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A single-band tight-binding model with on-site repulsion and nearest-neighbor exchange interaction has
been proposed as a simple model to describe metallic ferromagnetism. Here we extend previously obtained
exact-diagonalization studies for a one-dimensional 1/2-filled band system to other band fillings, and consider
the effect of including various other Coulomb matrix elements in the Hamiltonian that are expected to be of
appreciable magnitude in real materials. Results of exact diagonalization and mean-field theory for the one-
dimensional case are compared. As the band filling decreases from 1/2, the tendency to ferromagnetism is
found to decrease in exact diagonalization, while mean-field theory predicts the opposite behavior. A nearest-
neighbor Coulomb repulsion term is found to suppress the tendency to ferromagnetism; however, the effect
becomes small for large on-site repulsion. A pair hopping interaction enhances the tendency to ferromag-
netism. A nearest-neighbor hybrid Coulomb matrix element breaks electron-hole symmetry and causes metallic
ferromagnetism to occur preferentially for more than half-filled rather than less-than-half-filled bands in this
model. Mean-field theory is found to yield qualitatively incorrect results for the effect of these interactions on
the tendency to ferromagnetism. The implications of these results for the understanding of ferromagnetism in
real materials is discussed.@S0163-1829~96!03733-2#

I. INTRODUCTION

The Hubbard model was originally proposed as a simple
model to describe the physics of metallic ferromagnetism.1 It
gives rise to ferromagnetism for large values of the on-site
Coulomb repulsionU within mean-field theory2 ~where it is
equivalent to the Stoner model,3! as well as within other
approximations.1,4 However, subsequent work has shown
that an on-site Coulomb repulsionU by itself will not give
rise to metallic ferromagnetism5,6 except in special situa-
tions, such as a single hole in a half-filled band7 or special
lattice geometries.8,9 That is, it appears that in general elec-
trons of antiparallel spin can more easily avoid paying the
price of on-site Coulomb repulsion by developing spatial
correlations rather than by spin polarizing, contrary to the
predictions of mean-field theory. This then leads to the ques-
tion of what is the simplest model beyond the Hubbard
model that contains the essential physics of metallic ferro-
magnetism. Two natural ways to go beyond the original
Hubbard model are to include band degeneracy, which al-
lows for intra-atomic exchange, or to include other Coulomb
interaction matrix elements within the single-band model.
We explore the latter one in this work.

The possible importance of ‘‘off-diagonal’’ Coulomb ma-
trix elements in tight-binding models was pointed out by
Kivelson et al.,10 in the context of attempting to understand
the effect of Coulomb interactions on the Peierls instability
in one-dimensional~1D! metals. One of these off-diagonal
matrix elements is the Coulomb exchange integralJ. Even
though Heisenberg had considered the effect of the nearest-
neighbor exchange integralJ on ferromagnetism back in
1928,11 the role of this parameter inmetall ic ferromag-
netism remained unexplored until recently. This may be due
to the fact thatJ represents the quantum-mechanical ex-
change energy forlocalized rather than for itinerant elec-
trons ~which was the physical picture behind Heisenberg’s

work!, and the fact that there are other Coulomb interaction
terms that are much larger in magnitude thanJ that play a
dynamic role in itinerant electron systems, such as the on-
site repulsionU and the nearest-neighbor repulsionV. As a
consequence, the effect ofJ on ferromagnetism had only
been considered for insulators in the past.

Recently we began a study of the problem of metallic
ferromagnetism under the assumption that the nearest-
neighbor exchange interactionJ, even if small in magnitude,
may play a central role in it.12–17 This was based on the
observation thatJ lowers the direct repulsion energy of an
itinerant electron in a bonding and another in an antibonding
state, a situation that arises when spin polarization occurs,
particularly for a half-filled band. Since this could not occur
for free electrons in a continuum, it was argued that it is the
combination of the ionic lattice potential and the electronic
Coulomb repulsion that is responsible for metallic ferromag-
netism. In fact, the possibility that ferromagnetism could be
helped by lowering of the direct Coulomb energy on repopu-
lation of thek states, and that this effect may be appreciable
for very compact Wannier functions, had been suggested in
the past by Herring18 and by Wohlfarth.19

A mean-field solution of a Hamiltonian with interactions
U andJ revealed several interesting features of the model. It
was found that for largeU ferromagnetism would occur for
rather small values ofJ. However, the qualitative features of
the theory were dictated byJ rather than byU; in other
words, the model withJ50 ~Stoner model! is qualitatively
different to the one with anyJÞ0. The mean-field treatment
also showed that a driving force for metallic ferromagnetism
is the energy increase due to band narrowing~effective mass
enhancement! that occurs as the temperature is lowered in
the presence of the interactionJ, which is suppressed when
spin polarization develops. Within this picture then it is not
the competition between kinetic and potential energy that
determines whether the nonmagnetic or the ferromagnetic
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state is favored, as commonly understood, but instead ferro-
magnetism itself should be understood as ‘‘kinetic energy
driven.’’ Various features of this model found within mean-
field theory that are in agreement with experimental obser-
vations are discussed in Refs. 12–14.

The most favorable situation for ferromagnetism in the
model with interactionsU and J was found to be the half-
filled band case, as expected from qualitative arguments. In
fact, Campbellet al.20 had found earlier that in a one-
dimensional half-filled band ferromagnetism would occur in
the presence of a large nearest-neighbor exchange~termed a
‘‘bond-charge repulsion’’ in that work!. We explored that
case in more detail by exact diagonalization of a one-
dimensional model,15 and studied the stability of the half-
filled fully polarized ferromagnetic state ind dimensions by
exact solution of the problem of one overturned spin.15,16

These exact results were found to be in qualitative and semi-
quantitative agreement with the results of mean-field theory.
In particular, they showed that for smallU the system with
one overturned spin is metallic, corresponding to unbound
down-spin electron and up-spin hole, and that in this regime
the magnetization decreases continuously from the fully po-
larized state; in contrast, for largeU, the down-spin electron
and up-spin hole are bound, the system is insulating, and the
magnetization jumps discontinuously from the fully polar-
ized state. van Dongen and Janis21 have suggested that this
transition from metallic to insulating state in the almost fully
polarized subspace is a precursor of the Mott-Hubbard tran-
sition in the unpolarized state.

Recently, Strack and Vollhardt22 have derived exact cri-
teria for the existence of ferromagnetism in generalized tight-
binding models at half-filling and also concluded that the
nearest-neighbor exchange interactionJ plays a fundamental
role. Furthermore, they extended their study to the case of
one hole in a half-filled band,23 previously studied by
Nagaoka7 for the Hubbard model and found that also in that
case the nearest-neighbor exchange is important for stabiliz-
ing ferromagnetism at finiteU. Campbell and co-workers24

studied a one-dimensional half-filled generalized tight-
binding model by a variety of techniques. Even though the
focus of that work was on the tendency to lattice dimeriza-
tion, they also established that in a wide region of parameter
space ferromagnetism would occur in the presence of the
interactionJ.

In this paper we explore the effects of different band fill-
ings and of other interaction parameters by exact diagonal-
ization of a one-dimensional model, by mean-field theory,
and by exact solution of the Schro¨dinger equation for simple
limiting cases. Unlike our previous findings, it is found that
the mean-field theory predictions are in qualitative
disagreementwith exact results when we consider band
fillings other than 1/2 and the effect of other interactions.
Generally, it is found that mean-field theory severely over-
estimates the tendency to ferromagnetism. In particular, for
band fillings other than 1/2 we find that a finite value ofJ is
needed for ferromagnetism even in the limitU→`. Never-
theless, the results found here support the conjecture12 that
the nearest-neighbor exchange interactionJ plays a funda-
mental role in itinerant ferromagnetism.

Because metallic ferromagnetism has been found in na-
ture so far only in systems with degenerate electron bands

(d or f ), it is commonly believed that band degeneracy,
which in particular allows for the existence of intra-atomic
exchange, is essential for its existence. However, in a mate-
rial such as Ni where there is less than one hole perd-shell
atom, it is not likely that either band degeneracy or intra-
atomic exchange play any role. For that case, a model such
as the one discussed here would appear to be qualitatively
appropiate. For other materials where intra-atomic exchange
should play a role~such as Fe!, it is possible that such role is
quantitatively important but does not alter the physics of the
single-band model considered here in an essential way.

This paper is organized as follows: In Sec. II we define
the model and discuss various analytic results. Section III
gives numerical results for the one-dimensional model, and
we conclude in Sec. IV with a discussion.

II. MODEL AND SOME ANALYTIC RESULTS

A single-band tight-binding Hamiltonian with all Cou-
lomb matrix elements included is given by1,10,17,24

H52 (
i . j ,s

t i j ~cis
† cjs1H.c.!

1 (
i , j ,s,s8

~ i j u1/r ukl !cis
† cjs8

† cls8cks , ~1!

wherecis
† creates an electron of spins in a Wannier orbital

at sitei , which we denotew i . The Coulomb matrix elements
are given by the integrals

~ i j u1/r ukl !5E d3rd3r 8w i* ~r !w j* ~r 8!
e2

ur2r 8u
w l~r 8!wk~r !,

~2!

and restricting ourselves to only one- and two-center inte-
grals between nearest-neighbors the following matrix ele-
ments result:

U5~ i i u1/r u i i !, ~3a!

V5~ i j u1/r u i j !, ~3b!

J5~ i j u1/r u j i !, ~3c!

J85~ i i u1/r u j j !, ~3d!

Dt5~ i i u1/r u i j !. ~3e!

Matrix elements involving three and four centers are likely to
be substantially smaller than these, as they involve additional
overlap factors. Even though the repulsion term~3b! could
be of appreciable magnitude for sites farther than nearest
neighbors, we assume that such terms will not change the
physics qualitatively.

The parametersJ and J8 describe nearest-neighbor ex-
change and pair hopping processes, and are always positive
by definition. They are in principle equal in magnitude~if the
Wannier orbitals are assumed to be real!, but we believe it is
useful to consider them separately because they give rise to
two distinct physical processes, and because their effective
magnitude could be different due to wave function renormal-
ization effects. We have found in our previous work that they
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both favor ferromagnetism,13 although the importance ofJ8
is small for large values of the on-site repulsionU. The
parameterDt gives rise to an occupation-dependent hopping
rate, which yields a tendency to pairing of carriers at the top
of the band.25

The Hamiltonian~1!, keeping these matrix elements, is of
the form

H52(
i . j

t i j
s~cis

† cjs1H.c.!1U(
i
ni↑ni↓1V(

^ i , j &
ninj

1J (
^ i , j &,s,s8

cis
† cjs8

† cis8cjs1J8 (
^ i , j &,s,s8

cis
† cis8

† cjs8cjs ,

~4a!

with

t i j
s 5t2Dt~ni ,2s1nj ,2s!. ~4b!

All matrix elements in Eq.~4! are expected to be always
positive, except possibly for the hybrid matrix elementDt.
With the convention that the single-particle hopping matrix
elementt is positive and that the operatorscis describe elec-
trons ~rather than holes!, the sign ofDt in Eq. ~4! is also
expected to be positive.25,26

A. Mean-field theory

A mean-field decoupling of the interaction terms in Eq.
~4! yields for the energies of electrons of spins

Es~e!5F12
J

t
~ I ↑1I ↓!2~n2ms!

Dt

t
~ I ↑1I ↓!2

J8

t
I2s

1
V

t
I sGe2sFU1zJ

2 Gm12zDtI2s2m, ~5!

with e the band energy andm the chemical potential. Here,
n is the average occupation per site,

n5^ni↑1n↓&, ~6a!

m the average magnetization per site,

m5^ni↑2n↓&, ~6b!

and I s the average bond occupation for spins,

I s5^cis
† cjs&, ~6c!

with i , j nearest-neighbor sites. Ifg(e) is the density of
states per site and the band energiese extend from2D/2 to
D/2 (D5bandwidth!, we have

n5E
2D/2

D/2

deg~e!@ f „E↑~e!…1 f „E↓~e!…#, ~7a!

m5E
2D/2

D/2

deg~e!@ f „E↑~e!…2 f „E↓~e!…#, ~7b!

I s5E
2D/2

D/2

deg~e!F 2e

D/2G f ~Es~e!!, ~7c!

with f the Fermi function. Equations~7! together with Eq.
~5! are solved self-consistently to yield the average magne-
tization for given value of the electronic density~or chemical
potential!.

The qualitative effect of all interaction parameters within
mean field theory can be inferred from Eq.~5!. The bond
occupation parameterI s depends on the band occupation for
that spin,ns . At zero temperature, for a constant density of
states,

I s~ns!5ns~12ns!, ~8a!

and for a one-dimensional tight-binding band,

I s~ns!5
1

p
sin~pns!. ~8b!

In both cases, as well as more generally, the bond occupation
is maximum for a 1/2-filled band (ns51/2) and goes to zero
as the bottom or top of the band is approached.

In Eq. ~5!, the interactionsU and J give rise to an ex-
change energy, andJ andJ8 give rise to band narrowing, so
that all these parameters favor spin polarization. The nearest-
neighbor repulsionV does not affect exchange but only
modifies the kinetic energy. Even though it may appear that
because it decreases the effective mass~by increasing the
coefficient ofe) it should disfavor spin polarization, a more
detailed analysis of the mean-field equations shows that for
low band filling (n,0.5) the effect ofV is to increase the
tendency to spin polarization. The reason is that because of
the concave nature of the bond occupation, Eq.~8!, as spin
polarization develops the cost in kinetic energy of the major-
ity spins is smaller than the gain for the minority spins. The
effect is slightly more pronounced for the 1D band than for
the flat band becauseI s(ns) is slightly more concave in the
former case. This prediction of mean-field theory is not sup-
ported by results of exact diagonalization.

The interactionDt enters both as an exchange contribu-
tion and as a modification of the kinetic energy. There is an
overall band narrowing effect proportional tonDt which fa-
vors spin polarization increasingly as the band filling in-
creases. However, the term in the kinetic energy proportional
tomDt disfavors itincreasingly as the band filling increases.
Furthermore, there is an exchange contribution fromDt that
is opposite in sign to that ofU andJ. The overall effect of
Dt within mean-field theory is to enhance the tendency to
ferromagnetism but progressivelylessso as the band filling
increases. This prediction is also in disagreement with results
of exact diagonalization, as will be seen in the next section.

The condition on the parameters to give rise to a given
magnetizationm at zero temperature is obtained by equating
the Fermi energieseFs of up and down electrons. For a
bandwidthD52zt (z 5 number of nearest-neighbors to a
site! andn the band occupation, assuming a flat density of
states we have

eFs5
D

2
@n1sm21#, ~9a!

I s5
12~12n2sm!2

4
. ~9b!

6366 54J. C. AMADON AND J. E. HIRSCH



Defining the reduced parameters

u5
U

D
, ~10a!

j5
zJ

D
, ~10b!

j 85
zJ8

D
, ~10c!

v5
zV

D
, ~10d!

k5
2zDt

D
, ~10e!

Eq. ~5! yields for the nearest-neighbor exchange required to
give rise to magnetizationm

j5
12u2k~22n!2~ j 8/2!@12m21~12n!2#1~v/2!@12m223~12n!2#

22~12n!22m2 . ~11!

For a one-dimensional tight-binding band,

eFs522tcosFp n1sm

2 G , ~12a!

I s5
1

p
sinFp n1sm

2 G . ~12b!

In terms of the reduced parameters Eq.~10!, the condition equivalent to Eq.~11! is

j5csinS pn

2 D 12
u

csin~pn/2!
2kFn1cot

pn

2 S 2p 1
cos~pm/2!

c D G22 j 8
cos~pm/2!

sin~pn/2!
2
2v
p

cos~pm/2!cospn

sin~pn/2!

11~4c/p!sin2~pn/2!cos~pm/2!
, ~13a!

c5
sin~pm/2!

m
. ~13b!

These relations display more clearly the effect of the various
interaction parameters in mean field theory. For the one-
dimensional case it can be seen that as the band fillingn
approaches 0~or 2! it becomes easier to obtain ferromag-
netism due to the prefactor sin(pn/2). This is because the
density of states in one dimension diverges as one ap-
proaches the bottom and top of the band. The parameterk
~proportional toDt) is less helpful for ferromagnetism asn
approaches the top of the band, as the factorcot(pn/2) be-
comes increasingly negative. The same occurs for the flat
band due to the factor (22n) multiplying k in Eq. ~11!. The
nearest-neighbor repulsion favors or disfavors ferromag-
netism depending on whether the sign of cos(pn) is positive
or negative, i.e., whether the band is less or more than one-
quarter full ~for the flat density of states case the dividing
point is n50.5 also for full polarization butn50.423 for
onset of spin polarization!. As we will see in the next sec-
tion, these predictions are in disagreement with results of
exact diagonalization.

B. Exact solutions

Exact solutions of the Hamiltonian~4! are easily obtained
for the cases of~1! two electrons in an empty band,~2! two
holes in a full band,~3! one overturned spin in the fully
polarized half-filled band, and~4! two electrons in a two-site
lattice.

1. Two-particles in an empty band

The lowest-energy two-electron state will have zero
center-of-mass momentum, assumingJ8.0. Its wave func-
tion is given by

uC&5(
k

f kck↑
† ck↓

† u0&. ~14!

From the Schro¨dinger equation one finds that the eigenvalue
is determined by the equation

~u1 j 8!G01~v1 j !G212kG11@k22~u1 j 8!~v1 j !#

3~G0G22G1
2!51, ~15a!

with

Gi52
1

N(
k

S 2
ek
D/2D

i 1

E0 /D2ek /~D/2!
, ~15b!

ek522tcosk. ~15c!

All the interaction parameters in Eq.~4! are positive, and this
equation does not have any bound-state solutions. For an
infinite chain, the ground-state energy is simply

E0524t. ~16!
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The ‘‘fully polarized’’ wave function for two-particles is
of the form

uC~p!&5
1

A2(k ~ f k2 f p2k!ck↑
† cp2k↑

† u0& ~17!

for a triplet pair of center-of-mass momentump. The eigen-
value equation is

~v2 j !

N (
k

sink@sink2sin~p2k!#

E0 /D2ek /D2ep2k /D
511cosp, ~18!

and the lowest-energy state for a finite chain is obtained for
p52p/N. For an infinite chainp→0 and Eq.~18! becomes

~v2 j !

N (
k

sink2

E0 /D2ek /~D/2!
51, ~19!

which can only yield a lower-energy state than the singlet
state, Eq.~18!, if

J.V. ~20!

In one spatial dimension, the critical value ofJ is
Jc5V12t. This ‘‘ferromagnetic state’’ is actually a triplet
superconducting state, as the particles are bound. For elec-
trons in metals, the condition~20! is likely not to be valid.
Hence in this limit singlet and triplet states are degenerate for
any values of the interactions assuming Eq.~20! is not satis-
fied.

2. Two holes in full band

A particle-hole transformation of the Hamiltonian~4!
leads to a Hamiltonian of the same form, with hopping am-
plitude

t i j
s 5th1Dt~ni ,2s1nj ,2s!, ~21a!

th5t22Dt, ~21b!

instead of Eq.~4b!. Hence, the eigenvalue equation for two
holes with antiparallel spin is of the same form as Eq.~15!
with opposite sign o fDt, D52zth , and

ek522thcosk, ~22!

while for two holes of parallel spin the eigenvalue equation
is the same as Eq.~19!, with ek given by Eq.~22!. Again,
assumingJ,V the holes will not be bound in a triplet state.
However, in this limit a singlet bound-state can exist induced
by the interactionDt. The regime of parameters where such
a bound-state occurs is discussed in Ref. 27, for interactions
in the HamiltonianU, V, andDt; in the presence ofJ and
J8 those results still apply with the replacement
U→U1zJ8, V→V1J. Thus in this model when the band is
almost full ferromagnetism competes with singlet supercon-
ductivity.

3. One overturned spin in a fully polarized half-filled band

A particle-hole transformation for spin-up particles leads
to a Hamiltonian of essentially the same form as Eq.~4!. The
Hamiltonian

H tr5H0
tr1U(

i
ni↓1zJ(

i
ni↑ , ~23!

with

H0
tr~U,V,J,J8!5H~2U,2V,J8,J!, ~24!

describes both the states with one overturned spin~one spin-
down particle and one spin-up hole! and the fully polarized
state. Equation~4b! for the hopping amplitudes is replaced
by

t i j
s 5t2sDt~ni ,2s1nj ,2s211s!. ~25!

The fully polarized ferromagnetic state corresponds to the
vacuum ofH tr and has energyE50. States with one over-
turned spin correspond to states ofH tr with two-particles of
opposite spin, and the lowest energy is

E5E01U1zJ, ~26!

whereE0 is the ground-state eigenvalue ofH0
tr , satisfying

the equation

~ j2u!G02~v2 j 8!G21~u1 j !~v2 j 8!~G0G22G1
2!51,

~27!

andGi is given by Eq.~15!, with t replaced byt2Dt and
D52z(t2Dt). Note that in contrast to Eq.~15!, Dt does not
enter explicitly into Eq.~27!, because it enters with opposite
signs for electrons and holes and thus cancels out. Now the
on-site interaction as well as the nearest-neighbor interaction
between the two-particles~i.e., the up hole and down elec-
tron in the original model! is attractive, so that bound states
can exist. The condition for the ferromagnetic state to be
stable under one spin flip is

E01U1zJ,0, ~28!

which, in the parameter regime where there is no bound
state, yields

J.2t2
U

z
, ~29!

which is the same as the Hartree-Fock solution, Eq.~11! or
Eq. ~13!, for m5n51. The fact that the up hole and down
electron are unbound implies that the system is metallic. For
sufficiently largeU andV, however, a bound state exists and
the condition for ferromagnetism is more stringent than Eq.
~29!.

The quantitiesG1 andG2 can be written in terms ofG0 as

G1512aG0 , ~30a!

G25a2G02a, ~30b!

a5
E0

D
. ~30c!

In one spatial dimension,

G052
1

Aa221
, ~31!
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and the condition for ferromagnetism, in the regime where a
bound state exists, is found to be

4 j $u2~v2 j 8!@11 j ~v2 j 8!22 j ~u1 j !#%.1. ~32!

In higher dimensions the integral forG0 can be written in
terms of the Watson integral.27 In the limit of largeU, the
condition on ferromagnetism resulting from these equations
is

J.
2t2

U1J82V
, ~33!

which is the result from lowest-order strong-coupling pertur-
bation theory. The next-order correction can be worked out
following the steps in Ref. 16.

4. Two electrons in a two-site lattice

The ground-state energy for two electrons in a two-site
chain is easily obtained analytically~see also Ref. 24!. The
energies of the lowest singlet and triplet states are

ES5
U1J81V1J

2
2ASU1J82V2J

2 D 214~ t2Dt !2,

~34a!

Et5V2J, ~34b!

respectively, so that in the absence ofJ the singlet energy is
always lower than the triplet. The condition for ‘‘ferromag-
netism,’’ Et,Es , in this ‘‘half-filled band’’ system yields

J.ASU1J82V

2 D 212~ t2Dt !22
U1J82V

2
~35!

or, for the caseJ85J,

J.ASU2V

2 D 21~ t2Dt !22
U2V

4
. ~36!

For largeU, Eq. ~35! reduces to Eq.~33!. More generally,
these relations show that in the dimerU, Dt, and J8 help
ferromagnetism whileV opposes it. These qualitative fea-
tures are found to persist in larger systems and for other band
fillings.

III. NUMERICAL RESULTS

We obtain the ground-state energy of the Hamiltonian~4!
for one-dimensional chains in each total spin sector by exact
diagonalization of the Hamiltonian. Most of the numerical
results were obtained for chains ofN58 sites, for which we
can study band fillingsn5Ne /N50.25,0.5,. . . ,1.75. We
also obtained some results for other band fillings by diago-
nalization of chains of 6, 10, and 12 sites, which were found
generally to smoothly interpolate between the results for
band fillings of the 8-site chain.

A. Effect of band filling

We start by examining the band filling dependence for the
Hamiltonian with interactionsU and J only. For the half-

filled band case, we had found that mean-field theory gave
results in reasonable agreement with exact diagonaliza-
tion.15,13

Figure 1 shows the behavior of ground-state energy ver-
susJ for two values ofU, for band filling n50.75. Simi-
larly, as for the half-filled band case, a regime of partial spin
polarization exists for smallU, which becomes smaller as
U increases and disappears for largeU. Similar behavior is
found for other band fillings. However, it is difficult to ex-
tract reliable results for partial spin polarization regimes
from small chains because of the importance of finite-size
effects. In the following we concentrate on the conditions
necessary for full spin polarization.

Figure 2 shows the value ofJ needed for full spin polar-
ization as function of on-site repulsion for various band fill-
ings. As in the half-filled band case, increasingU is favor-
able to spin polarization. However, forn,1 the value ofJ
needed for ferromagnetism remains finite asU→` and in-
creases asn decreases. This is qualitatively different from
the predictions of mean-field theory shown in Fig. 2~b!,
where it generally becomes easier to spin polarize as the
band filling decreases. Similarly, in Fig. 3 we plot the phase
boundaries for full polarization in theJ-n plane for various

FIG. 1. Ground-state energy vsJ for band filling n50.75
(N58,Ne56) for ~a! U50 and~b! U51. Here and in the follow-
ing figures,t51 and other parameters in the Hamiltonian~4! are
zero unless otherwise indicated. The solid, dotted, dash-dotted, and
dashed lines correspond to lowest-energy states with total spin
S50, S51, S52, and S53, respectively. AsJ increases, the
lowest-energy state has subsequentlyS50, S52, andS53 ~full
polarization!. The regime of partial polarization (S52) becomes
smaller asU increases.
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values ofU. While the qualitative effect thatU makes spin
polarization easier is reproduced by mean-field theory, the
band filling dependence predicted by mean-field theory is
opposite to that found in the exact solution.

Mean-field theory clearly fails because electrons with an-
tiparallel spin will correlate their motion to avoid both the
on-site repulsionU and the bond-charge repulsionJ, thus
making it less favorable to spin polarize than an uncorrelated
~mean-field! wave function would predict. In the half-filled
band case such a correlation is not possible because there is
no room for electrons to avoid each other both on sites and
on bonds; this is why mean-field theory in the presence of
U and J works reasonably well. As the band filling de-
creases~or increases! from one-half, there is increasing room
for electrons~or holes! to avoid each other, and mean-field
theory becomes increasingly inaccurate. The discrepancy be-
tween exact and mean-field results is enhanced by the fact
that the density of states diverges as the band edge is ap-
proached in the one-dimensional model. For a flat density of
states, mean-field theory in fact predicts a decrease in the
tendency to ferromagnetism as one moves away from half-
filling.

B. Effect of nearest-neighbor repulsion

A realistic model of electrons in metals, if it includes the
nearest-neighbor exchangeJ, should also include the

nearest-neighbor repulsionV which will in general be larger
in magnitude thanJ. In fact in the absence ofV the model
Hamiltonian~4! will also be unstable towards triplet super-
conductivity, as electrons of parallel spins attract each other.
Since the interaction between electrons of parallel spin is
(V2J), that instability will disappear forV>J which is ex-
pected to be the case for electrons in metals.

Numerical results show thatV suppresses the tendency to
ferromagnetism, particularly for smallU, for all band fill-
ings. Figures 4 and 5 show the effect ofV for band fillings
n51 andn50.5. As discussed in Sec. II, mean-field theory
predicts no effect of the interactionV on the condition for
full spin polarization at these band fillings.

In Fig. 5~a!, we show also the results of the exact calcu-
lation of the boundary of stability of the fully ferromagnetic
state to a single spin flip@Eq. ~28!#. For small nearest-
neighbor repulsion it agrees with the exact diagonalization,
while for largeV it yields a lower value ofJ. The reason is
that in the latter regime the fully polarized state becomes
unstable to more than one spin flip, in fact to the state with
S50. This is easily understood for very largeV, where the
fully polarized state becomes unstable towards a charge-
density-wave state withS50 well before it would become
unstable to flipping a single spin asJ decreases. Even for

FIG. 2. Phase boundaries for full spin polarization in theU-J
plane for different band fillings.~a! Exact-diagonalization,~b!
mean-field theory. In~a! the results forn50.666 were obtained
from a 6-site chain and those forn50.333 from both a 6-site chain
~lower line! and a 12-site chain~upper line!; all other boundaries
were obtained from an 8-site chain. Above each line, the ground-
state is fully spin polarized for that band filling.

FIG. 3. Phase boundaries for full spin polarization as a function
of J and band occupationn for various values ofU. ~a! Exact
diagonalization,~b! mean-field theory. In~a! numerical results are
indicated by symbols and the lines are smoothly drawn through the
data to guide the eye. Full spin polarization occurs above each line
for the corresponding value ofU. Results forn<0.25 were ob-
tained from the exact solution for two particles in chains of increas-
ing size.

6370 54J. C. AMADON AND J. E. HIRSCH



V50, the ferromagnetic state becomes unstable to states
with more than one spin flip asU increases, and forU54
andU58 in Fig. 5~a! the exact-diagonalization results are
slightly larger than the analytic boundary of stability for all
values ofV.

To obtain an estimate of the effects of finite-size in this
calculation we examined the size dependence of the analytic
boundary results. Even forN58 the results differ from the
infinite chain limit by less than 5% for all interaction values.
Finite-size effects are largest forU5V50 and decrease rap-
idly as the interactions increase. These results are shown in
Fig. 6. Note that in the infinite system the phase boundary is
independent ofV for smallU andV, so that the dependence
found forN58 in that regime is a finite-size effect.

It can be seen that for smallU no ferromagnetism exists
unlessJ is substantially larger thanV, which is unphysical.
To obtain a better appreciation of the physical parameter
range where ferromagnetism occurs we plot in Fig. 7~a! the
value of J required for full spin polarization assuming
V52J. No ferromagnetism is obtained for smallU under
this assumption. For intermediateU, if J ~andV) become too
large, ferromagnetism also disappears@dashed line bound-
aries in Fig. 7~a!#. We also show mean-field results for com-
parison@Fig. 7~b!#, which agree qualitatively only in show-
ing that asn decreases from 1 initially larger values ofJ are
required for ferromagnetism. Figure 8 shows the phase
boundaries in theJ-n plane under the conditionV52J from
exact and mean-field solutions. Comparing the exact results
with Fig. 3~a! it is seen that in the presence of nearest-

neighbor repulsion ferromagnetism is strongly suppressed
for smallU and low ~or high! values of band filling.

C. Effect of pair hopping

The effect of the pair hopping interactionJ8 on ferromag-
netism was considered in the half-filled band case in Ref. 13,

FIG. 4. Phase boundaries for full spin polarization for band
fillings ~a! n51 and~b! n50.5 from exact-diagonalization for vari-
ous values of the nearest neighbor repulsionV.

FIG. 5. Same as Fig. 4, with the phase boundaries plotted vs
V for various values ofU. The dotted lines in~a! indicate the exact
boundaries of stability of the fully polarized state with respect to the
state with one spin flipped, Eq.~28!. Note that they coincide with
the exact diagonalization results only for smallU andV. The dif-
ference is small for largeU.

FIG. 6. Comparison of results for 8-site chain~dotted lines! and
infinite chain~solid lines! from the analytic criterion for stability of
the fully polarized state in the half-filled band, Eq.~28!. The open
square and diamond symbols indicate the points where a bound
state develops forV51 andV50, respectively.
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and is found to be similar for other band fillings. WhileJ8 by
itself will not give rise to ferromagnetism, it enhances the
tendency to ferromagnetism in the presence ofJ. This is
shown in Fig. 9, which displays the boundaries to full spin
polarization forJ850 andJ85J for various band fillings.
The effect ofJ8 becomes small for largeU as double-site
occupancy is suppressed.

The qualitative fact thatJ8 enhances the tendency to fer-
romagnetism is correctly reproduced by mean-field theory,
although it greatly overestimates the effect ofJ8 except for
half-filling, where mean-field theory predicts no dependence
on J8 @Fig. 9~b!#. The exact phase boundary calculation for
n51 shows that forU,2t the phase boundary is indepen-
dent ofJ8 for an infinite chain@Eq. ~29!# but depends some-
what onJ8 for finite N, in agreement with Fig. 9~a!. That is,
the difference in the results forJ50 andJ5J8 in Fig. 9~a!
for small J andn51 is a finite-size effect. ForU.2t there
is an effect ofJ8 in the exact solution even for an infinite
chain, given accurately by the results in Fig. 9~a! except for
U very close to 2t. These exact results for an infinite chain
are shown in Fig. 9~c!.

Thus, for a half-filled bandJ8 has no effect on the condi-
tion for full spin polarization both for smallU and in the
limit of large U, and has a small effect for intermediateU.
As seen in Ref. 13 it also has an appreciable effect on the
condition foronsetof spin polarization, particularly for small
U. For other band fillings, the results in Fig. 9~a! suggest that

J8 has an effect on the condition for full polarization also for
smallU. As n→0, however, the critical value ofJ, obtained
from Eq. ~19!, is again independent ofJ8 in the infinite sys-
tem limit.

D. Effect of hybrid interaction

Next we consider the effect of the hybrid interactionDt.
Dt breaks electron-hole symmetry and gives rise to increas-
ing band narrowing as the band filling increases, since from
Eq. ~4b! the effective hopping is

teff~n!5t2nDt, ~37!

which suggests that ferromagnetism should become easier as
n increases due to the increasing density of states. However,
as seen in Sec. II, mean-field theory predicts the opposite
behavior when the effect ofDt on the exchange energy is
taken into account, both for the flat band and the one-
dimensional case. This is of concern because it would sug-
gest that ferromagnetism should occur preferentially for
bands with electronlike cariers, while in nature it is seen to
occur preferentially for holelike carriers.

Results of exact-diagonalization are shown in Fig. 10,
where we compare the effect ofDt when the band is less
than half-full (n50.5) and more than half-full (n51.5). We
also show the results obtained in the absence ofDt with an
effective hopping given by Eq.~37!. The effect ofDt is seen

FIG. 7. Phase boundaries for full spin polarization forV52J.
~a! Exact diagonalization,~b! mean-field theory. The dashed lines in
~a! indicate the boundaries of stability of the fully polarized state
for largeJ andV. For J ~andV) larger than given by those bound-
aries the unpolarized state is again the ground-state.

FIG. 8. Phase boundaries for full spin polarization forV52J in
the J-n plane.~a! Exact diagonalization,~b! mean-field theory. In
the exact solution, ferromagnetism is strongly suppressed for small
U compared to the caseV50.
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to be large~small! for more ~less! than half-filled bands.
Interestingly, for smallU the effect ofDt is seen to be in
qualitative agreement with mean-field theory: It helps ferro-
magnetism forn,1 and supresses it forn.1. However, as
U increases it is seen that the effect ofDt reverses, and in
fact for the band more than half-fullDt helps ferromag-
netism even beyond the band narrowing effect given by Eq.
~37!. Figure 11 shows the phase diagram in theJ-n plane in
the presence ofDt compared with mean-field theory. It can
be seen that generallyDt gives rise to strong preference to
ferromagnetism in the regime above half-filling compared to
below half-filling. Mean-field theory@Fig. 11~b!# predicts the
opposite behavior.

Finally, Fig. 12 shows the phase boundaries to full spin
polarization for a case where all interaction parameters in the
Hamiltonian~4! are included, withV52J andJ85J. In the
presence of all short-ranged interactions likely to exist in a
real system, ferromagnetism is seen to occur for not too large
values of the nearest-neighbor exchange interaction for band
fillings aroundn51 and larger.

IV. CONCLUSIONS

We have studied the effect of band filling and of various
interaction parameters on the tendency to ferromagnetism in
a single-band tight-binding model. The purpose of this study
was to shed light on the question whether such a model may
approximately describe metallic ferromagnetism in real ma-
terials, and in particular whether the nearest-neighbor ex-
change interactionJ plays the dominant role. Another goal
of this study was to assess the validity of mean-field theory
to describe the properties of this Hamiltonian.

In previous work we had considered the Hamiltonian with
interaction parametersU and J. It was found that within
mean-field theory this Hamiltonian generically gives rise to
ferromagnetism with partial spin polarization independent of

FIG. 9. Phase boundaries for full spin polarization in the pres-
ence of pair hopping:J85J ~dotted lines! compared withJ850
~solid lines!. ~a! Exact diagonalization~8-site chain!, ~b! mean-field
theory, and~c! exact phase boundary forn51 @Eq. ~28!#, infinite
chain.

FIG. 10. Phase boundaries for full spin polarization in the pres-
ence of the hybrid interactionDt for ~a! holes, band more than
1/2-filled and ~b! electrons, band less than half-filled. In~a!, the
values of t used are t50.95 and t51.25 for Dt50.3 and
Dt50.5, respectively, so thatteff50.5 for both values ofDt at
n51.5 @see Eq.~37!#. In ~b!, the values oft used aret51.15 and
t51.25 for Dt50.3 andDt50.5, respectively, so thatteff51 for
both values ofDt at n50.5. Results withDt50 andt5teff are also
shown in both cases~dotted lines!.
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details of the density of states, which does not happen in the
absence of the parameterJ ~Stoner model!. Furthermore,
mean-field theory predicted that asU increases ferromag-
netism could occur for arbitrarily small values ofJ for any
band filling. An exact diagonalization study for the one-
dimensional half-filled band confirmed these predictions
qualitatively: A regime of partial spin polarization was found
to exist for smallU, and the criticalJ to give rise to ferro-

magnetism approaches 0 asU→`. This last result was
found to be applicable more generally to the half-filled band
case in any dimension.16 Furthermore, in the half-filled band
we had found that the pair hopping interactionJ8 also helps
ferromagnetism,13 in qualitative agreement with mean-field
theory. This can be understood sinceJ8 andJ together give
rise to ‘‘bond-charge repulsion,’’20 which is reduced when
spin polarization develops.

In this work we studied other band fillings by exact-
diagonalization, as well as the effect of other Coulomb inter-
action parameters, the nearest-neighbor repulsionV, and the
hybrid interactionDt. For band fillings other thann51 it
was found that ferromagnetism is less easily achieved within
this model, and in particular even forU→` finite values of
J are required for ferromagnetism. We believe this result is
likely to hold in higher dimensions also. While mean-field
theory predicts the opposite behavior in 1D~that is, that the
tendency to ferromagnetism increases away from half-
filling !, it would predict qualitatively the same trend for any
density of states that does not increase rapidly as one ap-
proaches the band edges as the one-dimensional one does, in
particular a flat density of states or a density of states arising
from nearest-neighbor tight-binding models. It is not surpris-
ing that predictions of mean-field theory that are sensitive to
details of the noninteracting density of states are not reliable.

The effect of the nearest-neighbor repulsionV was found
to be to disfavor ferromagnetism, particularly for smallU,
for all band fillings. In particular, for the caseV52J no
ferromagnetism was found for small values ofU. However,
in real materials where ferromagnetism occurs the on-site
repulsionU is likely to be of appreciable magnitude, in
which case the effect ofV is much less significant.V has
also the important effect of suppressing triplet superconduc-
tivity, which would occur in this model forV,J, a param-
eter range not likely to apply to electrons in metals. The
competition between ferromagnetism and triplet supercon-
ductivity predicted by this model, however, could be of rel-
evance to other real systems such as3He and will be con-
sidered elsewhere.

The pair hopping interactionJ8 was found to enhance the
tendency to ferromagnetism for all band fillings, although the
effect is quantitatively small especially for largeU. Mean-
field theory predicts qualitatively the same effect. The quali-
tative effects ofV andJ8 found here for all band fillings are
also consistent with the results found by Strack and
Vollhardt22 and Campbellet al.24 in the half-filled band case.

The hybrid interactionDt was found to enhance the ten-
dency to ferromagnetism of electronlike versus holelike car-
riers for smallU, and to have the opposite effect for large
U. In particular, in the latter case, which is likely to apply to
real materials, the enhancement produced byDt is even
larger than the one expected due to the average band narrow-
ing produced byDt as the band filling increases. Thus for
U larger than the bandwidth, as expected for real transition
metals, the model strongly favors ferromagnetism for hole-
like versus electronlike carriers, as observed in nature. This
finding from exact diagonalization is especially interesting as
it is opposite to the prediction of mean-field theory. We be-
lieve that the qualitative effects of the hybrid interaction and
nearest-neighbor repulsion found in the one-dimensional
model are likely to be similar in higher dimensions.

FIG. 11. Phase boundaries for full spin polarization in theJ-n
plane in the presence of hybrid interactionDt50.5, with t51.25.
~a! Exact diagonalization,~b! mean-field theory. In~a!, dotted lines
show the phase boundary obtained forU52 ~upper! and U58
~lower! with teff given by Eq.~37!.

FIG. 12. Phase boundaries for full spin polarization in theJ-n
plane for a case where all parameters in the Hamiltonian~4! are
nonzero, as indicated in the figure.
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In general, mean-field theory was found to yield qualita-
tively incorrect predictions for the effects of the interactions
V andDt. Thus it is not very useful as an analytic method to
describe the physics of this generalized tight-binding model.
On the other hand, the exact diagonalization study showed
that these interactions do not qualitatively change the physics
of the model with interactionsU andJ only as far as ferro-
magnetism is concerned. Quantitatively, the effect ofV is
small for largeU, and the main effect ofDt can be taken into
account by an effective hoppingteff5t2nDt. Also the pa-
rameterJ8 was found not to change the physics significantly.
Furthermore, no combination of parameters in the Hamil-
tonian that did not include the nearest-neighbor exchangeJ
was found to be able to induce ferromagnetism. Thus, we
argue that the simple model with interactionsU and J and
hoppingteff , with the magnitude of these parameters renor-
malized by the presence of other interactions, is a useful
paradigm to describe the physics of ferromagnetism in met-
als. For this simple ‘‘U-J model,’’ mean-field theory pro-
vides a fairly reliable description, more accurate than what
the ‘‘Stoner model’’ does for the simple Hubbard model and
with considerably richer features.12–17

Concerning the applicability of this model to real materi-
als, more work is needed to estimate the magnitude of these
parameters in particular cases, and examine possible effects
of higher dimensionality in exact diagonalization. Still, the
present study shows that for reasonable parameter values in
the model ferromagnetism is predicted for more than half-

filled bands. According to our interpretation of the Slater-
Pauling diagram for transition metals12 Fe would correspond
in the effective single-band description to band filling close
to 1/2, and Co and Ni to progressively higher fillings. For
example, the width of thet2g band in Fe is approximately 5.4
eV.28 For a nearest-neighbor tight-binding band in a bcc lat-
tice the bandwidth isD516t eff ; hence in Fig. 12 a param-
eter of magnitude 1 corresponds to 0.45 eV~since the effec-
tive hopping at half filling in Fig. 12 is 0.75). It can be seen
that the required values ofJ are not unreasonable.

In summary, we have seen that the key parameter in the
model is the nearest-neighbor exchange interactionJ and
that a large value of the on-site repulsionU is important only
insofar as it allows the nearest-neighbor exchange to be ef-
fective even if it is small in magnitude. In contrast to other
models that favor ferromagnetism for a low density of carri-
ers, this model predicts that ferromagnetism is more likely to
occur close to a half-filled band, and the hybrid interaction
Dt allows the region where ferromagnetism is favored to
extend to higher than half-filled band cases. Thus the predic-
tions of this model are consistent with the fact that ferromag-
netism is found in nature in the elements Fe, Co, and Ni but
not in transition metals at the beginning of the 3d series.

ACKNOWLEDGMENTS

This work was supported by the Committee on Research,
University of California, San Diego.

1J. Hubbard, Proc. R. Soc. London A276, 238 ~1963!.
2D. Penn, Phys. Rev.142, 350 ~1966!.
3E.C. Stoner, Proc. R. Soc. London A165, 372~1938!; E.P. Wohl-
farth, Philos. Mag.42, 374 ~1951!.

4T. Moriya and A. Kawabata, J. Phys. Soc. Jpn.34, 639 ~1973!;
35, 669 ~1973!.

5S. Rudin and D.C. Mattis, Phys. Lett.110A, 273 ~1985!.
6J.E. Hirsch, Phys. Rev. B31, 4403~1985!.
7Y. Nagaoka, Phys. Rev.147, 392 ~1966!.
8M. Takahashi, J. Phys. Soc. Jpn.51, 3475~1982!.
9H. Tasaki, Phys. Rev. Lett.75, 4678~1995!.
10S. Kivelson, W.P. Su, J.R. Schrieffer, and A.J. Heeger, Phys.

Rev. Lett.58, 1899~1987!.
11W. Heisenberg, Z. Phys.49, 619 ~1928!.
12J.E. Hirsch, Phys. Rev. B40, 2354~1989!; 40, 9061~1989!.
13J.E. Hirsch, Phys. Rev. B43, 705 ~1991!.
14J.E. Hirsch, Phys. Rev. B44, 675 ~1991!.
15S. Tang and J.E. Hirsch, Phys. Rev. B42, 771 ~1990!.

16J.E. Hirsch, J. Appl. Phys.67, 4549~1990!.
17J.E. Hirsch, Physica B163, 291 ~1990!.
18C. Herring, inMagnetism, edited by G.T. Rado and H. Suhl

~Academic, New York, 1966!, Vol. IV, Chap. VII.
19E.P. Wohlfarth, Rev. Mod. Phys.25, 211 ~1953!.
20D.K. Campbell, J.T. Gammel, and E.Y. Loh, Phys. Rev. B38,

12 043~1988!.
21P.G.J. van Dongen and V. Janis, Phys. Rev. Lett.72, 3258

~1994!.
22R. Strack and D. Vollhardt, Phys. Rev. Lett.72, 3425~1994!.
23M. Kollar, R. Strack, and D. Vollhardt~unpublished!.
24D.K. Campbell, J.T. Gammel, and E.Y. Loh, Phys. Rev. B42,

475 ~1990!.
25J.E. Hirsch, Physica C158, 326 ~1989!.
26J.E. Hirsch, Phys. Rev. B48, 3327~1993!.
27F. Marsiglio and J.E. Hirsch, Physica C171, 554 ~1990!.
28D.A. Papaconstantopolous,Handbook of the Band Structure of

Elemental Solids~Plenum, New York, 1986!.

54 6375METALLIC FERROMAGNETISM IN A SINGLE-BAND . . .


