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We present a quantum mechanical calculation of the resistivity of a strongly modulated two-dimensional
electron gas in a perpendicular magnetic field. For lattice constants of the order of the Fermi wavelength the
classical picture of commensurate orbits breaks down and the magnetic band structure gains considerable
influence. As a characteristic feature the longitudinal magneto-resistivity shows oscillations with a leading
period of one flux quantum per unit cell which have their origin in the magnetic band structure. We find that
they do only weakly depend on temperature and electron density and discuss the resulting necessary conditions
for experimental observation.@S0163-1829~96!03228-6#

Magnetotransport experiments on antidot superlattices1–4

have led to a variety of theoretical concepts5–9 to uncover the
underlying transport mechanisms. The first experimental re-
sults on GaAs/AlxGa12xAs heterostructures were obtained
for antidot lattice constantsa far above the Fermi wave-
lengthlF of the electrons. The observed commensurability
peaks in the longitudinal componentrxx of the resistivity
tensor gave rise to the classical picture of pinned orbits
around a geometry dependent number of antidots.5 Addi-
tional oscillations inrxx , superimposed onto the commensu-
rability peak for one antidot, have been observed at low
temperatures.2 Within a semiclassical theory for the conduc-
tivity these oscillations with a geometry dependent period of
approximatelyone flux quantum per unit cell of the super-
lattice have been ascribed to the shortest periodic orbits
trapped between some antidots or encircling a single
antidot.8,9 A quantum mechanical transport theory, which
fully takes into account the magnetic band structure,10,12,13

has been shown to reproduce all the mentioned findings in
the classical regime (a@lF).

6,9 In the quantum regime,
whena approacheslF ~or becomes even smaller!, one ex-
pects new characteristic features which are still to be de-
tected in future transport experiments. The first direct reso-
lution of a magnetic band structure might have been seen in
a recent magneto-transport experiment with small lattice
constants via a splitting of the usual Shubnikov–de Haas
peaks into subpeaks for certain values of the magnetic flux.4

In this paper we present a calculation of the resistivity for
a strongly modulated two-dimensional electron gas
(EF*V0) in the quantum regime. In addition to classical and
semiclassical effects with strong temperature dependences
we find quantum oscillations which are not affected by a
change in temperature. As their origin is the dependence of
the band structure on the magnetic field,10–13 the leading pe-
riod is exactlyone flux quantum per unit cell. They differ
from oscillations with period 1/B in the resistivity of a
weakly modulated two-dimensional electron gas (EF@V0)
~Ref. 14! caused by a similar mechanism. The reason for
investigating a strongly modulated system and not the anti-
dot regime (EF,V0) is twofold: The quantum oscillations
are better observable in the resistivity and an experimental
realization seems to be easier to achieve.

Since our model was described in detail elsewhere,6,10we
mention only the essential ingredients: Using an effective
mass single-particle Hamiltonian for a two-dimensional elec-
tron in a periodic potential and a perpendicular magnetic
field, we calculate for rational values of flux quanta per unit
cell the magnetic band structureEn(QW ) ~depending on the
magnetic wave vectorQW and the miniband indexn) as well
as the corresponding eigenstates. Impurity scattering is in-
corporated in self-consistent Born approximation~SCBA!
which results in a broadening of states due to the finite life-
time. The static conductivity tensor is calculated with the
Kubo formula. Finally, tensor inversion gives the compo-
nents of the resistivity tensor which can be compared to a
typical four-terminal measurement. The influence of tem-
perature is taken into account in the calculations only via the
Fermi function, i.e., temperature dependent scattering
mechanisms are neglected in the temperature range consid-
ered (T,15 K!. This is justified because phase breaking by
electron-electron and electron-phonon scattering occurs on a
length scale larger than the thermal lengthLT5\vF /kT in-
troduced by energy averaging~cf., e.g., Refs. 15 and 16!.
The periodic potential is modeled by

V~x,y!5V0~cos@~p/a!x#cos@~p/a!y# !2b. ~1!

The parametersa5100 nm for the lattice constant,V055
meV for the amplitude, andb51 for the steepness used
throughout this paper are representative of a strongly modu-
lated system at typical densitiesns.(1–3)31015 m22 cor-
responding toEF.4–12 meV orlF.75–40 nm.

An overview of the calculated band structure is given in
Fig. 1. The projection of the bands onto the energy axis is
plotted versus the magnetic field between one and 4.5 mag-
netic flux quantanf per unit cell of the superlattice.
Throughout the paper we used all the integer multiples of 1,
1
2,

1
3,

1
4, and

1
8 within the denoted flux range. Especially for

small flux values a strong dispersion can be found for integer
values ofnf with strongly overlapping bands identified in
the projection as long unbroken lines. For noninteger values
the bands split into minibands with additional gaps in
between,10–13 i.e., the dispersion of the minibands is signifi-
cantly lower for the noninteger flux values than for the inte-
ger ones. With increasing magnetic field the bands cluster
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more and more towards the unperturbed Landau levels of the
unmodulated two-dimensional electron gas. Together with
the overall decrease of the dispersion this can be ascribed to
the reduced influence of the periodic potential modulation.
This occurs roughly if the cyclotron diameter approaches the
lattice constant 2Rc5a ~cf. full line in Fig. 1!, usually
known as the commensurability condition for the classical
peak due to a pinned orbit around one antidot.

In order to visualize the connection between band struc-
ture, thermodynamic density of statesD(EF), and longitudi-
nal conductivitysxx(EF), these quantities are compared in
Fig. 2 for three flux values~a! nf51, ~b! nf5 9

8, and ~c!
nf5 3

2. The assumed mobility ism550 m2/V s. In the first
panel the energy bands are given for the linesG-A andG-
M of the magnetic Brillouin zone, corresponding to the~10!
and ~11! directions, respectively; the positions of the unper-
turbed Landau levels are indicated in the middle. The strong
dependence of the miniband structure onnf ~for similar
magnetic fields but different denominators of the rational
flux values! does not influence the thermodynamic density of
states~middle panel:T54 K, full line; T515 K, dotted
line!. Its effect on the longitudinal conductivity, however, is
dramatic~right panel!. In these figures we showsxx(EF) at 4
K ~solid line! and 15 K~dotted line! together with the mini-
band conductivity at 4 K~dashed line!. The latter results
from the velocity matrix elements between states from the
same minibands~which are large if the miniband has pro-
nounced dispersion!, in contrast to the scattering conductiv-
ity with matrix elements between states from different
minibands.6 This distinction is similar to the one introduced
in Ref. 14 for the weak modulation case where, however,
Landau levels are still well separated and scattering contri-
butions are those with matrix elements nondiagonal in the
Landau quantum number.

For nf51 the magnetoconductivitysxx is dominated by
the miniband contribution due to the strong dispersion. A
glance at the band structure makes clear that the most dis-
persive bands correspond to the maxima insxx . The con-
ductivity is strongly suppressed fornf5 9

8 ~note the scales!,

with only a small miniband contribution, i.e.,sxx is domi-
nated by scattering between almost dispersionless minibands.
For nf5 3

2 it recovers to some extent with again a significant
contribution due to the miniband dispersion. The comparison
of theT54 and 15 K curves clearly shows that only the fine
structure is smeared out by temperature broadening, but the
order of magnitude of the conductivity is not changed.
Therefore in the regime of strong modulation neither the
temperature nor the position of the Fermi energy~fixed by
the density of the electrons! have considerable influence on
the suppression of the band conductivity, when the flux
changes from integer to rational values. In the magnetic field
dependence ofsxx and, after tensor inversion, ofrxx and
rxy this leads to oscillations, which are~almost! independent
of temperature and electron density and have their quantum
mechanical origin in the magnetic field dependent miniband
structure.

In Fig. 3 we show the longitudinal resistivityrxx for
m550 m2/V s in dependence on the magnetic field for dif-
ferent electron densitiesns5(1.6–3.0)31015 m22 ~increas-
ing from bottom to top withDns50.131015 m22, offset for

FIG. 1. Projection of the band structure onto the energy axis
versus the magnetic field.nf indicates the rational number of el-
ementary flux quanta per unit cell. The full curve shows the condi-
tion 2Rc5a to indicate the transition from periodic potential to
magnetic field dominated band structure.

FIG. 2. Band structure, thermodynamic density of states, and
longitudinal conductivity (m550 m2/V s! for three values of the
magnetic flux,~a! nf51, ~b! nf5

9
8, and~c! nf5

3
2. The full lines

show the values forT54 K and the dotted ones those forT515 K.
The dashed line in the conductivity plot gives the band contribution
for T54 K.
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clarity! and two temperatures,~a! T54 K and ~b! T515 K.
In the lower part of the figure the dot size indicates the mag-
nitude ofrxx to make the position of the maxima and minima
easier to comprehend. The range of electron densities corre-
sponds to Fermi energies between 7 and 12 meV and allows
us to tune from the strong (EF>V0) towards the weak
modulation case (EF@V0). Two types of structures can be
distinguished:~i! The most pronounced ones fornf51, 3

2, 2,
and 3 do not change their position withns or T and decrease
in amplitude with increasingns and~ii ! Shubnikov–de Haas
type structures~mainly aboveB51.2 T!, which shift to
higher magnetic fields with increasingns and disappear at
higher temperatures. For the lowest curve the Fermi energy
of 7 meV atB'1.2 T coincides with the minibands which
evolve into the third Landau level~see Fig. 1!. With increas-
ing electron density this coincidence is shifted to higher
magnetic field as does the broad structure that evolves from
the dominant peak aroundB51.2 T. At higher densities a
similar but weaker structure shows up in connection with the
fourth Landau level. These structures, which disappear at
higher temperature@see Fig. 3~b!#, can be described also by
semiclassical concepts.8 In contrast, the features which do
not shift with changing electron density and persist even at
higher temperature derive from magnetic field dependent
miniband structure. They will be called quantum peaks. Note
that for 4 K @Fig. 3~a!# these peaks react differently on
changingns depending on the position ofEF relative to the
gaps in the miniband structure. As for higher temperatures
the gaps lose their relevance, all quantum peaks decrease
almost simultaneously with increasingns @see Fig. 3~b!#.

In our calculations for the regime of strong modulation
the Hall conductivitysxy ~not displayed here! is much larger
thansxx and has no structures correlated with those ofsxx
@in contrast to the antidot regimeEF,V0 ~Ref. 9!#. There-
fore we haverxx}sxx and peaks insxx due to large mini-

band conductivity for rationalnf with small denominators
lead to pronounced maxima also inrxx at nf51, 3

2, 2, and
3. Smaller structures inrxx can be detected fornf54
~at 15 K!.

Figure 4 shows the distinct dependence on the tempera-
ture and on the mobility of these quantum peaks in compari-
son with the semiclassical oscillations for magnetic fields
aroundB51.25 T ~corresponding tonf53). Here rxx is
displayed for temperatures between 0.5 and 15 K~from bot-
tom to top! for the two mobilities~a! m550 m2/V s and~b!
m55 m2/V s and an electron densityns52.431015 m22.
For the higher mobility@Fig. 4~a!# the rich structure at low
temperature can hardly be interpreted because of the coexist-
ence of semiclassical and quantum peaks. However, with in-
creasing temperature only the quantum peak fornf53 sur-
vives and stabilizes forT.5 K, while all other structures
vanish. Lowering the mobility by a factor of 10@Fig. 4~b!#
essentially destroys the quantum peak. This can be explained
by the fact that now the scattering contribution dominates the
longitudinal conductivity and the reduction of the band con-
ductivity for noninteger fluxes plays only a minor role. Only
the semiclassical features survive this increase of scattering
strength. In the Hall conductivitysxy ~not displayed here!
small dips start to develop fornf52,3,4 ~compare Ref. 9!.
However, they are far too small to yield a significant contri-
bution in the resistivities.

Thus we are able to predict the conditions for an experi-
mental observation of quantum oscillations that derive from
the miniband structure. Generally, a high band conductivity
is a necessary condition for this effect. The most important
requirements are small lattice constants, whereas an extraor-
dinary high mobility has not to be accomplished. For the
usual experimental mobilities ofm550 m2/V s calculations
for larger lattice constants show that periods of about 100 nm
have to be achieved. For a comparatively soft potential the
peaks are most clearly detectable in the strong modulation
regime, as is shown by calculations for the antidot case not
displayed here. However, the former might be easier to real-
ize at small lattice constants. A useful hint for the identifica-
tion of the quantum peaks is provided by the independence
of the maxima inrxx on the electron density. These peaks are
destroyed with increasing temperature if the phase coherence
length becomes smaller than the lattice period. This occurs,
however, at a higher temperature than that necessary for the
destruction of energy dependent interference effects such as,

FIG. 3. Longitudinal resistivityrxx versus the magnetic field for
several electron densities ranging fromns51.631015 m22 at the
bottom tons53.031015 m22 at the top withDns50.131015 m22

and temperatures~a! T54 K and ~b! T515 K andm550 m2/V s.
The curves are displaced along the vertical axis by a fixed value. In
the lower part the size of the dots scales with the magnitude of
rxx to visualize the peak positions.

FIG. 4. Temperature dependence of the longitudinal resistivity
rxx around the nf53 peak for an electron density of
ns52.431015 m22 and for two different mobilities~a! m550 m2/
V s and~b! m55 m2/V s. The temperature ranges fromT50.5 K at
the bottom toT515 K at the top. Again the curves are displaced
along the vertical axis by a fixed amount.
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e.g., Shubnikov–de Haas oscillations governed byLT . Con-
sequently, there should be a window for an exclusive obser-
vation of the quantum peaks for not too low temperature.
This gives rise to the hope that these quantum mechanical
features can be seen in the near future. One possible reason
for a significant suppression of the quantum oscillations,
however, not considered in our calculations, is fluctuations
of the lattice constant in experiments on macroscopic
samples. Thus an important experimental prerequisite is ei-
ther a macroscopic homogeneous sample or a finite small
sample if boundary effects can be eliminated.

In conclusion we have demonstrated in this paper the ef-
fect of band structure on the transport properties of a strongly
modulated two-dimensional electron gas in a perpendicular
magnetic field. For high mobility samples structured by a
superlattice with small lattice constants, we have calculated
the resistivities as a function of magnetic field, electron den-

sity, and temperature. We have found characteristic oscilla-
tions periodic in the magnetic flux, especially for small mag-
netic fields. They can be distinguished from classical and
semiclassical oscillations by their stability against changes in
electron density. These quantum peaks, which at lower tem-
peratures (T&4 K! can hardly be distinguished from the
other coexisting structures, are the only ones that survive for
higher temperatures (T.10 K! until they disappear due to
the decreasing phase coherence length. Thus we have estab-
lished necessary conditions for an experimental observation.

We thank the Deutsche Forschungsgemeinschaft for fi-
nancial support within Sonderforschungsbereich 348. Most
of the calculations have been done on the Cray Y-MP super-
computers at the Leibniz Rechenzentrum Munich and at the
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