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We calculate the electronic contributionke to the thermal conductivity of a two-dimensionaldx22y2-wave
superconductor presenting logarithmic Van Hove singularities~VHS! in the density of states. The influence of
the position of these VHS from the Fermi level on the thermal conductivity peak observed belowTc is
investigated. Experimental results on different YBa2Cu3O72x compounds with various oxygen stoichiometry
x can be well described by this model with reasonable values of the physical parameters.
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The thermal conductivityk(T) of high-Tc superconduct-
ors ~HTS’s! present a characteristic maximum below the
critical temperatureTc .

1 This peak structure has been re-
cently attributed and described as being due to the contribu-
tion of normal electrons in the CuO2 planes.

2–6On the other
hand, high-resolution photoemission data7–9 on high-Tc
compounds have identified the presence of saddle points
close to the Fermi energy«F in the band structure of these
materials, corresponding to two-dimensional logarithmic sin-
gularities in the density of states, i.e., Van Hove singularities
~VHS!.

In this work, we describe the electronic contributionke to
the thermal conductivity of a two-dimensional superconduc-
tor with saddle points in the band structure. We consider a
dx22y2-wave gap parameter since recent works suggest that
this symmetry is the most probable one in the cuprates.10–15

It is worth mentioning that Dagotto, Nazarenko, and Moreo12

have recently proposed a theoretical model which includes
both the antiferromagnetic~Hubbard model! and the VHS
scenarios for high-Tc superconductivity. This microscopic
model predicts a gap parameter of thedx22yx-wave type and
allows us to explain the main properties of high-Tc
compounds.12 Besides, Newns, Tsuei, and Pattnaik16 have
recently shown that thed-wave version of the Van Hove
scenario is ‘‘fully viable.’’

The electronic contributionke to the thermal conductivity
can be calculated using a variational method described
elsewhere.5,6,17 The thermal conductivity is easily expressed
in terms of trial electrical and thermal currents and scattering
matrix elements related to the scattering processes which re-
store the system to equilibrium. We will consider in this
work the scattering of electrons by point defects and acoustic
phonons only.

We point our that we have neglected so-called coherence
factors which appear in the expression of Bardeen, Rick-
ayzen, and Tewordt18 for the thermal conductivity of BCS-
like superconductors. In fact these coherence factors are
given as functions of the ratio«(k)/E(k) where«(k) is the
energy spectrum of electrons in the normal state and
E(k)5A«(k)21D(0)2 is the quasiparticle energy spectrum

with D(0) the zero-temperature superconducting gap param-
eter. SinceD(0) is larger by a factor of 10–100 in high-Tc
compounds compared to conventional low-Tc materials,
E(k).«(k) in HTS’s and coherence factors can be ne-
glected in a first approximation.

We consider the following electronic energy
spectrum:19,20

«~k!2«F~12d!5
\2

2mab*
kxky , ~1!

where mab* is the effective mass of electrons in theab
~CuO2) plane. The spectrum described by Eq.~1! gives loga-
rithmic singularities in the density of states at
«VHS5«F(12d). The parameterd thus controls the position
of the Van Hove singularity from the Fermi level, see also
Ref. 16.

High-Tc superconductors are nonstoichiometric materials
containing point defects often corresponding to oxygen atom
vacancies or stacking faults. We thus take into account the
elastic scattering of electrons by these point defects using the
Yukawa potential. In two dimensions and in the Born ap-
proximation, the corresponding scattering probability reads17

C~def!~k,k8!5
2p2

\S2 S Ze2«c
D 2 N

uk2k8u21~G2D!2
f 0~E!

3@12 f 0~E8!#d~E2E8!, ~2!

whereS is the surface of a CuO2 plane,N is the fraction of
point defects of effective chargeZe, «c is the effective di-
electric constant of the material, andG2D is the two-
dimensional Thomas-Fermi screening factor.

On the other hand, the scattering of electrons by acoustic
phonons can be modeled as in the deformation potential
approximation,17 which is supposed to be valid in the case of
long-wavelength acoustic phonons, assumed to be the domi-
nant scattering centers of heat carriers in high-Tc materials.

1

In the Born approximation, the corresponding scattering
probability is given by21
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C~ph!~k,k8!5
~l tr«Fq!2

8p2Mvq
f 0~E!@12 f 0~E8!#Nq

3d~E2E81\vq!, ~3!

whereq5uk82ku is the phonon wave vector,l tr is the in-
plane electron-phonon transport coupling constant,vq is the
phonon frequency ~we have assumed a linear two-
dimensional acoustic-phonon spectrum\vq5\sAqx21qy

2,
with s the sound velocity in the crystal!,M is the mass of the
crystal, andNq is the Bose-Einstein distribution function.

In Eqs. ~2! and ~3!, E(k)5A(«(k)2«F)
21D(k)2 is the

quasiparticle energy spectrum withD(k) the k dependent
gap parameter. The wave vector and temperature dependence
of thedx22y2-wave gap parameter is approximated by10

Ddx22y2
~k,T!5D~0!@cos~ k̂x!

2cos~ k̂y!#tanh~aA~Tc2T!/T!, ~4!

where k̂x5kxa and k̂y5kyb with a and b the crystallo-
graphic parameters along thea andb axis, respectively and
a'2.10

We point out that we can also take into account the de-
pendence of the critical temperatureTc and zero-temperature
energy gapD(0) on the parameterd. In the Van Hove sce-
nario of high-Tc superconductivity,Tc andD(0) are maxi-
mum for d50, i.e., when the Fermi level lies at the Van
Hove singularities.16 Tc andD(0) then decrease whend is
increased, and this behavior is symmetric with respect to
d,16,22 see Fig. 1.

The theoretical temperature dependence of the normalized
electronic contributionke /ke(Tc) to the thermal conductiv-
ity is shown in Fig. 2 as a function of thed parameter. These
curves have been obtained by fixing the following realistic
values of the physical parameters:23,24 Tc (d50)590 K,
D(0)(d50)520 meV, mab* 54m0, «F50.1 eV, Z52,
G2D515 ~Å! 21, and «c512«0 where «0 is the dielectric
constant in vacuum. The transport electron-phonon coupling
constantl tr and the fraction of point defectsN are arbitrarily
fixed to 0.3 ~Refs. 25 and 26! and 0.05, respectively, for
display in Fig. 2. One can see thatke increases belowTc due

to the inelastic scattering of electrons by acoustic phonons,
presents a peak near 0.6Tc for d50 and then decreases at
lower temperature due to the scattering of low-energy quasi-
particles by point defects. The height of the maximum ink is
lowered in magnitude and shifted towards higher tempera-
tures asd is increased, i.e., when the Fermi level is shifted
away from the energy of the Van Hove singularities«VHS.
This behavior arises from the decrease of the quasiparticle
density of states at the Fermi level whend is increased,
resulting in a weaker enhancement of the electronic thermal
conductivity belowTc .

The maximum value of the electronic thermal conductiv-
ity ke,max is shown in the inset of Fig. 2 as a function of the
d parameter at such fixed values ofN andl tr . One observes
that ke,max is lowered whend is increased and that this be-

FIG. 1. Critical temperatureTc and zero-temperature energy gap
D(0) vs the shiftd of the Fermi level from the energy of the Van
Hove singularities.

FIG. 2. Normalized electronic thermal conductivityke /ke(Tc)
vs reduced temperatureT/Tc as a function of the position of the
Fermi energyd relative to the energy of the Van Hove singularities.
The fraction of point defectsN and the electron-photon transport
coupling constantl tr are fixed, respectively, to 0.05 and 0.3. Inset:
Normalized maximum valueke, max/ke(Tc) of the electronic ther-
mal conductivity vsd at N50.05 andl tr50.3.

FIG. 3. Normalized maximum valuekmax/k(Tc) of the thermal
conductivity of YBa2Cu3O72x compounds as a function of the
oxygen contentx. Squares indicate the experimental results of Za-
varitskii, Samoilov, and Yurgens;27 circles indicate the experimen-
tal results of Jezowksiet al. ~Ref. 28!; diamonds and triangles in-
dicate the experimental data of Cohnet al. ~Ref. 29!.
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havior is symmetric with respect tod, as in the case of the
electronic specific-heat jump atTc indeed.

16

Recently some search was made for empirical relations
between characteristic features. One is the relationship be-
tweenkmax andTc . In Fig. 3, we show the thermal conduc-
tivity maximum kmax of various YBa2Cu3O72x
samples27–29as a function of the oxygen stoichiometryx. We
observe that the highest value ofkmax'1.5 is obtained for
x'0.1, i.e., near optimal doping (Tc'92 K!. On the other
hand, the value ofkmax is decreased as the oxygen content
x is shifted from this value.

The solid line in Fig. 3 is the fit from our theoretical
model, assuming that the highest value ofkmax observed in
YBa2Cu2O6.9 corresponds to the optimally doped case, i.e.,
that the Van Hove singularity coincides then with the Fermi
level (d50). The fit is in very good agreement with the
experimental results for reasonable values of the free param-
etersl tr50.32 andN50.048.

To summarize, the behavior of the thermal conductivity
of YBa2Cu3O72x at different oxygen doping level can be
explained as follows. At optimal dopingx'0.1, one may
assume that the Fermi level coincides with the energy of the
Van Hove singularities (d50). As the oxygen concentration
is modified by annealing the sample, the Fermi energy is
changed and does not coincide any more with the Van Hove
singularities, resulting in a decrease of the quasiparticle den-

sity of states at the Fermi level. As a result, the electronic
thermal conductivity maximum belowTc is lowered, in
agreement with experimental data.

We have thus shown that the behavior of the thermal con-
ductivity maximum in various YBa2Cu3O72x samples as a
function of oxygen dopingx can be well explained within
the Van Hove scenario of high-Tc superconductivity and is
of electronic origin indeed.

Notice that ad-wave gap parameter has been considered
in this work. However, a Van Hove model with ans-wave
gap parameter should reproduce the thermal conductivity
peak as well. In view of Ref. 5 this calculation does not seem
necessary. Nevertheless, we stress that the main difference
between the two gap parameter symmetries should be ob-
servable at very low temperatures15 due to the presence of
lines of nodes in thed-wave gap. It should be thus of interest
to measure the very low-temperature behavior of the thermal
conductivity of high-Tc materials with various oxygen con-
tent.
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