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Generalizing recent work, the Raman-scattering intensity from a semi-infinite superconducting superlattice
is calculated taking into account the surface contribution to the density response functions. Our work makes
use of the formalism of Jain and Allen developed for normal superlattices. The surface contributions are shown
to strongly modify the bulk contribution to the Raman-spectrum line shape below 2D, and also may give rise
to additional surface plasmon modes above 2D. The interplay between the bulk and surface contribution is
strongly dependent on the momentum transferqi parallel to layers. However, we argue that the scattering cross
section for the out-of-phase phase modes~which arise from interlayer Cooper pair tunneling! will not be
affected and thus should be the only structure exhibited in the Raman spectrum below 2D for relatively large
qi;0.1D/vF . The intensity is small but perhaps observable.@S0163-1829~96!01433-6#

I. INTRODUCTION

Recently, the authors1 studied the inelastic light-scattering
intensity of an infinite superconducting superlattice with a
bilayer basis. Motivated by the Cooper pair tunneling model
proposed by Chakravarty and co-workers2 for high-Tc lay-
ered superconductors, we discussed the in-phase and out-of-
phase phase modes~corresponding to the phase fluctuations
of the two superconducting order parameters in a bilayer!
which arise in the presence of interlayer Cooper pair
tunneling.3 These modes couple into density fluctuations and,
as a result, show up in the Raman inelastic light scattering.
The intensity is weak because of screening associated with
the Coulomb interaction, and in fact is below the threshold of
current Raman experiments. However, our results are of suf-
ficient interest that such experiments should be attempted. In
this paper, we extend our previous calculations1 and show
how the Raman spectrum forv,2D is significantly modi-
fied when we include the surface contribution. We also in-
clude surface plasmons~which occur above 2D) in the cal-
culation of the Raman intensity of layered superconductors.

The present paper is based on the approach of Jain and
Allen,4 who considered normal layered electron gas~LEG!.
In their calculation for a semi-infinite superlattice, both the
bulk and surface contributions were included. They found
that there were two effects of the surface:~1! Van Hove
singularities at the upper and lower limits of the bulk plas-
mon band were completely canceled out by negative surface
contributions.~2! Depending on the background dielectric
constants, surface plasmons5 can appear, either above or be-
low the bulk plasmon band. We show that the analogous
effects arise in a semi-infinitesuperconductingsuperlattice,
resulting in major modifications of the bulk contribution to
the Raman-scattering spectrum given in Ref. 1. Apart from
the out-of-phase phase mode contribution, the Raman-
scattering intensity is found to be strongly dependent on the
value of momentum transferqi ~parallel to the layers!. For
simplicity, we only discuss the surface effects for a superlat-
tice with a single layer per unit cell. This is sufficient to
understand the essential physics.

The isotropic inelastic light-scattering cross section is
given by4,6

ds

dvdV
}uêi•êf u2I ~q,v!, ~1!

where

I ~q,v!5(
l ,l 8
i , j

Imx i j ~qi ,v,l ,l 8!e2~Zl ,i1Zl 8, j !/de22ik'~Zl ,i2Zl 8, j !.

~2!

HereZl ,i represents the position of thei th layer in thel th
unit cell. The density response functionx i j (qi ,v,l ,l 8) in Eq.
~2! has been evaluated in Ref. 1 and represents the correla-
tion between the charge density on layer (l ,i ) and the charge
density on layer (l 8, j ). The incident photon has momentum
k i , energyv i , and polarizationêi and the scattered photon is
similarly described byk f , v f , and êf . We assume that the
energy transferv[v i2v f in Eq. ~2! is very small compared
to the photon frequencies, i.e.,v i.v f . The momentum
transfer parallel to the interface iski ,i2ki , f[qi and the mo-
mentum perpendicular to the interface iskz,i2kz, f[qz . For
small-angle scattering, we have Reqz.2k' and Imqz.d21

wherek' is the momentum carried by the incident photon
andd describes the damping of the photons in the medium.
The result given in Eq.~2! shows that as a result of the finite
value of d, the inelastic light-scattering cross section in-
volves aweightedsum of the correlation functions for elec-
tronic densities in the different layers. We are interested in
the interplay between the bulk and surface contributions to
the Raman spectra. For this purpose, we only keep theiso-
tropicmatrix element for the Raman interaction given in Eq.
~1!.7 We consider superconductors with ans-wave layer pair-
ing interaction but similar calculations could be done for
d-wave superconductors, as discussed in Refs. 3 and 8.

II. BULK IN-PHASE AND OUT-OF-PHASE
PHASE MODES

For later comparison, we first recall the results of Ref. 1
for the Raman spectra for an infinite superconductingbilayer
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superlattice, ignoring the surface contributions. One finds
that Eq.~2! reduces to

I ~v!5
1

12e22c/d ImH E1

2
~11e22d/d12e2d/dcos2k'd!

3F11
2v2DE1sinhqic~u2e2c/d21!

FAb221
G

1
E2

2D2
~11e22d/d22e2d/dcos2k'd!J , ~3!

where we have introduced the functions

b[coshqic22v2DE1sinhqic,

u[b1Ab221,

F[u2e2c/d22uec/dcos2k'c11,

D2512v2D~12e2qid!E2 . ~4!

The spacing of the bilayer isd, the unit cell length isc,
v2D[2pe2/qie is the two-dimensional~2D! Coulomb inter-
action, ande is the superlattice background static dielectric
constant. In the long-wavelength limit (qi!2D/vF), the
functionsE6(qi ,v) are given by3,1

E65
1

4
N~eF!J~v̄ !F 2R61 1

8 q̄i
2J~v̄ !

R61 1
4 ~v̄22 1

2 q̄i
2!J~v̄ !

G , ~5!

where we have defined

J~v̄ !55
2

v̄A12v̄2
arcsinv̄, v̄ ,1,

2

v̄Av̄221
F ln~v̄2Av̄221!1 i

p

2 G , v̄ .1 ,

~6!

and

R150, R25
1

gN~eF!

2x

x221
, x[

TJ
g
. ~7!

Herev̄[v/2D, q̄i[qivF/2D, N(eF)[m* /p is the 2D elec-
tronic density of states at the Fermi level withm* being the
effective electronic mass,g is the in-layer pairing interac-
tion, andTJ is the interlayer Cooper pair tunneling strength.
Replacingv→v1 ig is a simple way of including finite-
energy resolution. On the right-hand side~rhs! of Eq. ~3!, the
first term ([I I) gives the contribution from the in-phase
phase fluctuations, while the second term ([I O) is associ-
ated with the out-of-phase phase fluctuations.

One finds that the in-phase first term in Eq.~3! hasthree
poles, given by

F~2k' ,qi ,v!50 and b~qi ,v!561. ~8!

F50 gives an in-phase plasmon mode which Raman scat-
tering picks up~in an approximate way,4 this mode is similar
to the plasmon mode of an infinite superlattice, with
qz52k'). The additional two~Van Hove! singularities given

by the solutions ofb561 correspond to the upper (1) and
lower (2) limits of the ‘‘bulk plasmon’’ band for aninfinite
superlattice.4 In contrast, the second term in Eq.~3! only has
a single pole given by

D2~qi ,v!50, ~9!

corresponding to out-of-phase phase mode discussed in de-
tail in Ref. 1. Because the unit cell summation is over many
bilayers, the Raman intensity is strongly enhanced in the
superlattice case compared to the isolated bilayer case~the
latter is discussed in Ref. 8!. This is the origin of the pref-
actor @12exp(22c/d)#21'd/2c in Eq. ~3!. Using c[12 Å
andd[1000 Å, this prefactor is;40.

We note in Eq.~5! that, in the limit ofqi→0, we have
R150 and henceE1;q̄i

2→0. This implies that the in-phase
phase modes given byF50 andb561 have less weight
whenqi is small, an expected consequence of the screening
due to the Coulomb interaction. In contrast, even in the low-
qi limit, E2;R2;x is still finite, being proportional to the
pair tunneling strengthTJ . This means that the out-of-phase
phase mode given byD250 has a weight proportional to
x and is not too dependent on the value ofqi ~in the range
probed in Raman-scattering experiments!. In addition, one
can see from Eq.~3! that the intensities ofI I andI O are also
dependent on the factors (11e22d/d62e2d/dcos2k'd) which
arise from the lattice summation in Eq.~2!. Sinced!d and
k'd!1, we see that the intensity for the out-of-phase phase
modes (2 sign! is greatly reduced compared to that of the
in-phase phase modes (1 sign! as a result of these factors.

In Fig. 1, we plot the Raman light-scattering intensity
based on Eq.~3!. In this and other figures, we use the param-
eters: bilayer spacingd53 Å, the unit cell sizec512 Å,
pairing strength gN(eF)[0.25, Fermi momentum
kF53.073107 cm21 and hence a 2D hole density
n51.531014cm22, layer effective massm*5m, back-
ground static dielectric constante510, photon momentum in
thez directionk'51.03105 cm21, optical penetration depth
d;1/k'51000 Å, superconducting energy gap
D5280 cm21, and finite-energy resolutiong50.05D. The
momentum transfer parallel to the layers is

FIG. 1. The bulk Raman intensity~Ref. 11! given by Eq.~3! for
an infinite superconducting bilayer superlattice with interlayer Coo-
per pair tunneling of amplitudeTJ . We useTJ50.03g (x50.03)
andqi55.031023D/vF . The surface contribution is not included.
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qi55.031023D/vF51.173103 cm21 in Fig. 1. The out-of-
phase phase mode is well defined, as expected. While the
Raman intensity from the out-of-phase contribution shown in
Fig. 1 is not too dependent on the value ofqi , roughly
speaking, the intensity from the in-phase contribution is pro-
portional toqi

2 . As shown in Fig. 1 for the in-phase contri-
butions, one has a small peak atv52D corresponding to the
pair-breaking gap in ans-wave superconductor~which is
identical to the upper limit of the bulk plasmon band, i.e., the
pole given byb51). In addition, ‘‘hidden’’ in the low-
frequency broadened peak is the in-phase phase mode con-
tribution given by the solution ofF50, which overlaps on
the Van Hove singularity corresponding to the poleb521
at the lower limit of the bulk superlattice plasmon band~see
Fig. 2!. This will become more transparent when we discuss
the surface contribution.

In a normal metal superlattice,4 the lower limit of the bulk
plasmon band is far away from the particle-hole continuum
and, as a result, both the upper (b511 pole! and lower
(b521 pole! limits of the bulk plasmon band are well de-
fined. We recall that the bulk plasmon band refers to the
plasmons labeled byqz in an infinite superconducting super-
lattice. These give rise to the Van Hove singularities dis-
cussed in Ref. 4. In contrast, in a superconducting superlat-
tice, the particle-hole excitation spectrum~which begins at
the pair-breaking gap 2D) is strongly coupled into the super-
lattice bulk plasmon spectrum. As a consequence, the bulk
plasmon band is split into two different regions above and
below the pair-breaking gap (2D). For the plasmon band
below 2D ~which we are most interested in!, one can find a
well-defined line forb521 corresponding to the lower band
limit of the bulk plasmon band~which is generally at low
frequencies!. However, due to the strong coupling between
the bulk plasmon and BCS particle-hole continuum, starting
at 2D, there is no well-defined solution forb511. Never-
theless, the peak at 2D in Fig. 1 supports the argument that

v52D can be considered as the effective upper limit of a
superconducting bulk plasmon band.9,10

As Jain and Allen4 have pointed out for a normal super-
lattice with one layer per unit cell, the Van Hove singularity
associated withb511 corresponds to all the neighboring
layers oscillating in phase; while the one associated with
b521 corresponds to all the neighboring layers oscillating
out of phase with each other. In contrast, the out-of-phase
phase mode in Fig. 1 is a collective mode associated with the
‘‘internal Cooper pair dynamics’’ exhibited by a bilayer via
the interlayer Cooper pair tunneling between the two layers.
The physics of this out-of-phase phase mode is completely
different from the out-of-phaseb521 bulk plasmon in a
superlattice.

III. SURFACE CONTRIBUTIONS AND SURFACE
PLASMONS

The result in Eq.~3! doesnot include the surface contri-
bution. We now include it but only consider the case of a
semi-infinite superlattice of asingle layer per unit cell since
this already describes the interplay between bulk and surface
contributions. In the case of a single layer per unit cell, we
need only to replace the usual 2D Lindhard function in the
formulas given by Jain and Allen4 by the appropriate density
response function@i.e., E1 in Eq. ~5!# for a neutral 2D
superconductor.3 Using Eq.~50! in Ref. 4, we find that the
resulting Raman intensity is given by

I ~v!5
1

12e22c/d

3ImH E1F S 11
v2DE1sinhqic~u2e2c/d21!

FAb221
D

1
v2DE1~e2c/d21!~u2A22uB1C!

2Q~b221!F G J , ~10!

where we have defined

A[Gsinh2qic111
a

2
e2qic,

B[Hsinh2qic1coshqic1
a

2
eqic,

C[Gsinh2qic111
a

2
, ~11!

with

G[ 1
2 @~b221!21/221/sinhqic#/sinhqic,

H[ 1
2 @u21~b221!21/22e2qic/sinhqic#/sinhqic,

Q[ 1
2 @12~b221!21/2~12bcoshqic!/sinhqic#

2 1
2ae

qic~b221!21/2~coshqic2b!/sinhqic, ~12!

where u and F are defined in Eq. ~4! and now
b5coshqic2v2DE1sinhqic. The parametera[(e2e0)/(e
1e0) depends on the optical dielectric constants (e) inside

FIG. 2. The dispersion relation of surface plasmons in a semi-
infinite superconducting superlattice~solutions of Q50) for
a520.8 and 20.9. The shaded area betweenb521 and
v52D lines denotes the bulk plasmon band for an infinite super-
conducting superlattice. TheF50 line represents a sharp ‘‘bulk
plasmon’’ picked up by Raman scattering. Forqi*0.025D/vF
~dashed line!, there is only an overdamped resonance~see Fig. 5!.

54 6541SURFACE CONTRIBUTION TO RAMAN SCATTERING . . .



and (e0) outside the superlattice. It plays a key role in deter-
mining the surface contributions as well as the appearance
and energy of surface plasmons. The formula fora can be
rewritten in the useful forme/e05(11a)/(12a). We call
attention to the similarity between the first term in Eq.~10!
and the first term in Eq.~3!. In the rhs of Eq.~10!, the first
term ([I B) gives thebulk contribution, while the second
term ([I S) is associated with thesurfacecontribution. The
three poles mentioned earlier are exhibited by both contribu-
tions:F50 corresponding to an in-phase plasmon which Ra-
man scattering picks up andb561 corresponding to the
upper and lower limits of the bulk plasmon band. There is a
newpole of the surface contributionI S given by

Q~qi ,v!50, ~13!

which can be shown to correspond to a surface plasmon. One
has a nontrivial solution ofQ50 only whenaÞ0 ~i.e., e
Þe0); that is, the surface of the superconducting superlattice
must separate regions with different dielectric constants to
give rise to surface plasmons.4

In Fig. 2, we show the dispersion relation of surface plas-
mons in a superconducting superlattice, as given by the so-
lutions of Q50, for various values ofa. The shaded area
between the line denoted byb521 and the linev52D
represents the bulk plasmon band of an infinite supercon-
ducting superlattice. We find that the surface plasmon ap-
pears only above the upper limit~i.e., v52D) of this bulk
plasmon band, where BCS particle-hole damping of collec-
tive modes can occur. For positive values ofa (e.e0), a
surface plasmon appears at very large energiesv@2D, in
which case it is essentially identical to that in a normal su-
perlattice. We remark that for a high-Tc material with a di-
electric constante;10 in a vacuum (e051), one has
a50.82. Fora increasingly negative (→21.0), which re-
quires e0 /e.1, the surface plasmon energy slowlyde-
creasestoward 2D ~see Fig. 2!.

In Fig. 2, the dispersion relation denoted byF50 repre-
sents a~bulk! plasmon, which is a pole of the Raman scat-
tering intensity in Eq.~10!. One sees thatF50 mode is well
defined only whenqi&0.025D/vF ~solid line!. The critical
value ofqi (0.025D/vF) changes for different choices ofd
and k' . When qi*0.025D/vF , we find no solution for
F50. The dashed line represents the minima ofF ~i.e., an
overdamped or relaxational mode!. This broad resonance is
always peaked atv/2D50.8, whatever the values chosen for
d andk' .

In Fig. 3, we show the net Raman intensity based on~10!
for a semi-infinite superconducting single-layer superlattice,
showing the surface and the bulk components. Comparing
Fig. 3 with Fig. 1, one sees that the low-frequency Van Hove
singularity atb521 from the bulk contribution is canceled
by the negative surface contribution. In contrast, thein-phase
phase bulk plasmon mode (F50) shows up as a sharp peak
in the low-frequency region. As shown in Fig. 3, a peak
associated with theb51 Van Hove singularity can still ap-
pear atv52D since the bulk and surface contributions do
not completely cancel each other.

Figure 4 is similar to Fig. 3 using the same parameters,
but at a much higher momentum transferqi50.1D/vF . The
cancellationbetween the bulk and surface contributions is

clearly shown, not only for the two boundaries of the bulk
plasmon band atb521 andv52D, but almost for the en-
tire region below 2D. We also see that atqi50.1D/vF , the
broad relaxational mode@always peaked atv'0.8(2D)#
corresponding to the minimum ofF ~see Fig. 2! has a very
low weight in the Raman-scattering spectrum.

To see how the interplay between the bulk and surface
contributions depends onqi , we plot in Fig. 5 thetotal Ra-
man intensities for various values ofqi . Comparing Fig. 5
with Fig. 2, one finds that forqi&0.025D/vF , a well-defined
bulk plasmon mode (F50) gives rise to a sharp peak even
after the cancellation of the bulk and surface contributions. A
peak associated withv52D still shows up. As mentioned
above, forqi*0.025D/vF , the minimum ofF results in a
very broad maximum atv/2D'0.8. We also note that for
qi*0.025D/vF , while both the bulk and surface contribu-

FIG. 3. Raman intensity given by Eq.~10! from both bulk~dot-
ted line! and surface~dashed line! contributions for a semi-infinite
superconducting superlattice. The same parameters are used as in
Fig. 1, with a50.82 ~corresponding toe051 and e510). Apart
from the absence of the out-of-phase phase mode~only expected
when the unit cell has two layers!, the bulk contribution is very
similar to that given in Fig. 1.

FIG. 4. Raman intensities as in Fig. 3 except for a much larger
value qi50.1D/vF . This plot clearly shows the almost complete
mutual cancellation of the bulk and surface contributions at such
large values ofqi .
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tions are roughly proportional toqi
2 , thenetweight after the

mutual cancellation of bulk and surface contribution effec-
tively decreasesasqi increases.

For c/d, qic, andk'c!1 appropriate for layered super-
conductors, the total Raman intensity given in Eq.~10! can
be reduced after some calculation to

I ~v!.
d

2c
ImSE1

F D F S cd D 21~2k'c!2G , ~14!

which is valid forq̄i!v̄,1 and for all values ofa. We note
that in Eq. ~14!, the functionF given in Eq. ~4! is a very
sensitive function ofc/d and k'c and therefore we cannot
approximate it by (u21)2 in the limit of c/d, k'c→0. We
can see directly from Eq.~14! that the poles ofb561 are
removed as a consequence of the cancellation between bulk
and surface contributions. The only pole now is given by
F50. One has a broad spectrum without any sharp peak for
qi*0.025D/vF . In this region, one may verify thatF}E1

2

}qi
4. As a result, the net Raman intensityI (v) decreases as

qi increases, roughly proportional toqi
22 ~see Fig. 5!.

In addition to the surface contribution discussed above,
there may be a surface plasmon in the regionv.2D ~see
Fig. 2! but this only arises when we have different dielectric
constants inside and outside the superlattice (eÞe0). In Fig.
6, we show the contribution of a surface plasmon to the
Raman intensity. The parameters used are as in Fig. 3 but at
a much higher momentum transferqi50.2D/vF ~which is
probably the upper limit for Raman scattering in high-Tc
superconductors!. In order to have a surface plasmon energy
fairly close to 2D, the dielectric constants are taken to give
a520.80. The latter value requirese0 /e59, i.e., a layered
superconductor with amuch lowerdielectric constant com-
pared to the overlay material. As shown in Fig. 6, this gives
a Raman spectrum with lots of structure, with a broad sur-
face plasmon peak at an energy above 2D. This region is the
pair-breaking region, where there is strong BCS particle-hole
damping of collective modes. The intensity of the surface
plasmon is roughly proportional toqi

2 . Once again, Fig. 6
shows the almost complete cancellation between the bulk

and surface contributions in the region ofv<2D. This is
because at this relatively large value ofqi , there is no well-
defined solution ofF50 ~see Fig. 2!.

One might worry that the bilayer out-of-phase phase
mode shown in Fig. 1 might also be strongly modified due to
the surface contributions at higher values ofqi . However,
while the intensity~and the dispersion relation! of the out-
of-phase phase mode is very sensitive to the pair tunneling
strengthTJ , it is not strongly dependent on the value of
qi . It is associated with out-of-phase oscillation of order
parameters in a single bilayer, with nonet charge
fluctuation.1 Therefore, we do not expect any strong modifi-
cation of the out-of-phase phase mode at larger values of
qi .

IV. CONCLUSIONS

We have shown that the surface contribution plays a ma-
jor role in determining the final Raman-spectrum line shape
from semi-infinite superconducting superlattices. We find
that, as in the case of normal superlattices discussed by Jain
and Allen,4 the proper inclusion of the surface contribution
cancels ‘‘spurious’’ bulk contributions associated with Van
Hove singularities~see Ref. 1! of the upper and lower limits
of the bulk plasmon band of an infinite superconducting su-
perlattice. We have also found that the bulk plasmon mode in
the regionv,2D ceases to be well defined whenqi reaches
a critical value (;0.025D/vF for the parameters we have
used!. In addition, the surface plasmon usually contributes to
the Raman intensity in the region wellabove2D and only
approaches 2D if the superconductor is overlayed by a trans-
parent material with a dielectric constante0 much larger than
that of the superlatticee. The surface-plasmon mode inten-
sity increases asqi

2 and thus one wantsqi as large as pos-
sible if one wants to study it~see Fig. 6!.

As mentioned above, for relatively large values ofqi , the
~negative! surface contribution tends to completely cancel
out the bulk contribution in the entire frequency regionbe-
low 2D. Because the out-of-phase phase mode discussed in
Ref. 1 is not expected to be strongly affected by the surface
contribution, at relatively large values ofqi , this mode~see

FIG. 5. The total Raman intensity in the regionv<2D ~includ-
ing both bulk and surface contributions! for various values of the
momentum transferqi . The peak is associated with the zero or
minimum ofF Eq. in ~14!.

FIG. 6. The Raman intensity as in Fig. 3, withqi50.2D/vF and
a520.8.
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Fig. 1! should be theonly structure remaining in the Raman
spectrum below 2D.

The fact that the surface contribution cancels much of the
bulk contribution can be understood in physical terms. The
bulk contribution is based on response functions in Eq.~2!
which are for an infinite superlattice. This ignores the surface
‘‘reflections’’ which will occur at the boundary of any semi-
infinite system. These surface effects thus effectively remove
correlations which are included in an infinite system, which
is why they have a negative weight.

The absolute intensity of the Raman spectra we discuss in
this paper is somewhat below current experimental sensitiv-
ity. However, we hope that the interesting predictions we
make concerning the out-of-phase phase modes as well as
surface plasmons will encourage future experimental efforts.
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