering results on La1.86Sr0.14CuO4, while in Sec.
V we present a quantitative fit to the17T1c results for the
La1.85Sr0.15CuO4 based on the four incommensurate peaks in
the spin fluctuation spectrum expected from neutron scatter-
ing. We show in Sec. VI how the anomalous results of Mar-
tindaleet al.3 for the YBa2Cu3O61x system can be explained
using our modified one-component model, and in Sec. VII,
we give a quantitative comparison of the predictions of
x9(Q,v) in YBa2Cu3O7 based on our analysis of the NMR
experiments, with the neutron-scattering results of Fong
et al.23 Finally, in Sec. VIII, we present our conclusions.

II. A GENERALIZED SHASTRY-MILA-RICE
HAMILTONIAN

On introducing a hyperfine couplingCa,b8 between the the
17O nuclei and their next-nearest-neighbor Cu21 spins, we
can rewrite the SMR hyperfine Hamiltonian for the63Cu and
17O nuclei as

Hhf5
63I a~r i !F(

b
Aa,bSb~r i !1B(

j

NN

Sa~r j !G117I a~r i !

3FCa,b(
j ,b

NN

Sb~r j !1Ca,b8 (
j ,b

NNN

Sb~r j !G , ~1!

whereAa,b is the tensor for the direct, on-site coupling of
the 63Cu nuclei to the Cu21 spins,B is the strength of the
transferred hyperfine coupling of the63Cu nuclear spin to the
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four nearest-neighbor Cu21 spins,Ca,b is the transferred hy-
perfine coupling of the17O nuclear spin to its nearest-
neighbor Cu21 spins, andCa,b8 its coupling to the next-
nearest-neighbor Cu21 spins. The indices ‘‘NN’’ represent
nearest-neighbor electron spins to the specific nuclei, and
‘‘NNN’’ the next-nearest-neighbor Cu21 spins. As we shall
see below, inclusion of theCa,b8 term enhances the cancel-
lation of the anomalous antiferromagnetic spin fluctuations
seen by the17O nucleus, and therefore reduces the leakage
from incommensurate spin-fluctuation peaks to the17O re-
laxation rates. It thus enables us to reconcile the measured
17O relaxation rates with the neutron-scattering experiments
for both La22xSrxCuO4 and YBa2Cu3O61x .

The spin contributions to the NMR Knight shift for the
various nuclei are6

63Kc5
~Ac14B!x0
63gnge\

2 ,

63Kab5
~Aab14B!x0

63gnge\
2 ,

17Kb5
2~Cb12Cb8 !x0

17gnge\
2 . ~2!

Here, we have incorporated theCb8 term into the17O Knight-
shift expression for17Kb , while the others remain their stan-
dard form as in Ref. 6;gn are various nuclei gyromagnetic
ratios,ge is the electron gyromagnetic ratio, andx0 is the
static spin susceptibility. The indicesc andab refer to the
direction of the applied static magnetic field along thec axis
and theab plane. The spin-lattice relaxation rate, (aT1)b

21

for nuclei a responding to a magnetic field in theb direc-
tion, is

aT1b
215

kBT

2mB
2\2v(

q

aFb~q!x9~q,v→0!, ~3!

where the modified SMR form factors,aFb(q), are now
given by

63Fc5@Aab12B~cosqxa1cosqya!#2,

63Fab5
1

2
@63Fc1

63Fab
eff#,

63Fab
eff5@Ac12B~cosqxa1cosqya!#2,

17Fa52 (
a i5a8,a9

cos2
qxa

2
~Ca i

12Ca i
8 cosqya!2, ~4!

Here,a8 anda9 are the directions perpendicular toa. The
form factor 63Fab

eff is the filter for the63Cu spin-echo decay
time 63T2G :

20

63T2G
225

0.69

128\2mB
4 H 1N(

q
Fab
eff~q!2@x8~q,0!#2

2F 1N(
q
Fab
eff~q!x8~q,0!G2J . ~5!

The values of the hyperfine constantCa andCa8 can be de-
termined from the various17O Knight-shift data. In fact, we
may obtain these new values from the ‘‘old’’ values of the
hyperfine coupling constant,Ca

old which have been well es-
tablished by fitting the Knight-shift data.2 Note we useCa to
represent the new nearest-neighbor hyperfine coupling con-
stant, while the old hyperfine coupling constant is written
explicitly as Ca

old throughout the paper. In order not to
change the Knight-shift result of the previous analysis,2 the
new hyperfine coupling constants should satisfy the follow-
ing requirement:

Ca12Ca85Ca
old5zaCc

old , ~6!

whereza5Ca
old/Cc

old and c denotes the case of a magnetic
field along thec axis. For YBa2Cu3O61x , from the previous
analysis of Yoshinari21 and Martindaleet al.,3 we have for a
field parallel to the Cu-O bond,z i51.42, andz'50.91 for a
field perpendicular to the Cu-O bond direction, while
zc51. On introducingr a[Ca8 /Cc we obtain

Ca5Cc
oldS za2

2r a

2r c11D ,
Ca85Cc

old r a

2r c11
. ~7!

Substituting these values ofCa and Ca8 into Eq. ~4!, we
obtain the new17O form factor in terms ofCa

old :

17Fa5
2~Cc

old!2

~112r c!
2 (

a i5a8,a9
cos2

qxa

2
@za i

~112r c!22r a i

12r a i
cosqya#2. ~8!

Although Ca8 may well be anisotropic~asCa is!, in the
absence of detailed quantum chemistry calculations,~which
lie beyond the purview of the present paper! we assume
Ca8 to be isotropic for illustrative purposes, in which case
r'5r i5r c[r[C8/Cc . In Fig. 1, we compare our modified
form factor 17Fc , Eq. ~8!, with the standard SMR form. It is
seen that with a comparatively small amount of next-nearest-
neighbor coupling, corresponding tor[C8/Cc50.25, the
new form factor is reduced significantly near (p/a,p/a),
and is some 30% narrower nearq50. This indicates that the
oxygen (17T1T)

21 is less likely to pick up the anomalous
antiferromagnetic contribution near (p/a,p/a), even when
the anomalous spin fluctuation is slightly spread away from
(p/a,p/a).

We adopt the phenomenological MMP expression for the
spin-spin correlation function, modified to take into account
the presence of four incommensurate peaks atQi near
(p/a,p/a),2
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x~q,v!5
1

4(i
aj2mB

2

11~q2Qi !
2j22 iv/vSF

1
x0~T!

12 ipv/G
.

~9!

Here the first term, often calledxAF , represents the anoma-
lous contribution to the spin spectrum, brought about by the
close approach to antiferromagnetism of the Fermi liquid in
the vicinity of the peaks atq5Qi determined by neutron-
scattering experiments.1,24 For La1.86Sr0.14CuO4,
Qi5(p/a,@p6d#/a),(@p6d#/a,p/a), with d50.245p. In
Eq. ~9!, vSF is the characteristic frequency of the spin fluc-
tuations,j is the correlation length, anda is the scale factor
~in units of states/eV, wheremB is the Bohr magneton!,
which relatesxQi

to j2; thus the height of each of the four
peaks is

xQi
5

a

4
j2mB

2 . ~10!

The second term on the right-hand side of Eq.~9!, usually
called xFL , is a parameterized form of the normal Fermi-
liquid contribution, which, apart from the usual Fermi-liquid
pile up asq→0, is found to be remarkably wave-vector in-
dependent over most of the Brillouin zone, according to the
tight-binding model calculations which are expected to de-
scribe the cuprates;G is of order the Fermi energy. The static
bulk susceptibilityx0, which is generally temperature depen-
dent, has been determined for La22xSrxCuO4 and
YBa2Cu3O61x from copper and oxygen Knight-shift
experiments.2 For a system with any appreciable antiferro-
magnetic correlations (j*a), the normal Fermi-liquid con-
tribution is small compared toxAF for wave vectors in the
vicinity of Qi , and plays a negligible role in determining
(63T1Tc)

21; however, because of the filtering action of
17Fa , it makes a significant contribution to (

17T1T)
21. Note

that because the MMP expression forxAF is a good approxi-
mation only for wave vectors in the vicinity of the antiferro-
magnetic wave vectorQi , it should not be used in calculat-
ing long-wavelength properties, such as the Knight shift of
17O, and should be cut off in calculations of17T1.

For the frequently encountered case of long correlation
lengths (j*2a), S i(p/j

2) in calculating the various63Cu
relaxation rates one can approximatex9(q,v) by
x9(Qi ,v)d(q2Qi). One can then replace Eqs.~3! and ~5!
by the following analytic expressions:

1
63T1bT

.
kB
8p\

63Fb~Qi !
a

\vSF
, ~11!

~1/63T2G!2.
0.69

512

63Fab
eff~Qi !

2a2j2

p\2 . ~12!

Another important quantity, the anisotropy ratio of the
63Cu spin-lattice relaxation rates, which has been measured
for La22xSrxCuO4 and YBa2Cu3O61x at various doping con-
centrations, provides a direct constraint on the hyperfine cou-
pling constants,Aa andB. For j*2, this anisotropy ratio,
63R can be written as

63R[
T1c
T1ab

.
63Fab~Qi !
63Fc~Qi !

. ~13!

For the case of La22xSrxCuO4, where the peaks are located
atQi5(p/a,@p6d#/a),(@p6d#/a,p/a), we then have

63R.
1

2 F11
@Ac22B~11cosd!#2

@Aab22B~11cosd!#2G . ~14!

For YBa2Cu3O61x , as indicated in the Introduction, on as-
suming the broad (p/a,p/a) peak seen in neutron-scattering
experiments8–11 reflects the presence of four unresolved
overlapping incommensurate peaks located along the zone
diagonal directions,9,11 we may write

Qi5~@p6d#/a,@p6d#/a!, ~15!

and the anisotropy ratio becomes

63R.
1

2 F11
~Ac24Bcosd!2

~Aab24Bcosd!2G . ~16!

Numerical calculations of the17O relaxation rates show
that these rates can deviate significantly from those obtained
by approximating thexAF9 by ad(q2Qi) function. We there-
fore calculate the17O relaxation rates numerically, using
Eqs. ~3! and ~4!, and introducing a cutoff atuQi2qu;j21,
since the MMP form is not expected to be valid for (Qi
2q)2j2*1.

III. THE DIRECT AND TRANSFERRED
HYPERFINE CONSTANTS

Seven years of NMR experiments on aligned powders and
single crystals of the cuprates have produced a significant
number of constraints which must be taken into account in
selecting the hyperfine constants which enter the SMR
Hamiltonian. Thus experiments which determine the63Cu
nuclear resonance frequency in the AF insulators,
YBa2Cu3O6 ~Ref. 25! and La2CuO4,

26 yield similar results
for the product of (4B2Aab) andmeff , the effective moment
of the localized Cu21 spins,27

meff~4B2Aab!579.6560.05 kOe ~YBa2Cu3O6!,
~17!

FIG. 1. Comparison of the modified form factor of17Fc in Eq.
~8! with r50.25 ~solid line! with the standard Shastry-Mila-Rice
form ~dashed line!. 17Fc is plotted in units of (Cc

old)2.
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meff~4B2Aab!578.78 kOe ~La2CuO4!. ~18!

On using the value, meff50.62mB , determined by
Manousakis28 for the two-dimensional spin-1/2 Heisenberg
antiferromagnet, we then find

4B2Aab5128.5 kOe/mB ~YBa2Cu3O6!, ~19!

4B2Aab5127 kOe/mB ~La2CuO4!. ~20!

A second set of constraints comes from63Cu Knight-shift
experiments. To a high degree of accuracy, in the
YBa2Cu3O61x system the63Cu Knight shift in a magnetic
field along thec axis is temperature independent in both the
normal and superconducting state, and hence reflects only
the chemical shift. The absence of a spin contribution means
that for this system,

Ac14B.0, ~21!

independent of doping level. A third set of constraints is
obtained from measurements of the anisotropy of the63Cu
spin-lattice relaxation rates; for YBa2Cu3O7 one finds
63R53.760.1.29 To the extent thatAab , Ac , andB are in-
dependent of doping level in YBa2Cu3O61x , and the spin-
fluctuation peaks are commensurate~or nearly so! for this
system, one then finds from Eqs.~16!, ~19!, and~21!, that

B540.8 kOe/mB ,

Ac52163 kOe/mB ,

Aab534 kOe/mB , ~22!

in agreement with the analysis of Monien, Pines, and
Takigawa.7 These values are consistent with the constraint
on (4B1Aab) obtained by Ishida et al. for
La1.85Sr0.15CuO4; from the slope of a plot of their direct mea-
surement of x0(T) against their measured value of
63Kab(T), they found

30

4B1Aab5189 kOe/mB . ~23!

It seemed natural therefore to conclude that not only were
Aab , Ac , and B independent of doping for the
YBa2Cu3O61x system, but that the corresponding values for
the La22xSrxCuO4 system were likewise doping independent
and were virtually identical with those deduced for
YBa2Cu3O61x .

If, however, the spin-fluctuation peaks in the
La22xSrxCuO4 system are incommensurate, the assumption
that the hyperfine constraints for this system are doping in-
dependent is no longer tenable for this system, as may be
seen by comparing the measured values of63R for the
La22xSrxCuO4 system shown in Table I with the values cal-

culated using Eqs.~22!, and using the doping dependence of
the degree of incommensuration determined in neutron-
scattering experiments,12 d;1.75x, wherex is the Sr doping
level. As may be seen in Table I, the calculated trend with
doping is opposite to that seen experimentally. Since the
quantum chemical environment responsible for the direct hy-
perfine interactionAa is not expected to vary substantially
with doping, the most likely culprit in Eqs.~22! is the as-
sumption that the transferred hyperfine coupling constant
does not vary appreciably with doping; indeed, ifB increases
sufficiently rapidly with doping, withAab andAc fixed, one
can find a doping dependence of63R which is more nearly in
accord with experiment. This means abandoning for the
La22xSrxCuO4 system the constraint,Ac.24B, which
works so well for the YBa2Cu3O61x system.

Suppose then one starts anew with the insulator,
La2CuO4. On making use of Eqs.~14! and ~20! and taking
63R53.9, in accord with the result of Imaiet al.31 at 475 K,
one finds readily that

Aab2Ac5203 kOe/mB . ~24!

On turning next to La1.85Sr0.15CuO4, taking
63R53.0, in ac-

cord with the recent measurement of Milling and Slichter,32

using the result of Ishidaet al.,30 Eq. ~23!, and assuming that
Aab is independent of doping, one then findsB548 kOe/
mB andAab523 kOe/mB . This result is, however, unreal-
istic. A straightforward calculation using the expressions
adapted by Monienet al.27 from the work of Bleaneyet al.,33

Ac5395F2k̂2
4

7
2
62

7
gG kOe/mB ,

Aab5395F2k̂1
2

7
2
11

7
gG kOe/mB . ~25!

In Eqs.~25!, g[l/Exy is the dimensionless ratio of the spin-
orbit coupling for a Cu21 ion, l;2710 cm21, to the exci-
tation energy from the ground state of the63Cu dx22y2 or-
bital of the various63Cu d states,Exy;Exz;Eyz;2 eV;
with these typical values,g520.04460.009; ^1/r 3& which
enters as a multiplicative factor in Eq.~25! is taken to be
6.3a0

23. With the value ofg520.0471 obtained using Eq.
~24!,

Aab5~2395k̂1142! kOe/mB . ~26!

On taking the core polarizationk̂50.2660.06,27 we then
get, for k̂ in the vicinity of its plausible upper limit, 0.32,

Aab>16 kOe/mB . ~27!

In order to satisfy the above constraints, we next assume
that the anisotropy,63R, for La1.85Sr0.15CuO4 is at the upper
end of the range quoted by Milling and Slichter, and take
63R53.2; we next takeAab518 kOe/mB ~corresponding to
k̂50.316), a value close, but not at, the estimated minimum
value for Aab . We then have, from Eq.~24!, Ac52185
kOe/mB and, from Eq.~14! for 63R, B0.15551 kOe/mB ,
while for the insulator, we find from Eq.~20!, B0536.1 kOe/
mB . With these hyperfine constants we find for
La1.85Sr0.15CuO4 that 4B1Aab5222 kOe/mB , some 17%
above the value obtained by Ishidaet al.,30 while for this

TABLE I. Spin-lattice anisotropy and incommensuration in the
La22xSrxCuO4 system.

System d ~63R)expt Ref. ~63R)Eq.(22)
63REq.(14)

La2CuO4 0 3.960.3 31 3.7 3.9
La1.9Sr0.1CuO4 0.175 3.56? 34 4.11 3.2
La1.85Sr0.15CuO4 0.263 3.060.20 32 4.78 3.2
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system, the ratio of the spin contributions to the Knight shift
for fields parallel and perpendicular to thec axis is

63Kc
63Kab

5
4B1Ac

4B1Aab
58.6%. ~28!

The slight temperature variation of63Kc which follows from
this choice of parameters would not be detectable, consistent
with the measurements of Ohsugiet al.34

For intermediate levels of Sr doping, if we assume that
the change inB induced by doping scales with the doping
level, we obtain the results for La1.9Sr0.1CuO4 and
La1.86Sr0.14CuO4 given in Table II. Also given there are the
corresponding results for63T1 and

63T2G and related quan-
tities of interest in analyzing NMR experiments. We note
that to obtain63R53.5 for La1.9Sr0.1CuO4, one needs a trans-
ferred hyperfine coupling,B537.8 kOe/mB , which is con-
siderably lower than that obtained by direct interpolation.

We turn next to the YBa2Cu3O61x system. For
YBa2Cu3O6, the only constraint on the hyperfine constants is
the AF resonance result, Eq.~19!. However, as noted above,
for YBa2Cu3O7 one has two further constraints: 4B5Ac ,
and 63R53.760.1.29 Moreover, as is the case for
YBa2Cu3O6.63, neutron-scattering experiments on
YBa2Cu3O7 suggest that one has four incommensurate and
largely unresolved peaks along the zone diagonal direction
whose positions,Qi , are given by Eq.~15!. On taking
d50.1, a value consistent with the experimental results of
Dai et al.9 we then find, on making use of Eq.~16!, that

Aab50.721B. ~29!

If now we assume that the spin orbit coupling of a Cu21 ion
in YBa2Cu3O7 is little changed from that found for
La2CuO4, g50.471, we have a third relation between the
coupling constants,

Aab2Ac54.721B5203 kOe/mB ~30!

from which we find

B543 kOe/mB ,

Aab531 kOe/mB ,

Ac52172 kOe/mB , ~31!

while from the AF resonance constraint, Eq.~19!, we find for
the insulator YBa2Cu3O6, thatB539.8 kOe/mB .

Confirmation of this choice of parameters comes by de-
termining the slope from the linear temperature dependence
found in a plot of 63Kab versusx0(T) for O6.63. We find
4B1Aab;200 kOe/mB , in agreement with Eq.~30!. More-
over, Shimizu et al.35 find, from a similar plot for
YBa2Cu3O6.48, that for this system, 4B1Aab.200 kOe/
mB .

We adopt these values in our subsequent calculations. We
note that the value ofB we obtain for YBa2Cu3O6 is some
10% larger than that found for La2CuO4, while the doping
dependence of B is considerably smaller in the
YBa2Cu3O61x system than in the La22xSrxCuO4 system.
Both effects may plausibly be attributed to the presence of
chains in the YBa2Cu3O61x system. The core polarization
parameter,k̂50.281 we find for the YBa2Cu3O61x system is
some 10% smaller than that inferred for the La22xSrxCuO4
system. We tabulate in Table III our results for the
YBa2Cu3O61x system at three doping levels; we estimate
B540.6 kOe/mB for YBa2Cu3O6.63 by interpolating between
an assumed value,B539.8 for YBa2Cu3O6.5, and that we
found above for YBa2Cu3O7.

IV. RECONCILING NEUTRON SCATTERING
AND 63Cu NMR MEASUREMENTS IN La 22xSrxCuO4

We now explore whether, with the revised hyperfine con-
stants proposed above, we can reconcile the recent neutron-
scattering results of Aeppliet al.1 for La1.86Sr0.14CuO4 with
the NMR measurements of Ohsugiet al.34 on the two adja-
cent systems, La1.87Sr0.13CuO4, and La1.85Sr0.15CuO4. We as-

TABLE II. Parameters for La22xSrxCuO4.

La2CuO4 La1.90Sr0.10CuO4 La1.86Sr0.14CuO4 La1.85Sr0.15CuO4

Ac ~kOe/mB) -185 -185 -185 -185
Aab ~kOe/mB) 18 18 18 18
B ~kOe/mB) 36.1 46 50 51
Cc ~kOe/mB) 33 33 33 33
63Rexp 3.960.3 3.56? 3.060.2
63Rcal 3.9 3.2 3.2 3.2
4B-Aab ~kOe/mB) 127 166 182 186
4B1Aab ~kOe/mB) 162.4 202 218 222
63Kc /

63Kab -25% -0.5% 7% 8.6%
63T1T 138 ~s K/eV2)vSF/a 95.2 ~s K/eV2)vSF /a 93.5 ~s K/eV2)vSF/a 94.2 ~s K/eV2)vSF/a
1/T2G 298 ~eV/s!aj 347 ~eV/s!aj 350 ~eV/s!aj 348 ~eV/s!aj
63T1T/T2G 4.123104 (K/eV)vSFj 3.303104 (K/eV)vSFj 3.273104 (K/eV!vSFj 3.283104 (K/eV)vSFj
63T1T/T2G

2 1.233107 (K/s)avSFj
2 1.153107 (K/s)avSFj

2 1.143107 (K/s)avSFj
2 1.143107 (K/s)avSFj

2

G ~meV! 565
r 0.25
d 0.175 0.245 0.263
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sume thatx(q,v) takes the MMP form, Eq.~9!, in which
case

x9~q,v!5(
i

xQi
~v/vSF!

@11~Qi2q!2j2#21~v/vSF!
2 , ~32!

wherexQi
is given by Eq.~10!. There are three undetermined

parameters;a, j, andvSF. We begin by deducingxQi
and

vSF from the results of Aeppliet al. for x9(Qi ,v) at 35 K;
as may be seen in Fig. 2, a good fit to their results is found
with xQi

(35 K!5350 states/eV andvSF58.75 meV. To de-

terminea, and hencej(35 K!, we turn to the NMR results of
Ohsugiet al.;34 on interpolating between their results for the
adjacent systems, as shown in Fig. 3, we find
63T1T534(1023 s K!, while according to Table II, one has

63T1T593.5~vSF/a! sK/~eV!2. ~33!

Equating these results, we obtaina523.9 states/eV and
j57.6.

A first check then on our use of Eq.~32! to fit both NMR
and neutron-scattering results is to compare this value ofj
with the measurements of the intrinsic linewidth of each
peak by Aeppliet al.1 We find on converting units, that at 35
K the linewidth parameter of Aeppliet al. corresponds to a
correlation length,j57.7 in the low- (v50 meV! frequency
limit. The agreement is quite good.

Having determineda, we can then use our interpolated
NMR results to obtainvSF(T) for 35 K<T<300 K from Eq.
~33!. That leaves only one parameter,xQi

~or j) to be deter-
mined over this temperature range. As a first step toward its
determination, we use the results of Aeppliet al. for
x9(Qi ,v) at 80 K. As shown in Fig. 2, a good fit to the
experimental data is obtained withxQi

(80 K!5175 states/
eV. From Eq.~10!, we then getj(80 K!55.41.

TABLE III. Parameters for YBa2Cu3O61x .

YBa2Cu3O6 YBa2Cu3O6.63 YBa2Cu3O7

Ac ~kOe/mB) -172 -172 -172
Aab ~kOe/mB) 31 31 312
B (kOe/mB! 39.8 40.6 43
Cc ~kOe/mB! 33 33 33
63Rexp 3.760.1
63Rcal 3.8 4.0 3.7
4B2Aab ~kOe/m B! 128.5 131.4 141
4B1Aab ~kOe/m B! 190 193 203
63Kc/

63Kab 27% 25% 0
63T1T 135 ~s K/eV2!vSF/a 145 ~s K/eV2!vSF/a 126 ~s K/eV2!vSF/a
1/T2G 301 ~eV/s!a j 293 ~eV/s!a j 310 ~eV/s!aj
63T1T/T2G 4.063104 ~K/eV!vSF j 4.253104 ~K/eV!vSFj 3.93104 ~K/eV!vSFj
63T1T/T 2G

2 1.223 107 ~K/s!avSFj
2 1.253107 ~K/s!avSFj

2 1.213107 ~K/s!avSFj
2

a 8.34 14.8
G ~meV! 226 308
r 0.25 0.25
d 0.1 0.1

FIG. 2. The frequency dependence ofx9(Qi ,v) at three tem-
peratures. The experimental points are the results obtained by Aep-
pli et al. ~Ref. 1!; the solid curves are the fits obtained using a
mean-field description ofx9(q,v) shown in Eq.~32! and param-
eters compatible with NMR results.

FIG. 3. The interpolated63T1cT for La1.86Sr0.14CuO4 is shown
together with the measured values of63T1cT for La1.87Sr0.13CuO4
and La1.85Sr0.15CuO4 of Ohsugiet al. ~Ref. 34!. Shown on the right-
hand side is the scale forvSF(T)}

63T1cT for La1.86Sr0.14CuO4 in-
ferred from the fit to the neutron-scattering experiments.
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We next make use of the Barzykin-Pines magnetic phase
diagram. From their analysis of NMR, transport and static
susceptibility experiments, they conclude that the
La22xSrxCuO4 system will, like its YBa2Cu3O61x counter-
part, exhibit nonuniversal scaling behavior, perhaps best de-
scribed as pseudoscaling, between two crossover tempera-
tures, T* and Tcr . In this regime, the system exhibits
apparentz51 dynamic scaling behavior, withvSF varying
linearly with temperature and

vSF5c8/j ~34!

wherec8 depends on the doping level. They propose that the
upper crossover temperature,Tcr , which marks the onset of
pseudoscaling behavior, can be identified as the maximum in
the measured value ofx0(T), and corresponds to a magnetic
correlation length,j;2. The lower temperatureT* is deter-
mined from 63T1 measurements as the lower limit of the
linear variation ofvSF ~or 63T1T) with temperature. Inspec-
tion of Fig. 3 shows that for La1.86Sr0.14CuO4, one has a
comparatively weak crossover atT*;80 K. SincevSF(T)
has already been determined, a knowledge ofc8, obtained at
one temperature betweenT* and Tcr , enables one to fix
j(T) over the entire temperature range. From our fit to the
neutron data at 80 K, we findc8552.9 meV, and use this
result to conclude thatTcr;325 K, and that

1

j
50.082810.128S T

100D 80 K,T,325 K. ~35!

We can interpolate between this result forj(T) and our re-
sult at 35 K to obtainj(T) over the region, 35 K<T<300
K. The result of that interpolation, which is very nearly a
continuation of the linear behavior found above 80 K, is
given in the inset of Fig. 4.

A first check on the correctness of this procedure is to
compare our ‘‘NMR’’ derived results at 295 K, shown in
Table IV, with the neutron-scattering results at this tempera-
ture. As may be seen in Fig. 2, the slope, obtained from the
NMR results, @x9(Q,v)/v#5xQi

/vSF51.16mB
2/~eV meV!

is in good agreement with experiment. A second check is to
compare our results forj(T) with the values deduced from
the half width of the incommensurate peaks in Imx(q,v)
observed in neutron scattering over the entire temperature
domain (35<T<300 K!; that comparison is given in the
main portion of Fig. 4. Finally, we can compare the predic-
tions of Eqs.~34! and~35! ~the parameters being specified in
Table IV! with the combined frequency and temperature de-
pendence of the half width found by Aeppliet al. in Fig. 5.
In obtaining this figure, we calculated the theoretical inverse
correlation lengthk from the j(T) shown in Fig. 4, by
matching the full width at half maximum of the incommen-
surate peaks of Eq.~32! to those of the experiments of Ref.
1. Our comparison of the calculatedk(v,T) to the experi-
mental values is shown in Fig. 5. The extent of the agree-
ment between our calculations and experiment suggests that
we have succeeded in reconciling the63Cu NMR results with
the neutron-scattering results, and it suggests as well that the
neutron scattering results are consistent withz51 pseudo-
scaling behavior for temperatures less than 300 K. The latter
conclusion was also reached by Aeppliet al. from their
analysis of their neutron-scattering experiments. Moreover,

the agreement at 300 K provides independent support for the
Barzykin-Pines proposal thatj(Tcr)5j(325 K!.2.

V. 17O RELAXATION RATES FOR La 1.85Sr0.15CuO4

We now demonstrate that by choosing a reasonable next-
nearest-neighbor hyperfine coupling contributionC8, we can
reconcile the incommensurate peaks inx9(q,v) with the
measured NMR relaxation rates (17T1T)

21 for
La1.85Sr0.15CuO4.

In calculating (17T1cT)
21 for La1.85Sr0.15CuO4, we simply

use the previously determined parameters as inputs to Eqs.
~4! and ~9!, where the next-nearest-neighbor Cu-oxygen hy-
perfine couplingC8 is included in the form factor17Fc . For
La22xSrxCuO4 materials, there is still not enough experi-
mental data to determine the exact values ofCa

old for differ-
ent field orientations; we therefore assume that these values
are the same as those of the YBa2Cu3O61x family. Following
Monienet al.7 and Yoshinariet al.,21 we takeCc

old533 kOe

TABLE IV. Fits to neutron scattering experiments of
La1.86Sr0.14CuO4.

T535 K T580 K T5295 K

63T1T (31023 s K! 34 38 96
vSF ~meV! 8.75 9.78 24.3
a ~states/eV! 23.9 23.9 23.9
xQ~msB

2 /eV! 350 175 28.2
j ~a! 7.6 5.41 2.17
c8 52.9
1/T2G ~m s21! 63 45 18

FIG. 4. A comparison of the NMR-deduced values ofj(T)
~solid line! for La1.86Sr0.14CuO4 with those obtained~diamonds!
from the neutron-scattering experiments of Ref. 1. The experimen-
tal points ~diamonds! are derived by first fitting the half-width of
the neutron scattering peak atQi for low-energy transfer~v52.5
meV!, and then extrapolating tov50, following the formula
k2(v,T)5k2(T)1a22v2/Ev

2 given in Ref. 1. The inset shows the
interpolation procedure used to obtain 1/j(T) between 35 and 80
K: the point at 35 K~star! is obtained from the MMP fit to the
neutron scattering data at 35 K, while the points above 80 K are
deduced from the scaling analysis of Eq.~35! ~circles!; the solid
line shows the extrapolation between 35 and 80 K.
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and z i51.42, zc51, andz'50.91. We further assume an
isotropic C8, with r5C8/Cc50.25, and obtainx0(T) by
modifying the results of Ref. 2 to reflect the new values of
Aab and B presented in Sec. III. We use thea for
La1.86Sr0.14CuO4 obtained from the neutron-scattering fits
from the last section, and obtainvSF, andj(T) from NMR
data of Ohsugiet al.34 These numbers are almost the same as
those of La1.86Sr0.14CuO4. The remaining parameter in Eq.
~9! which is sensitive to our choice of a cutoff in the appli-
cability of the MMP expression forxAF, G is chosen to get
the best fit to the experimental results for (17T1cT)

21. It is
important to point out that our choice ofG does not affect
(63T1cT)

21 and 1/63T2G , because the Fermi-liquid contribu-
tion to these quantities is negligible compared to that of the
anomalous antiferromagnetic spin fluctuations.

In Fig. 6 we compare our calculated17O NMR relaxation
rate (17T1cT)

21, usingG5565 meV, with the experimental
data of Walstedtet al.18 The agreement is quite good. Note,
however, the choice ofr andG is not unique in our calcula-
tions; fits of the same quality can be obtained by choosing
other values forr and G. The inset of Fig. 6 shows the
substantial leakage of the anomalous spin fluctuations@the
first term only in Eq.~9!# to (17T1cT)

21, calculated with the
standard SMR form factor (r50). The (17T1cT)

21 thus cal-
culated has a temperature dependence similar to that of the
63Cu relaxation rates, much faster than seen experimentally.
Also shown in the inset is the substantially smaller AF leak-
age calculated from the present hyperfine coupling17Fc with
r50.25.

VI. NEUTRON-SCATTERING LINE WIDTHS
AND 17O SPIN-LATTICE RELAXATION RATES

IN YBa2Cu3O61x

We turn now to the neutron-scattering and NMR experi-
ments for the YBa2Cu3O61x system. As noted in the intro-
duction, one apparent problem here has been that the large
q width of the antiferromagnetic peak, as observed in the
neutron-scattering experiments,8–11appeared to be in contra-
diction with size of the correlation length (j*2) required to
explain the 17O NMR experiments. As Thelen and Pines
demonstrated,20 the half width at half maximum for the an-
tiferromagnetic peak in x9(q,v) should have been
q1/2&0.4/a in order to be consistent with the Mila-Rice-
Shastry model and the oxygen relaxation data for
YBa2Cu3O7. They found that in order to be consistent with
experiment the leakage from the antiferromagnetic peak
should account for no more than 1/3 of the total measured
oxygen rate. This upper bound from NMR is much smaller
than the actualq width of the antiferromagnetic peak,
q1/2.0.7/a, observed in the neutron-scattering experiments.9

Assuming the measured width is produced by incommensu-
ration, we plot the antiferromagnetic ‘‘leakage’’ contribution
@i.e., that from the antiferromagnetic part of Eq.~9!# to the

FIG. 5. A comparison of the NMR-deduced values of the fre-
quency dependence inverse correlations length,k , atv 53.5, 6.1,
and 15 meV~lines!, with the experimental results of Aeppliet al.
~Ref. 1! ~symbols!. It is seen that the consistency is quite good at
low frequencies, while at high frequencies, the NMR-deducedq
width is smaller than those seen in neutron-scattering experiments.

FIG. 6. Our calculated spin-lattice relaxation rates (17T1cT)
21

for 17O ~solid line! compared to the experimental data of Walstedt
et al. ~Ref. 18! ~circles! for La1.85Sr0.15CuO4; we user50.25 for the
calculation. The inset shows the contribution of the AF spin fluc-
tuations@first term only in Eq.~9! with a cutoff of uq2Qi u51/j# to
( 17T1cT)

21, calculated with the present form factor (r50.25! and
with the standard Shastry-Mila-Rice form factor~r50!.

FIG. 7. The17O spin-lattice relaxation rate17W1c/T calculated
by assumingr50.25 ~solid line!, plotted against the experimental
data of Martindaleet al. ~Ref. 3! ~circles! for YBa2Cu3O6.6. Also
shown is the contribution from AF leakage to the relaxation rates
17W1c/T calculated using our oxygen form factor withr50.25 and
the standard Shastry-Mila-Rice form factor (r50).
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17O relaxation rate in Fig. 7, using the incommensuration
d50.1p, which provides a fit to the neutron-scattering
experiments.9 Obviously, as in the La22xSrxCuO4 material,
the temperature dependence of the measured NMR relax-
ation rate is remarkably different, and the amplitude of the
‘‘leakage’’ term is too large. This problem can be avoided by
introducingC8, as we have done on the La22xSrxCuO4 sys-
tem. In fact, the much smaller degree of presumed incom-
mensurability in the YBa2Cu3O61x system than that mea-
sured directly for the La22xSrxCuO4 system makes it almost
evident that any problem produced by AF leakage can be
reconciled by the same method as used above. We show, in
Fig. 7, that the AF leakage contribution for
r5C8/Cc50.25 indeed becomes negligible. If we assume
the same ratio of the AF part to the total rate as Thelen and
Pines20 did, we obtain a constraint onC8. We note that the
oxygen form factors Eq.~8! are quadratic indq5(q2Q) in
the vicinity of the antiferromagnetic wave vectorQ:

17Fa5~dqx!
2

~Cc
old!2

2~112r c!
2 (

a i5a8,a9
@~2r c11!za i

24r a i
#2

5h~dqx!
2. ~36!

As a result, the antiferromagnetic contribution to the oxygen
relaxation rate~which we keep as a constant when we change
the form factor! is

S 1
17T1T

D
AF

}h~Qi2Q!2, ~37!

and a change of the oxygen form factor, which altersh,
produces a constraint on the acceptable width~or incommen-
surability! of the neutron-scattering peak. Since Thelen and
Pines20 used the isotropic form of the Mila-Rice-Shastry
Hamiltonian, withCiso5Cc

old we easily obtain from Eq.~36!:

q1/2a&0.4/a
112r c

A1

2 (
a i5a8,a9

@~2r c11!za i
24r a i

#2
, ~38!

where we have neglected possible slow~logarithmic! depen-
dence. In particular, withr a i

50.25, Eq.~38! gives the upper

limit: q1/2&0.7/a. This crude estimate shows that indeed, our
hyperfine Hamiltonian is consistent with both NMR and
neutron-scattering experiments. However, the antiferromag-
netic leakage contribution to the oxygen relaxation rate in
YBa2Cu3O61x can become important, and should therefore
be calculated numerically, since the spin-spin correlation
length is very short.

For our numerical calculation of the antiferromagnetic
peak contribution to the17O relaxation rates we assume, as
indicated in the Introduction, that the neutron-scattering data
of Tranquadaet al.11 and Daiet al.9 can be interpreted as
indicating that the magnetic response functionx(q,v) pos-
sesses four incommensurate peaks located at
Qi5(p6d,p6d), and taked.0.1p, an incommensuration
consistent with the measured experimental widths. We also
assume that the temperature-dependent spectral weight for
these incommensurate peaks, as in case of La22xSrxCuO4,
comes from the temperature dependence of the correlation

length, and adopt the MMP form Eq.~9! for each of the four
peaks. It should be emphasized, however, that accord be-
tween the inelastic neutron scattering and the oxygen NMR
can be reached for any bell-shaped curve forx9(q,v) which
has the characteristic width measured in the neutron-
scattering experiments, and a sufficiently abrupt falloff at
large (q2Q). In Fig. 7, we show our calculated antiferro-
magnetic leakage to the oxygen relaxation
17W1c /T[1.5(17T1cT)

21, for the case of bothr50 and
r50.25; again, we see that the form factor withr50.25
greatly reduces the AF leakage. Also shown in Fig. 7 is our
calculated17W1c /T plotted against the experimental data of
Martindaleet al.3 In obtaining our theoretical result, we have
used as an input to Eq.~9!, x0(T) deduced from the Knight-
shiftKc(T) data on the same sample, provided by Martindale
et al.22 and used thej anda from Ref. 2. Again, we take
Cc
old533 kOe/mB for YBa2Cu3O61x system. By assuming

r a i
50.25, we obtain a good fit to the experimental data with

G;308 meV. These parameters are listed in Table III.
Another problem with the one-component Shastry-Mila-

Rice picture has been pointed out recently by Martindaleet
al.,3 who measured planar17O relaxation rates for different
magnetic-field directions. They have found that thetempera-
ture dependencesof the relaxation rates for magnetic fields
parallel and perpendicular to the Cu-O bond axis directions
were different, in contradiction with the predictions based on
the SMR hyperfine Hamiltonian for which the oxygen form
factor is given by Eq.~4!, withoutC8:

17Fa52 (
a i5a8,a9

cos2
qxa

2
Ca i
2 . ~39!

From Eq.~39! it follows that the ratios of the oxygen relax-
ation rates for different magnetic-field orientations should be
temperature independent, and determined only by the hyper-
fine C couplings

17~1/T1,a i !
17~1/T1,a j

!
5

Ca i8
2 1Ca

i9
2

Ca j8
2 1Ca

j9
2 . ~40!

Experimentally, as shown by Martindaleet al.3 these ratios
turn out to be mildly temperature dependent, although nu-
merically close to the values of Eq.~40!.

This apparent contradiction can, in fact, be turned into a
proof of the validity of the modified one-component model
Eq. ~1!. It can easily be seen that for our oxygen form fac-
tors, Eq.~8!, the 17O relaxation rates for different field di-
rections do not have the sameq dependence for the whole
Brillouin zone. As a result, ratios such as Eq.~40! should
indeed become temperature dependent. Since we do not
know the precise values of the couplings once we go beyond
the nearest-neighbor Mila-Rice-Shastry approximation, we
use here the expressions for the oxygen form-factors in the
most general form. To derive the form of the temperature
dependence, we separate the antiferromagnetic and the
Fermi-liquid or short-wavelength (x0) contributions to
(1/17T1a), according to Eq.~9!:
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1
17T1aT

5S 1
17T1aT

D
x0

1S 1
17T1aT

D
AF

. ~41!

Here the short-wavelength part (1/17T1T)x0
is proportional to

the bulk magnetic susceptibilityx0(T), while the antiferro-
magnetic part follows the copper relaxation rate:

S 1
17T1aT

D
x0

5Sax0~T!,

S 1
17T1aT

D
AF

5
17Fa~Qi!
63Fc~Qi!

S 1
63T1cT

D . ~42!

As we have demonstrated above, the temperature depen-
dence of the antiferromagnetic leakage term is very different
from what is observed in experiment. Since the empirical
modified Korringa law@1/17T1Tx0(T)#5const is rather well
satisfied for these materials, the short-wavelength part should
be dominant. Therefore, we can write for the different17O
relaxation rate ratios:

~1/17T1!a i

~1/17T1!a j

5
Six0~T!1Pi /

63T1cT

Sjx0~T!1Pj /
63T1cT

.
Si
Sj

F11S Pi

Si
2
Pj

Sj
D S 1

63T1cTx0~T! D G , ~43!

wherePj5
17Fa j

(Qi)/
63Fc(Qi), while theSj are coefficients

determined by integrating the product of the short-range part
of the magnetic susceptibility with the oxygen form factor. If
the short-range part ofx9(q,v) is only mildly q dependent,
Sj is determined primarily by the momentum average of
17Fa j ,

Sj5
p

GE 17Fa j
~q!d2q. ~44!

In this case the temperature-independent part of the ratio of
the oxygen relaxation rates is determined again only by the
ratio of the form factors:

Si
Sj

5

17Fa i
~r50!

17Fa j
~r50!

. ~45!

If a realistic band-structureq dependence ofx9(q,v) is
taken into account, this ratio will have a somewhat different
value. We demonstrate, in Fig. 8, that expression Eq.~43!
indeed provides a consistent explanation of the temperature-
dependent term for the oxygen relaxation rates in
YBa2Cu3O7; on using Eq.~43! to fit the observed anisotropy
ratio of 17Wi /

17W' , we find

Si

S'

50.5,

Si

S'
S Pi

Si
2
P'

S'
D50.06 ~sK!mB

2/eV. ~46!

These values ofSi , j andPi j impose certain constraints on the
parametric space of the hyperfine couplings. There are not
enough of these constraints to enable us to deduce unam-
biguously the values of the hyperfine couplings, so that spe-
cific quantum chemical calculations are needed to determine
the hyperfine coupling constants for these materials. How-
ever, as we have shown, the temperature dependence of the
rates can be accounted for by assuming a finite incommen-
surability for the antiferromagnetic peak.

Using our formalism, and the constantsSj and Pj for
YBa2Cu3O7, we can predict the oxygen relaxation rates for
YBa2Cu3O6.63. It is easy to see that if the hyperfineC cou-
plings do not depend significantly on doping, the product,
SjG, for YBa2Cu3O6.63 is the same as for YBa2Cu3O7. Pj ,
however, can be somewhat different, corresponding to a dif-
ferent amount of incommensuration for YBa2Cu3O6.63. Since
the oxygen form factor is quadratic in the vicinity of
(p/a,p/a), we can write

FIG. 8. The temperature dependence of the oxygen relaxation
rate ratios in YBa2Cu3O6.6 measured by Martindaleet al. ~Ref. 3!,
and fits using our theoretical expression Eq.~43!.

FIG. 9. The calculated spin-lattice relaxation rates (17T1cT)
21

for YBa2Cu3O6.63, compared with the data of Takigawaet al. ~Ref.
5!. The inset shows the predicted anisotropy ratio as described in
the text. The predicted anisotropy lies slightly above the calculated
curve for YBa2Cu3O6.6 in Fig. 8, yet both are within the experi-
mental error bars of the YBa2Cu3O6.6 data of Martindaleet al. ~Ref.
3!.
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PjYBa2Cu3O6.63
5PjYBa2Cu3O7

dYBa2Cu3O6.63
2

dYBa2Cu3O7
2 . ~47!

However, the degree of incommensurability in
YBa2Cu3O6.63 ~Ref. 11! is roughly the same as in
YBa2Cu3O7, both haved;0.1p, so thatPj will remain un-
changed from the YBa2Cu3O7 values. This makes it possible
to predict the behavior of the oxygen relaxation rates ratios
in YBa2Cu3O6.63, once the parameterG in Eq. ~9! is deter-
mined from experiment. In Fig. 9, we fit the17O relaxation
rates (17T1cT)

21 of Takigawaet al. to determineSc . Again,
we use thex0, a, andj given in Ref. 2. It is seen in the main
portion of Fig. 9 that the fit is very satisfactory; from this fit
we obtainG5226 meV for YBa2Cu3O6.63, if we assume
r a i

50.25. These parameters are also listed in Table III. From

Eq. ~44!, we haveSiG being the same in YBa2Cu3O7 and
YBa2Cu3O6.63, because their form factors do not change.
Therefore, we get for YBa2Cu3O6.63,

Si

S'

50.5,

Si

S'
S Pi

Si
2
P'

S'
D
YBa2Cu3O6.63

5
Si

S'
S Pi

Si
2
P'

S'
D
YBa2Cu3O7

3
Sc~YBa2Cu3O7!

Sc~YBa2Cu3O6.63!

50.063
GYBa2Cu3O6.63

GYBa2Cu3O7

50.044 ~sK!mB
2/eV. ~48!

We show our calculated relaxation rate ratio for
YBa2Cu3O6.63 in the inset of Fig. 9.

Finally, we note that it is straightforward to extend to the
superconducting state the analysis which led to Eq.~43!; one
obtains in this way a modified version of Eq.~43! in which
the parametersPa andSa will depend on the coherence fac-
tors in the superconducting state. We note that once the en-
ergy gap has opened up (T&0.7Tc , say! the system behavior
is determined by quasiparticles in the vicinity of the nodes of
thedx22y2 gap function. Under these circumstances, the form
factors, 17Fa and 63Fc will be those appropriate to the mo-
mentum transfers which characterize the transitions between
the nodal quasiparticles, while,x0(T) falls off linearly with
decreasingT, and (63T1cx0)

21 falls off asT2. As a result,
the anisotropy at low temperatures may be expected to fall
off linearly with temperature forT&0.7Tc , approaching to
constantSi /Sj at very low temperatures. Detailed calcula-
tions of 17Wa(T) using the modified SMR Hamiltonian will
be required before any quantitative comparison can be made
with the superconducting state results of Martindaleet al.3

VII. ABSOLUTE INTENSITY OF THE DYNAMICAL SPIN
SUSCEPTIBILITY FOR YBa 2Cu3O7

In this section, we consider the dynamical spin suscepti-
bility x9(q,v) derived from various NMR experiments and

compare it with the energy scales and absolute intensities
determined in neutron-scattering experiments.

As shown by Barzykin and Pines,2 Tcr;125 K for
YBa2Cu3O7, which indicatesj;2 at 125 K. From theT2G

21

data of Imaiet al.36 at 125 K, we geta514.8 states/eV on
using the relevant expression shown in Table III. We then
find j52.08 for T5100 K from the T2G

21 data, and
vSF516.6 meV atT5100 K from theT1T data of Imai
et al.36

We next examine the dynamical spin susceptibility at
Q5(p/a,p/a) obtained from the above NMR fit. As indi-
cated in Sec. II, on assuming the spin-fluctuation spectrum
consists of four incommensurate peaks located at
Qi5(@160.1#p/a,@160.1#p/a), the anomalous antiferro-
magnetic contribution tox9(q,v) can be written as

x9~q,v!5
1

4(i
aj2~v/vSF!

@11~q2Qi !
2j2#21~v/vSF!

2 . ~49!

Therefore atT5100 K, we can write

x9~p,p,v!5
34v/ṽSF

11v2/ṽSF
2

states/eV, ~50!

where

ṽSF[vSF3@11~Q2Qi !
2j2#51.85vSF531 meV.

~51!

Thus from our assumption of incommensuration and our fit
to the NMR experiments, we predict a weak spin-fluctuation
peak, at (p,p), with energy 31 meV, and strength 17
states/eV.

Experimentally, it is still controversial whether there ex-
ists a measurable spin-fluctuation peak in the normal state.
Dai et al.9 report the observation of a weak peak near
v;35240 meV, while Fonget al.23 do not see any peak
structure, but provide an upper limit, 30 states/eV for the
strength of the spin-susceptibility spectrum between 10 meV
<v<40 meV. Thus, our prediction of a characteristic spin-
fluctuation energy scale ofṽSF;31 meV and a maximum
intensity of 17 states/eV is compatible with both neutron-
scattering experiments.

We next consider the integrated intensity,
*dvx9(p,p,v), in the normal and superconducting states
of YBa2Cu3O7. From Eq.~49!, we have

E
0

vc
dvx9~p,p,v!5

avSFj
2

2
lnF11S vc

ṽSF
D 2G

50.53lnF11S vc

ṽSF
D 2G . ~52!

For the normal state, atT5100 K, we may expectvc , the
cutoff energy, will lie betweenvSFj

2 and ṽSFj
2. On taking

vc;100 meV, we find the integrated total weight at (p,p)
is *dvx9(p,p,v)51.3. We may also estimate the inte-
grated intensity of the 41 meV peak in the superconducting
state to compare with the experimental value of Fonget al.23

For this purpose, we assume that at low temperatures, the
entire normal-state spectrum below the superconducting gap
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(2D;40 meV! is turned into the 41 meV resonant peak,
observed in the superconducting state;8–10 we then have

E
v541 meV

dvx9~p,p,v!usup5E
0

40 meV

dvx9~p,p,v!unormal

50.52, ~53!

in excellent agreement with the experimental value
0.4960.1 of Fonget al.23

VIII. DISCUSSION AND CONCLUSIONS

We have seen that by modifying the SMR hyperfine
Hamiltonian we can use the MMP one-component spin-spin
response function to reconcile the results of a number of
neutron-scattering and NMR experiments on the cuprate su-
perconductors. With the aid of the scaling arguments of
Barzykin and Pines,2 we are able to obtain a quantitative fit
to both the NMR and the neutron-scattering data for
La1.86Sr0.14CuO4. We find that for the YBa2Cu3O61x system,
we can reconcile theq width of the antiferromagnetic peak
seen in neutron scattering experiments with the substantial
temperature-dependent AF correlation required to explain
the NMR experiments on YBa2Cu3O7 and YBa2Cu3O6.63.
Moreover, in the recent results of Martindaleet al.3 on the
anomalous temperature dependence of the anisotropy of the
17O relaxation rates, the small amount of the AF leakage is
shown not only to be explicable using our modified one-
component description; but to provide an independent con-
sistency check for our one-component picture. Our ability to
reconcile so many different experiments leads us to conclude
that a transferred hyperfine coupling between next-nearest-
neighbor Cu21 spins and17O nuclei spin plays a significant
role, and that the transferred hyperfine couplingB, changes
as one goes from the La22xSrxCuO4 to the YBa2Cu3O61x
system, and is moreover comparatively sensitive to hole dop-
ing in the former system. It will be interesting to see whether
the presence of these terms can be justified microscopically
through detailed quantum chemical calculations in these sys-
tems. We doubt that our modified SMR hyperfine Hamil-
tonian is unique. Thus it may eventually prove desirable to
devise other qualitatively new hyperfine couplings. What we
have attempted to do is to devise the minimal modification of
the SMR model required to obtain agreement with the
present generation of experiments. We have no ready expla-
nation for the doping dependence ofB which is required to
explain the experimental results on the anisotropy of the
63Cu spin-lattice relaxation rates in the La22xSrxCuO4 sys-
tem or why it is much less dependent on doping in the
YBa2Cu3O61x system. A check on whetherC and C8 are
doping dependent in either system will come from measure-
ments of the doping dependence of the anisotropy of the
planar 17O spin-lattice relaxation rates. IfC andC8 are not
markedly doping dependent, then this anisotropy will exhibit
the dependence on63T1cTx0(T) which is given in Eq.~43!.

For the La22xSrxCuO4 system, the values ofj, vSF, anda
we have deduced in the present paper are sensitive to our
choice of the hyperfine constants,Aab andB; these in turn
depend sensitively on the measurements of63R, which is not
known to better than 10% accuracy. Moreover, in calculating
17T1c, for La1.86Sr0.14CuO4 we have used hyperfine constants

and values forx0(T) which do not reflect any possible an-
isotropy of theg factor such as that found by Walstedt
et al.40 for the YBa2Cu3O61x system, while our choice ofG
is obviously sensitive to our choice of a cut-off wave vector
for the applicability of the MMP expression forxAF(q,v).
For the YBa2Cu3O61x system, the spin fluctuation param-
eters and hyperfine constants depend on the extent to which
the spin fluctuation spectrum is incommensurate. We have
assumed a degree of incommensuration which is compatible
with current INS experiment, but until direct measurements
of that incommensuration can be carried out, there remains a
considerable degree of uncertainty. Given these unavoidable
uncertainties, an overall assignment of an accuracy of some
20% in the results we have presented here would seem a
consistent chioce.

Our results have a number of interesting implications for
~nearly antiferromagnetic Fermi-liquid theory~NAFL! calcu-
lations of other properties of the superconducting cuprates.
For example, Pines and Monthoux37 have shown that incom-
mensuration acts to lower the superconducting transition
temperature,Tc ; it is tempting therefore to attribute much of
the substantial difference in Tc found for the
La22xSrxCuO4 and YBa2Cu3O61x systems to the much
greater degree of incommensuration found in the former ma-
terials. In their calculation of planar resistivities, Stojkovic
and Pines38 find thatrab depends sensitively on the size and
distribution of ‘‘hot spots’’~ regions of the Fermi surface
connected byQi), and thus is markedly changed by incom-
mensuration. To cite a third example, in NAFL theory, the
location in momentum space of the peak in the spin-
fluctuation spectrum depends on the interplay of the peaks in
the irreducible particle-hole susceptibility,x̃(q,0), produced
by band structure and the momentum dependence of the re-
storing force,Jq , which acts to shift those peaks according
to Ref. 39,

x~q,0!5
x̃~q,0!

12Jqx̃~q,0!
. ~54!

Since the peaks inx̃(q,0) move away from (p/a,p/a) as
one moves away from half-filling, less peaking inJq is re-
quired to produce four incommensurate peaks than was
needed by Monthoux and Pines39 to keep the peak at
(p/a,p/a) in the presence of substantial hole doping.

Further NMR and neutron experiments on the
YBa2Cu3O61x and La22xSrxCuO4 systems can also help
verify the correctness of our proposed hyperfine Hamiltonian
and our assignment of incommensurate peaks in the
YBa2Cu3O61x system. For example, our results, Eqs.~36!
and ~43!, lead us to predict substantial temperature depen-
dence in the anisotropy of 1/17T1a in the La22xSrxCuO4 sys-
tem for magnetic fields parallel and perpendicular to the
Cu-O bond axis, and it will be instructive to see whether this
can be measured. It is, moreover, to be hoped that improve-
ments both in neutron-scattering facilities and the availability
of large single crystals will make possible a direct experi-
mental check on our assignment of incommensuration in the
YBa2Cu3O61x system. Resolution of those peaks, together
with a direct measurement of their intensities would also
enable one to carry out a detailed comparison of NMR and
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neutron-scattering experiments on YBa2Cu3O6.63 analogous
to that presented here for the La1.86Sr0.14CO4 system.
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