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Metallic ferromagnetism in a single-band model: Effect of band filling and Coulomb interactions
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A single-band tight-binding model with on-site repulsion and nearest-neighbor exchange interaction has
been proposed as a simple model to describe metallic ferromagnetism. Here we extend previously obtained
exact-diagonalization studies for a one-dimensional 1/2-filled band system to other band fillings, and consider
the effect of including various other Coulomb matrix elements in the Hamiltonian that are expected to be of
appreciable magnitude in real materials. Results of exact diagonalization and mean-field theory for the one-
dimensional case are compared. As the band filling decreases from 1/2, the tendency to ferromagnetism is
found to decrease in exact diagonalization, while mean-field theory predicts the opposite behavior. A nearest-
neighbor Coulomb repulsion term is found to suppress the tendency to ferromagnetism; however, the effect
becomes small for large on-site repulsion. A pair hopping interaction enhances the tendency to ferromag-
netism. A nearest-neighbor hybrid Coulomb matrix element breaks electron-hole symmetry and causes metallic
ferromagnetism to occur preferentially for more than half-filled rather than less-than-half-filled bands in this
model. Mean-field theory is found to yield qualitatively incorrect results for the effect of these interactions on
the tendency to ferromagnetism. The implications of these results for the understanding of ferromagnetism in
real materials is discussejd0163-182806)03733-2

I. INTRODUCTION work), and the fact that there are other Coulomb interaction
terms that are much larger in magnitude thithat play a

The Hubbard model was originally proposed as a simpledynamic role in itinerant electron systems, such as the on-
model to describe the physics of metallic ferromagnefism. site repulsionU and the nearest-neighbor repulsignAs a
gives rise to ferromagnetism for large values of the on-siteeonsequence, the effect df on ferromagnetism had only
Coulomb repulsiorU within mean-field theory(where itis  been considered for insulators in the past.
equivalent to the Stoner moddl,as well as within other Recently we began a study of the problem of metallic
approximations:* However, subsequent work has shownferromagnetism under the assumption that the nearest-
that an on-site Coulomb repulsidn by itself will not give  neighbor exchange interactidp even if small in magnitude,
rise to metallic ferromagnetishfi except in special situa- may play a central role in 2=’ This was based on the
tions, such as a single hole in a half-filled bam special observation thafl lowers the direct repulsion energy of an
lattice geometrie&® That is, it appears that in general elec- itinerant electron in a bonding and another in an antibonding
trons of antiparallel spin can more easily avoid paying thestate, a situation that arises when spin polarization occurs,
price of on-site Coulomb repulsion by developing spatialparticularly for a half-filled band. Since this could not occur
correlations rather than by spin polarizing, contrary to thefor free electrons in a continuum, it was argued that it is the
predictions of mean-field theory. This then leads to the quessombination of the ionic lattice potential and the electronic
tion of what is the simplest model beyond the HubbardCoulomb repulsion that is responsible for metallic ferromag-
model that contains the essential physics of metallic ferronetism. In fact, the possibility that ferromagnetism could be
magnetism. Two natural ways to go beyond the originalhelped by lowering of the direct Coulomb energy on repopu-
Hubbard model are to include band degeneracy, which allation of thek states, and that this effect may be appreciable
lows for intra-atomic exchange, or to include other Coulombfor very compact Wannier functions, had been suggested in
interaction matrix elements within the single-band modelthe past by Herrinf and by Wohlfartht®
We explore the latter one in this work. A mean-field solution of a Hamiltonian with interactions

The possible importance of “off-diagonal” Coulomb ma- U andJ revealed several interesting features of the model. It
trix elements in tight-binding models was pointed out bywas found that for larg&) ferromagnetism would occur for
Kivelson et al,'% in the context of attempting to understand rather small values af. However, the qualitative features of
the effect of Coulomb interactions on the Peierls instabilitythe theory were dictated by rather than byU; in other
in one-dimensiona(1D) metals. One of these off-diagonal words, the model witll=0 (Stoner modslis qualitatively
matrix elements is the Coulomb exchange integraEven  different to the one with ang+#0. The mean-field treatment
though Heisenberg had considered the effect of the nearesitso showed that a driving force for metallic ferromagnetism
neighbor exchange integral on ferromagnetism back in is the energy increase due to band narrowiffective mass
1928 the role of this parameter imetallic ferromag- enhancemeitthat occurs as the temperature is lowered in
netism remained unexplored until recently. This may be dughe presence of the interactidn which is suppressed when
to the fact thatJ represents the quantum-mechanical ex-spin polarization develops. Within this picture then it is not
change energy folocalized rather than for itinerant elec- the competition between kinetic and potential energy that
trons (which was the physical picture behind Heisenberg'sdetermines whether the nonmagnetic or the ferromagnetic
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state is favored, as commonly understood, but instead ferrdd or f), it is commonly believed that band degeneracy,

magnetism itself should be understood as ‘“kinetic energywhich in particular allows for the existence of intra-atomic

driven.” Various features of this model found within mean- exchange, is essential for its existence. However, in a mate-

field theory that are in agreement with experimental obserrial such as Ni where there is less than one holedsshell

vations are discussed in Refs. 12—14. atom, it is not likely that either band degeneracy or intra-
The most favorable situation for ferromagnetism in theatomic exchange play any role. For that case, a model such

model with interactiond) andJ was found to be the half- as the one discussed here would appear to be qualitatively

filled band case, as expected from qualitative arguments. IAPPropiate. For other materials where intra-atomic exchange

fact, Campbellet al?® had found earlier that in a one- Should play arolésuch as Fg itis possible that such role is

dimensional half-filed band ferromagnetism would occur induantitatively important but does not alter the physics of the

the presence of a large nearest-neighbor exchétegaed a smgle.-band mpdel con§|dered here in an essential way.

“bond-charge repulsion” in that wojk We explored that This paper is (_)rgamzed as follows: _In Sec. Il we d_efme

case in more detail by exact diagona“zation of a One_the model and discuss various analyth results. Section Il

dimensional model® and studied the stability of the half- 9ives numerical results for the one-dimensional model, and

filled fully polarized ferromagnetic state h dimensions by ~We conclude in Sec. IV with a discussion.

exact solution of the problem of one overturned spitf

These exact results were found to be in qualitative and semi- ll. MODEL AND SOME ANALYTIC RESULTS

guantitative agreement with the results of mean-field theory.

In particular, they showed that for small the system with

one overturned spin is metallic, corresponding to unboun

down-spin electron and up-spin hole, and that in this regime

the magnetization decreases continuously from the fully po- H= —_2 tij(ci’rgcj0+ H.c)

larized state; in contrast, for lardge, the down-spin electron the

and up-spin hole are bound, the system is insulating, and the

magnetization jumps discontinuously from the fully polar- + > (i |l/r|k|)CiTchJTg'C|(r’Ck(ry D

ized state. van Dongen and J&hisave suggested that this ij,o,0"

transition from metallic to insulating state in the almost fU”y WhereCiT(r creates an electron of spm in a Wannier orbital
polarized subspace is a precursor of the Mott-Hubbard trangt sitej, which we denotep; . The Coulomb matrix elements

Recently, Strack and Vollhardfthave derived exact cri-
teria for the existence of ferromagnetism in generalized tight- e?
binding models at half-filling and also concluded that the ('J|1/r|k|):f dardgr'ﬁpi*(r)(Pf(r')mfpl(r’)@k(f%
nearest-neighbor exchange interactioplays a fundamental (2)

role. Furthermore, they extended their study to the case of o ]
one hole in a half-filed bant previously studied by and restricting ourselves to only one- and two-center inte-

Nagaoka for the Hubbard model and found that also in thatgrals between nearest-neighbors the following matrix ele-
case the nearest-neighbor exchange is important for stabiliZ0€nts result:
ing ferromagnetism at finite). Campbell and co-workets

A single-band tight-binding Hamiltonian with all Cou-
Jomb matrix elements included is given 1724

studied a one-dimensional half-filled generalized tight- U =(ii|arlii), (3
binding model by a variety of techniques. Even though the V=(ij|1/i}) (3b)
focus of that work was on the tendency to lattice dimeriza- '
tion, they also established that in a wide region of parameter I=(ij| LKD) (30
space ferromagnetism would occur in the presence of the ’
interactionJ. , .

In this paper we explore the effects of different band fill- J'= (i 1rjj), (3d
ings and of other interaction parameters by exact diagonal- At=(ii|1ri). 30

ization of a one-dimensional model, by mean-field theory,
and by exact solution of the Scliimger equation for simple Matrix elements involving three and four centers are likely to
limiting cases. Unlike our previous findings, it is found that be substantially smaller than these, as they involve additional
the mean-field theory predictions are in qualitativeoverlap factors. Even though the repulsion tei8h) could
disagreementwith exact results when we consider band be of appreciable magnitude for sites farther than nearest
filings other than 1/2 and the effect of other interactions.neighbors, we assume that such terms will not change the
Generally, it is found that mean-field theory severely overphysics qualitatively.
estimates the tendency to ferromagnetism. In particular, for The parameters and J' describe nearest-neighbor ex-
band fillings other than 1/2 we find that a finite valueJak  change and pair hopping processes, and are always positive
needed for ferromagnetism even in the lirbit>. Never- by definition. They are in principle equal in magnitudfethe
theless, the results found here support the conjetdtnat  Wannier orbitals are assumed to be yehut we believe it is
the nearest-neighbor exchange interactioplays a funda- useful to consider them separately because they give rise to
mental role in itinerant ferromagnetism. two distinct physical processes, and because their effective
Because metallic ferromagnetism has been found in namagnitude could be different due to wave function renormal-
ture so far only in systems with degenerate electron bandgation effects. We have found in our previous work that they
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both favor ferromagnetisi?, although the importance af with f the Fermi function. Equation&’) together with Eg.

is small for large values of the on-site repulsibh The (5) are solved self-consistently to yield the average magne-
parameteiAt gives rise to an occupation-dependent hoppingization for given value of the electronic densftyr chemical
rate, which yields a tendency to pairing of carriers at the togotentia).

of the band” The qualitative effect of all interaction parameters within
The Hamiltonian(1), keeping these matrix elements, is of mean field theory can be inferred from E¢). The bond
the form occupation parameté, depends on the band occupation for
that spin,n,. At zero temperature, for a constant density of
H=—=2 t7(cl,cip+H.C)+UX nyni +VY nin; states,
B i
J o lo(ny)=n,(1-n,), (8
+3 X ¢l GG td 2 el cieCiy,  and for a one-dimensional tight-binding band,
(i,j), 0,0’ (i,j),o,0"
1
“a |,(n,) = =sin(n,). (8
with T
” In both cases, as well as more generally, the bond occupation
t”-:t—At(ni’,(,-i-nj’,(,). (4b)

is maximum for a 1/2-filled bandn(,= 1/2) and goes to zero
as the bottom or top of the band is approached.

All matrix elements in Eq(4) are expected to be always ) k X .
In Eq. (5), the interactiond) andJ give rise to an ex-

positive, except possibly for the hybrid matrix elemerit R ;
With the convention that the single-particle hopping matrixchange energy, antiandJ’ give rise to band narrowing, so
elementt is positive and that the operatazs, describe elec- that all these parameters favor spin polarization. The nearest-

trons (rather than holgs the sign ofAt in Eq. (4) is also neighbor repulsionv does not affect exchange but only
expected to be positivi:2® modifies the kinetic energy. Even though it may appear that

because it decreases the effective m@dmss increasing the
coefficient ofe) it should disfavor spin polarization, a more
detailed analysis of the mean-field equations shows that for
A mean-field decoupling of the interaction terms in Eg.low band filling (n<0.5) the effect ofV is to increase the
(4) yields for the energies of electrons of spin tendency to spin polarization. The reason is that because of
the concave nature of the bond occupation, @8g. as spin

A. Mean-field theory

J At ' polarization develops the cost in kinetic energy of the major-
Eo(e)=|1=1(hi+1)=(n=mo) (i +1)=+1-, ity spins is smaller than the gain for the minority spins. The
v Ut 2] effect is slightly more pronounced for the 1D band than for

+z the flat band becaude(n,) is slightly more concave in the
T ilo|em 0| T Mt 2zAl,~p, ®)  former case. This prediction of mean-field theory is not sup-

ported by results of exact diagonalization.

with e the band energy and the chemical potential. Here, ~ The interactionAt enters both as an exchange contribu-

n is the average occupation per site, tion and as a modification of the kinetic energy. There is an
. N 6 overall band narrowing effect proportional ndt which fa-
n=(ni;+n,), (6a vors spin polarization increasingly as the band filling in-
m the average magnetization per Site, Creases.-HOWeVe-rz the term in the kinetic energy proportional
to mAt disfavors itincreasingly as the band filling increases.
m=(n;;—n), (6b) Furthermore, there is an exchange contribution fedtrthat
] ] is opposite in sign to that df} andJ. The overall effect of
andl,, the average bond occupation for spim At within mean-field theory is to enhance the tendency to
ferromagnetism but progressivelyssso as the band filling
| :<C.T C: > (60) . R S . . . .
o ic%jol increases. This prediction is also in disagreement with results
with i, j nearest-neighbor sites. tf(e) is the density of of exact diagonalization, as will be seen in the next section.

The condition on the parameters to give rise to a given
magnetizatiorm at zero temperature is obtained by equating
the Fermi energiesg, of up and down electrons. For a

D/2 bandwidthD =2zt (z = number of nearest-neighbors to a
n=J deg(e)[f(E;(e)+T(E|(€))], (79 site) and n the band occupation, assuming a flat density of
2 states we have

states per site and the band energietend from—D/2 to
D/2 (D =bandwidth, we have

B D/2 D
m= f_Dlzdfg(f)[f(ET(f))_f(E1(€))], (7b) EFUZE[I’]'FO'm—l], (9a)

— €

_1-(1-n-om)?
D/2 - :

4

(9b)

D/2
lo':f deg(e) }f(Ea(ﬁ)), (79 I,
-DI2
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Defining the reduced parameters zV
V=g (10d)
_JY 10
u= 5, ( a)
23 e 27At 10
==, (10b) D (109
,oz) Eq. (5) yields for the nearest-neighbor exchange required to
D give rise to magnetizatiom

. 1=u—k(2—n)=(j"/2[1-m*+(1—n)?]+ (v/2)[1-m’—3(1—n)?]

: 2—(1-n2-m? : (1)
For a one-dimensional tight-binding band,
n+om
€Eg= — 2tcos{ T | (129
1. n+om
| ,=—sin (12b)
T 2
In terms of the reduced parameters EL), the condition equivalent to Eql1) is
u mn (2 cogmTm/2) _cogmm/2) 2v cogmm/2)cosmn
1- ———————k|n+cot— | =+ ——| | —2]' = -
. [mn csin(n/2) 2 \ 7@ sin(wn/2) = sin(wn/2) 13
J=esin %~ 1+ (4c/7)sir(an/2)cod 7m/2) (139
sin(7m/2
o= ST (130
m
|
These relations display more clearly the effect of the various 1. Two-particles in an empty band

interaction parameters in mean field theory. For the one-
dimensional case it can be seen that as the band filling

. . . ce
approaches Qor 2) it becomes easier to obtain ferromag-
netism due to the prefactor sit/2). This is because the
density of states in one dimension diverges as one ap-
proaches the bottom and top of the band. The paranketer |\If):Z fkcchMO). (19
(proportional toAt) is less helpful for ferromagnetism as k
28%2:‘?2;22‘5?”35 %fetg:]:tisgm'jfhzsstg;;a%%gjgl fzgrbt(re]_e . Zrom the Schrdinger equation one finds that the eigenvalue
band due to the factor (2n) multiplying k in Eq. (11). The 5 determined by the equation
nearest-neighbor repulsion favors or disfavors ferromag- (y+j" )G+ (v+j)G,+2kG,+[kK2—(u+j" ) (v+j)]
netism depending on whether the sign of eay(is positive
or negative, i.e., whether the band is less or more than one- X(GOGZ—G§)=1, (159
quarter full (for the flat density of states case the dividing
point is n=0.5 also for full polarization bun=0.423 for  With
onset of spin polarization As we will see in the next sec-

The lowest-energy two-electron state will have zero
nter-of-mass momentum, assumiig>0. Its wave func-
tion is given by

i
tion, these predictions are in disagreement with results of Gi=—£z (—&) —1 ,  (15b
exact diagonalization. N“% D/2) Eo/D—¢/(D/2)
B. Exact solutions €= —2tco. (150

Exact solutions of the Hamiltonia(4) are easily obtained Al the interaction parameters in E() are positive, and this
for the cases of1) two electrons in an empty ban(®) two  equation does not have any bound-state solutions. For an
holes in a full band,(3) one overturned spin in the fully infinite chain, the ground-state energy is simply
polarized half-filled band, an@) two electrons in a two-site
lattice. Eo= —4t. (16)
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The “fully polarized” wave function for two-particles is . "
of the form H’=H0+UZ niﬁZJEi Niy, (23

1 - with
|‘I’(p)>zﬁ§k: (= fp-1)CkiCp—ki|0) 17 .
HY(U,V,3,3")=H(-U,—V,J",J), (24)
for a triplet pair of center-of-mass momentymThe eigen-

o describes both the states with one overturned &pie spin-
value equation is

down particle and one spin-up hpland the fully polarized
(w—j) Sink[ sink— sin(p— k)] state. Equationi4b) for the hopping amplitudes is replaced
=1+cop, (18 by

N k E0/D_EK/D_6p,k/D

and the lowest-energy state for a finite chain is obtained for ti=t=oatln, ,+n; —,~1+0). (25)

p=2=/N. For an infinite chairp—0 and Eq.(18) becomes The fully polarized ferromagnetic state corresponds to the
. o, vacuum ofH" and has energf=0. States with one over-
(v _J)Z sink _1 (19 turned spin correspond to stateskbf with two-particles of
N < E,/D—¢l/(D/2) opposite spin, and the lowest energy is

which can only yield a lower-energy state than the singlet E=Ey+U+2z], (26)

state, Eq(18), if . . o
where E is the ground-state eigenvalue Hf], satisfying

J>V. (200  the equation
In one spatial dimension, the critical value af is (J—U)Go—(v—J')Gz+(u+j)(v—j’)(GoGz—Gi)Zl,
J.=V+2t. This “ferromagnetic state” is actually a triplet (27

superconducting state, as the particles are bound. For elec- o _
trons in metals, the conditio(20) is likely not to be valid. andG; is given by Eq.(15), with t replaced byt—At and

Hence in this limit singlet and triplet states are degenerate fop = 2z(t— At) I_\lote that in contrast to Eql5), At. does not
any values of the interactions assuming Ef) is not satis- epter explicitly into Eq(27), because it enters with opposite
fied. signs for electrons and holes and thus cancels out. Now the

on-site interaction as well as the nearest-neighbor interaction
between the two-particle@.e., the up hole and down elec-
tron in the original modelis attractive, so that bound states

A particle-hole transformation of the Hamiltonia)  can exist. The condition for the ferromagnetic state to be
leads to a Hamiltonian of the same form, with hopping am-siaple under one spin flip is

plitude

2. Two holes in full band

Eq+U+2J<0, (28)
i =th+ AN o+ Nj ), (21 o . |
which, in the parameter regime where there is no bound

tp=t—2At, (210 state, yields
instead of Eq(4b). Hence, the eigenvalue equation for two

holes with antiparallel spin is of the same form as Ed)
with opposite sign ofAt, D=2zt,, and

U
=2t —, (29)

which is the same as the Hartree-Fock solution, @d) or
€= — 2t,CO¥K, (22) Eqg. (13), for m=n=1. The fact that the up hole and down
electron are unbound implies that the system is metallic. For
while for two holes of parallel spin the eigenvalue equationgyficiently largeU andV, however, a bound state exists and

is the same as Eq19), with €, given by Eq.(22). Again,  the condition for ferromagnetism is more stringent than Eq.
assumingJ<V the holes will not be bound in a triplet state. (29).

However, in this limit a singlet bound-state can existinduced The quantitiess; andG, can be written in terms dB, as
by the interactiomt. The regime of parameters where such

a bound-state occurs is discussed in Ref. 27, for interactions G;=1-aGy, (30a
in the HamiltonianU, V, andAt; in the presence of and

J’ those results still apply with the replacement G,=a’Gy—a, (30b)
U—U+zJ,V—V+J. Thus in this model when the band is

almost full ferromagnetism competes with singlet supercon- Eq

ductivity. a=g- (309

3. One overturned spin in a fully polarized half-filled band In one spatial dimension,

A particle-hole transformation for spin-up particles leads
to a Hamiltonian of essentially the same form as @&g. The Go=— (31

Hamiltonian JaZ—1’
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and the condition for ferromagnetism, in the regime where a

bound state exists, is found to be
4i{u—(v—j)[1+jv—j")—2j(u+j)]}>1. (32

In higher dimensions the integral f@, can be written in
terms of the Watson integrél.In the limit of largeU, the

condition on ferromagnetism resulting from these equations

IS

2t2

orr—v

(33

which is the result from lowest-order strong-coupling pertur-
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5.0 F . (a) U=0
-7.5 >~ . \\

-10.0

Eo/t

-12.5 |

-15.0 |

bation theory. The next-order correction can be worked out

following the steps in Ref. 16.

4. Two electrons in a two-site lattice

The ground-state energy for two electrons in a two-site

chain is easily obtained analytical(gee also Ref. 24 The
energies of the lowest singlet and triplet states are

2

U+Jd'+V+J Utd —V—J ,
Es= 5 - 5 +A(t—At)?,
(343
E:=V-J, (34b)

respectively, so that in the absencelahe singlet energy is
always lower than the triplet. The condition for “ferromag-
netism,” E;<Eg, in this “half-filled band” system yields

U+J'—V\? U+J' -V
J> +2(t—At)°— ———— (35
2 2
or, for the case)’ =],
U-V\? , U-
I>\/| ] +Ht-Ay?-—— (36)

For largeU, Eg. (35) reduces to Eq(33). More generally,
these relations show that in the dimidr At, andJ’ help
ferromagnetism whileV opposes it. These qualitative fea-

tures are found to persist in larger systems and for other bar\%é!’l

fillings.

Ill. NUMERICAL RESULTS
We obtain the ground-state energy of the Hamiltor{i@n

for one-dimensional chains in each total spin sector by exa
diagonalization of the Hamiltonian. Most of the numerica

results were obtained for chains =8 sites, for which we
can study band fillingmn=N./N=0.25,0.5,...,1.75. We

also obtained some results for other band fillings by diago

-5.0 |

-7.5

Eo/t

-10.0 |
-12.5 |

-15.0 |

FIG. 1. Ground-state energy W& for band filing n=0.75
(N=8,N.,=6) for (a) U=0 and(b) U=1. Here and in the follow-
ing figures,t=1 and other parameters in the Hamiltonigh are
zero unless otherwise indicated. The solid, dotted, dash-dotted, and
dashed lines correspond to lowest-energy states with total spin
S=0, S=1, S=2, and S=3, respectively. AsJ increases, the
lowest-energy state has subseque@ly0, S=2, andS=3 (full
polarization. The regime of partial polarizationS&E2) becomes
smaller adJ increases.

filled band case, we had found that mean-field theory gave
results in reasonable agreement with exact diagonaliza-
tion 1513

Figure 1 shows the behavior of ground-state energy ver-
sJ for two values ofU, for band filling n=0.75. Simi-

rly, as for the half-filled band case, a regime of partial spin
polarization exists for smalU, which becomes smaller as

U increases and disappears for lakge Similar behavior is
found for other band fillings. However, it is difficult to ex-
tract reliable results for partial spin polarization regimes

drom small chains because of the importance of finite-size
| effects. In the following we concentrate on the conditions

necessary for full spin polarization.
Figure 2 shows the value df needed for full spin polar-
ization as function of on-site repulsion for various band fill-

nalization of chains of 6, 10, and 12 sites, which were found"9S- AS in the half-filled band case, increasidgis favor-

generally to smoothly interpolate between the results fo

band fillings of the 8-site chain.

A. Effect of band filling

@ble to spin polarization. However, for<1 the value ofJ

needed for ferromagnetism remains finitelds>~ and in-
creases a® decreases. This is qualitatively different from
the predictions of mean-field theory shown in Figh)2
where it generally becomes easier to spin polarize as the

We start by examining the band filling dependence for theband filling decreases. Similarly, in Fig. 3 we plot the phase

Hamiltonian with interactiond) andJ only. For the half-

boundaries for full polarization in thé-n plane for various
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) - 1.0
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n=1
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KRN n=0.75 1
L *_V\
o [ \ _ o
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0.0 L0201 N0 N
0 1 2 3 4 5
U/t n
FIG. 2. Phase boundaries for full spin polarization in tteJ FIG. 3. Phase boundaries for full spin polarization as a function

plane for different band fillings(a) Exact-diagonalization,b) of J and band occupation for various values ofU. (a) Exact
mean-field theory. In@ the results forn=0.666 were obtained diagonalization(b) mean-field theory. In@ numerical results are
from a 6-site chain and those for=0.333 from both a 6-site chain indicated by symbols and the lines are smoothly drawn through the
(lower line) and a 12-site chaiupper ling; all other boundaries data to guide the eye. Full spin polarization occurs above each line
were obtained from an 8-site chain. Above each line, the groundfor the corresponding value df. Results forn=<0.25 were ob-
state is fully spin polarized for that band filling. tained from the exact solution for two particles in chains of increas-
values ofU. While the qualitative effect thdt makes spin ng stze.
polarization easier is reproduced by mean-field theory, th@earest-neighbor repulsionwhich will in general be larger
band filling dependence predicted by mean-field theory ig, magnitude thard. In fact in the absence of the model
opposite to that found in the exact solution. _ Hamiltonian (4) will also be unstable towards triplet super-
Mean-field theory clearly fails because electrons with an,q, ctivity, as electrons of parallel spins attract each other.

tiparallel spiln will Corrjlaﬁe tbheirdmrc])tion to av?id bo;c]h the Since the interaction between electrons of parallel spin is

on-site repulsiorlJ and the bond-charge repulsidh thus _ . e o b

making it less favorable to spin polarize than an uncorrelateév J), that instability will dlsappear. fow=J which is ex
pected to be the case for electrons in metals.

(mean-field wave function would predict. In the half-filled .
band case such a correlation is not possible because there,isNUmerical results show that suppresses the tendency to
no room for electrons to avoid each other both on sites anfffromagnetism, particularly for small, for all band fill-
on bonds; this is why mean-field theory in the presence of9s. Figures 4 and 5 show the effect\éffor band fillings
U and J works reasonably well. As the band filling de- N=1 andn=0.5. As discussed in Sec. Il, mean-field theory
creasegor increasesfrom one-half, there is increasing room predicts no effect of the interactiovt on the condition for
for electrons(or holes to avoid each other, and mean-field full spin polarization at these band fillings.
theory becomes increasingly inaccurate. The discrepancy be- In Fig. 5a), we show also the results of the exact calcu-
tween exact and mean-field results is enhanced by the fatation of the boundary of stability of the fully ferromagnetic
that the density of states diverges as the band edge is aptate to a single spin fligEq. (28)]. For small nearest-
proached in the one-dimensional model. For a flat density ofeighbor repulsion it agrees with the exact diagonalization,
states, mean-field theory in fact predicts a decrease in thghile for largeV it yields a lower value ofl. The reason is
tendency to ferromagnetism as one moves away from halfthat in the latter regime the fully polarized state becomes
filling. unstable to more than one spin flip, in fact to the state with
S=0. This is easily understood for very larye where the
fully polarized state becomes unstable towards a charge-
A realistic model of electrons in metals, if it includes the density-wave state witls=0 well before it would become
nearest-neighbor exchangé, should also include the unstable to flipping a single spin a@sdecreases. Even for

B. Effect of nearest-neighbor repulsion
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FIG. 4. Phase boundaries for full spin polarization for band  F|G. 5. Same as Fig. 4, with the phase boundaries plotted vs
fillings (@) n=1 and(b) n=0.5 from exact-diagonalization for vari- v for various values ofJ. The dotted lines irfa) indicate the exact
ous values of the nearest neighbor repulsion boundaries of stability of the fully polarized state with respect to the

state with one spin flipped, E§28). Note that they coincide with
V=0, the ferromagnetic state becomes unstable to statele exact diagonalization results only for smdllandV. The dif-
with more than one spin flip ad increases, and fod =4 ference is small for larg®.
andU=8 in Fig. 5a) the exact-diagonalization results are
slightly larger than the analytic boundary of stability for all
values ofV.

To obtain an estimate of the effects of finite-size in this
calculation we examined the size dependence of the analytic
boundary results. Even fdi=8 the results differ from the ~ The effect of the pair hopping interactid on ferromag-
infinite chain limit by less than 5% for all interaction values. Netism was considered in the half-filled band case in Ref. 13,
Finite-size effects are largest for=V=0 and decrease rap-
idly as the interactions increase. These results are shown in 2.5 [
Fig. 6. Note that in the infinite system the phase boundary is .
independent o¥ for smallU andV, so that the dependence 2.0 KN
found forN=8 in that regime is a finite-size effect. E

It can be seen that for smdll no ferromagnetism exists
unlessJ is substantially larger thaw, which is unphysical. i
To obtain a better appreciation of the physical parameter 1.0 [
range where ferromagnetism occurs we plot in Fig) The i
value of J required for full spin polarization assuming
V=2J. No ferromagnetism is obtained for sm&Jl under
this assumption. For intermedidtk if J (andV) become too

neighbor repulsion ferromagnetism is strongly suppressed
for smallU and low (or high) values of band filling.

C. Effect of pair hopping

15

J/t

0.5 F

O.O:""I""l""l""

large, ferromagnetism also disappe@dsshed line bound- 0 2 4 6 8

aries in Fig. 7a)]. We also show mean-field results for com- u/t

parison[Fig. 7(b)], which agree qualitatively only in show-

ing that asn decreases from 1 initially larger values bare FIG. 6. Comparison of results for 8-site chddotted line and

required for ferromagnetism. Figure 8 shows the phasnfinite chain(solid lineg from the analytic criterion for stability of
boundaries in thd-n plane under the conditio=2J from  the fully polarized state in the half-filled band, E&8). The open
exact and mean-field solutions. Comparing the exact resulisguare and diamond symbols indicate the points where a bound
with Fig. 3(@ it is seen that in the presence of nearest-state develops fov=1 andV=0, respectively.
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FIG. 7. Phase boundaries for full spin polarization Y6+ 2J.
(a) Exact diagonalizatior(b) mean-field theory. The dashed lines in
(a) indicate the boundaries of stability of the fully polarized state
for largeJ andV. ForJ (andV) larger than given by those bound-
aries the unpolarized state is again the ground-state.

FIG. 8. Phase boundaries for full spin polarization Y&+ 2J in
the J-n plane.(a) Exact diagonalization(b) mean-field theory. In
the exact solution, ferromagnetism is strongly suppressed for small
U compared to the casé=0.

J’ has an effect on the condition for full polarization also for
smallU. As n—0, however, the critical value &, obtained
from Eq.(19), is again independent @f in the infinite sys-
tem limit.

and is found to be similar for other band fillings. While by
itself will not give rise to ferromagnetism, it enhances the
tendency to ferromagnetism in the presencelofThis is
shown in Fig. 9, which displays the boundaries to full spin
polarization forJ’=0 andJ’=J for various band fillings.
The effect of)’ becomes small for large) as double-site D. Effect of hybrid interaction

occupancy is suppressed. Next we consider the effect of the hybrid interactitn.
The qualitative fact thal’ enhances the tendency to fer- At preaks electron-hole symmetry and gives rise to increas-

romagnetism is correctly reproduced by mean-field theorying hand narrowing as the band filling increases, since from
although it greatly overestimates the effectdéfexcept for Eq. (4b) the effective hopping is

half-filling, where mean-field theory predicts no dependence

onJ’ [Fig. Ab)]. The exact phase boundary calculation for ter(N) =t—nNAt, (37)

n=1 shows that folJ <2t the phase boundary is indepen-

dent ofJ’ for an infinite chaif Eq. (29)] but depends some- which suggests that ferromagnetism should become easier as
what onJ’ for finite N, in agreement with Fig.(®). Thatis, n increases due to the increasing density of states. However,
the difference in the results fa=0 andJ=J’ in Fig. 9a) as seen in Sec. Il, mean-field theory predicts the opposite
for smallJ andn=1 is a finite-size effect. FoJ >2t there  behavior when the effect akt on the exchange energy is

is an effect ofJ’ in the exact solution even for an infinite taken into account, both for the flat band and the one-
chain, given accurately by the results in Figa)9except for  dimensional case. This is of concern because it would sug-
U very close to 2. These exact results for an infinite chain gest that ferromagnetism should occur preferentially for

are shown in Fig. @). bands with electronlike cariers, while in nature it is seen to
Thus, for a half-filled band’ has no effect on the condi- occur preferentially for holelike carriers.
tion for full spin polarization both for smalU and in the Results of exact-diagonalization are shown in Fig. 10,

limit of large U, and has a small effect for intermedide =~ where we compare the effect dft when the band is less
As seen in Ref. 13 it also has an appreciable effect on théhan half-full (h=0.5) and more than half-full(=1.5). We
condition foronsetof spin polarization, particularly for small also show the results obtained in the absencaAtofvith an
U. For other band fillings, the results in Figa®suggest that effective hopping given by Eq37). The effect ofAt is seen
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e N B L I FIG. 10. Phase boundaries for full spin polarization in the pres-
[ () ence of the hybrid interactiont for (a) holes, band more than
s L E 1/2-filled and(b) electrons, band less than half-filled. (g), the
ot 1 values of t used aret=0.95 andt=1.25 for At=0.3 and
. [ At=0.5, respectively, so thats=0.5 for both values ofAt at
S 10 L B n=1.5[see Eq.(37)]. In (b), the values ot used are¢=1.15 and
T \ 1 t=1.25 for At=0.3 andAt=0.5, respectively, so thdty=1 for
L N\ i both values ofAt atn=0.5. Results witlA\t=0 andt=t; are also
05 ] shown in both case@&lotted lines.
i n=1""7 Finally, Fig. 12 shows the phase boundaries to full spin
0.0 = é — 'L"- — 'é- - polarization for a case where all interaction parameters in the

Hamiltonian(4) are included, withiv=2J andJ’=J. In the

presence of all short-ranged interactions likely to exist in a
FIG. 9. Phase boundaries for full spin polarization in the pres€2l System, ferromagnetism is seen to occur for not too large

ence of pair hoppingd’ =J (dotted line compared with)’=0  Values of the nearest-neighbor exchange interaction for band

(solid lines. (a) Exact diagonalizatio8-site chain, (b) mean-field ~ fillings aroundn=1 and larger.

theory, and(c) exact phase boundary for=1 [Eq. (28)], infinite

chain. IV. CONCLUSIONS

u/t

to be large(smal) for more (lesg than half-filled bands. We have studied the effect of band filling and of various
Interestingly, for smallU the effect of At is seen to be in interaction parameters on the tendency to ferromagnetism in
qualitative agreement with mean-field theory: It helps ferro-a single-band tight-binding model. The purpose of this study
magnetism fom<1 and supresses it far>1. However, as was to shed light on the question whether such a model may
U increases it is seen that the effect&f reverses, and in approximately describe metallic ferromagnetism in real ma-
fact for the band more than half-fult helps ferromag- terials, and in particular whether the nearest-neighbor ex-
netism even beyond the band narrowing effect given by Egchange interactiod plays the dominant role. Another goal
(37). Figure 11 shows the phase diagram in dhe plane in  of this study was to assess the validity of mean-field theory
the presence oAt compared with mean-field theory. It can to describe the properties of this Hamiltonian.

be seen that generallyt gives rise to strong preference to  In previous work we had considered the Hamiltonian with
ferromagnetism in the regime above half-filling compared tointeraction parametertl and J. It was found that within
below half-filling. Mean-field theoryFig. 11(b)] predicts the mean-field theory this Hamiltonian generically gives rise to
opposite behavior. ferromagnetism with partial spin polarization independent of
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FIG. 11. Phase boundaries for full spin polarization in Jhe
plane in the presence of hybrid interactidn= 0.5, with t=1.25.
(a) Exact diagonalization(b) mean-field theory. Irfa), dotted lines
show the phase boundary obtained fd=2 (uppey and U=8
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At=0.5

(lower) with te given by Eq.(37).

magnetism approaches 0 &k—«. This last result was
found to be applicable more generally to the half-filled band
case in any dimensioff.Furthermore, in the half-filled band
we had found that the pair hopping interactidhalso helps
ferromagnetisnt? in qualitative agreement with mean-field
theory. This can be understood sinteandJ together give
rise to “bond-charge repulsion?® which is reduced when
spin polarization develops.

In this work we studied other band fillings by exact-
diagonalization, as well as the effect of other Coulomb inter-
action parameters, the nearest-neighbor repulgicand the
hybrid interactionAt. For band fillings other tham=1 it
was found that ferromagnetism is less easily achieved within
this model, and in particular even far— oo finite values of
J are required for ferromagnetism. We believe this result is
likely to hold in higher dimensions also. While mean-field
theory predicts the opposite behavior in Ubat is, that the
tendency to ferromagnetism increases away from half-
filling), it would predict qualitatively the same trend for any
density of states that does not increase rapidly as one ap-
proaches the band edges as the one-dimensional one does, in
particular a flat density of states or a density of states arising
from nearest-neighbor tight-binding models. It is not surpris-
ing that predictions of mean-field theory that are sensitive to
details of the noninteracting density of states are not reliable.

The effect of the nearest-neighbor repulsiémvas found
to be to disfavor ferromagnetism, particularly for smidl|
for all band fillings. In particular, for the casé=2J no
ferromagnetism was found for small valueslf However,
in real materials where ferromagnetism occurs the on-site
repulsion U is likely to be of appreciable magnitude, in
which case the effect o¥ is much less significanV has
also the important effect of suppressing triplet superconduc-
tivity, which would occur in this model fov<J, a param-

details of the density of states, which does not happen in thgter range not likely to apply to electrons in metals. The

absence of the parametdr (Stoner model Furthermore,

competition between ferromagnetism and triplet supercon-

mean-field theory predicted that &k increases ferromag- ductivity predicted by this model, however, could be of rel-

netism could occur for arbitrarily small values dffor any

evance to other real systems such®e and will be con-

band filling. An exact diagonalization study for the one-Sidéred elsewhere. o
dimensional half-filed band confirmed these predictions 1he pair hopping interactiod’ was found to enhance the
qualitatively: A regime of partial spin polarization was found tendency to ferromagnetism for all band fillings, although the

to exist for smallU, and the criticall to give rise to ferro-

2.5

0.0 b

FIG. 12. Phase boundaries for full spin polarization in Jhe
plane for a case where all parameters in the Hamiltodarare

2.0
1.5
1.0

0.5

v=2J, J'=J

0

nonzero, as indicated in the figure.

effect is quantitatively small especially for large. Mean-
field theory predicts qualitatively the same effect. The quali-
tative effects oV andJ’ found here for all band fillings are
also consistent with the results found by Strack and
Vollhard?? and Campbelet al?*in the half-filled band case.

The hybrid interactiomt was found to enhance the ten-
dency to ferromagnetism of electronlike versus holelike car-
riers for smallU, and to have the opposite effect for large
U. In particular, in the latter case, which is likely to apply to
real materials, the enhancement producedMiyis even
larger than the one expected due to the average band narrow-
ing produced byAt as the band filling increases. Thus for
U larger than the bandwidth, as expected for real transition
metals, the model strongly favors ferromagnetism for hole-
like versus electronlike carriers, as observed in nature. This
finding from exact diagonalization is especially interesting as
it is opposite to the prediction of mean-field theory. We be-
lieve that the qualitative effects of the hybrid interaction and
nearest-neighbor repulsion found in the one-dimensional
model are likely to be similar in higher dimensions.
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In general, mean-field theory was found to yield qualita-filled bands. According to our interpretation of the Slater-
tively incorrect predictions for the effects of the interactionsPauling diagram for transition met&fd=e would correspond
V andAt. Thus it is not very useful as an analytic method toin the effective single-band description to band filling close
describe the physics of this generalized tight-binding modelto 1/2, and Co and Ni to progressively higher fillings. For
On the other hand, the exact diagonalization study showeedxample, the width of thg,; band in Fe is approximately 5.4
that these interactions do not qualitatively change the physicsV.?® For a nearest- ne|ghbor tight-binding band in a bcc lat-
of the model with interactions) andJ only as far as ferro- tice the bandwidth i =16t o+; hence in Fig. 12 a param-
magnetism is concerned. Quantitatively, the effecMofs  eter of magnitude 1 corresponds to 0.45 (sihce the effec-
small for largeU, and the main effect akt can be taken into tive hopping at half filling in Fig. 12 is 0.75). It can be seen
account by an effective hoppings=t—nAt. Also the pa- that the required values df are not unreasonable.
rameterd’ was found not to change the physics significantly. In summary, we have seen that the key parameter in the
Furthermore, no combination of parameters in the Hamil-model is the nearest-neighbor exchange interacioand
tonian that did not include the nearest-neighbor exchanhge that a large value of the on-site repulsidris important only
was found to be able to induce ferromagnetism. Thus, wénsofar as it allows the nearest-neighbor exchange to be ef-
argue that the simple model with interactiodsandJ and  fective even if it is small in magnitude. In contrast to other
hoppingtes, with the magnitude of these parameters renorimodels that favor ferromagnetism for a low density of carri-
malized by the presence of other interactions, is a usefutrs, this model predicts that ferromagnetism is more likely to
paradigm to describe the physics of ferromagnetism in meteccur close to a half-filled band, and the hybrid interaction
als. For this simple U-J model,” mean-field theory pro- At allows the region where ferromagnetism is favored to
vides a fairly reliable description, more accurate than whaextend to higher than half-filled band cases. Thus the predic-
the “Stoner model” does for the simple Hubbard model andtions of this model are consistent with the fact that ferromag-
with considerably richer featuré$:*’ netism is found in nature in the elements Fe, Co, and Ni but

Concerning the applicability of this model to real materi- not in transition metals at the beginning of thd Series.
als, more work is needed to estimate the magnitude of these
parameters in particular cases, and examine possible effects ACKNOWLEDGMENTS
of higher dimensionality in exact diagonalization. Still, the
present study shows that for reasonable parameter values in This work was supported by the Committee on Research,
the model ferromagnetism is predicted for more than halfUniversity of California, San Diego.
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