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The dynamics of domain growth, related to oxygen ordering into the cell-doubled orthorhombic phase of
YBa2Cu3O61x , was studied. The growth, described using Monte Carlo simulations of the asymmetric next-
nearest-neighbor interaction model without impurities, after annealing and quench from finite temperatures is
found to be different at early and late times. At early times of domain growth a growth exponentn'0.25 is
observed for both nearest-neighbor~NN! and next-nearest-neighbor diffusion andn'0.15 for NN diffusion
only. At late times the growth behavior is very close to logt which is related to the anisotropy of the O-Cu-O
chains. The growth dynamics in the case of a small amount of cation substitutional impurities supports the idea
that the logarithmic behavior is an intrinsic property of the model chosen and depends very little on impurities.
@S0163-1829~96!07330-4#

I. INTRODUCTION

The time evolution of a system ordering towards equilib-
rium is an interesting problem of statistical as well as con-
densed matter physics. The dynamics of domain growth for
the Ising model, for instance, was thoroughly investigated by
many authors~see, e.g., Refs. 1–4!. These studies were
mostly restricted to the isotropic systems. The extension to
anisotropic systems is highly motivated for the following
reason: there are compounds which exhibit ordering gov-
erned by a strong anisotropy. Oxygen ordering in the high
temperature superconductor YBa2Cu3O61x is a typical ex-
ample of such a process.

The structure of this compound depends on the concen-
tration x and order of the oxygen atoms in the basal plane.
The main orthorhombic structure of this compound, the so-
called OI phase with stoichiometryx51, exhibits long-range
order~sharp Bragg peaks!. Contrary to what is found for this
phase, sharp Bragg peaks do not emerge at the superstructure
positions of the other orthorhombic low-temperature
phases.5–7 The OII phase with stoichiometryx50.5 and the
OIII phase with stoichiometryx50.67 demonstrate short-
range order and quasi-two-dimensional character of their or-
dering into O-Cu-O chains along theb axis. The correlation
lengths along the main axes~given in units of lattice cells!,
obtained by neutron and x-ray diffraction studies, are
ja510.2, jb544.5 (x50.5) ~Ref. 6! and ja55 and
jb519 (x50.77) ~Ref. 7! for the OII and the OIII superstruc-
tures, respectively.

It was demonstrated in an early Monte Carlo~MC! study8

of the oxygen ordering dynamics of YBa2Cu3O61x that the
excess energy decreases with time according to a power law.
However, in a recent x-ray diffraction study by Schleger
et al.,6 it was found for thex50.5 sample that the domain
growth only in the beginning follows the Allen-Cahn power-
law behavior. At later times the domain growth was found to
be logarithmic in time below the phase transition to the OII
phase. The idea was therefore raised that random field effects
~RFE! are responsible for the short-range order of the OII
phase. As possible causes for the RFE, Cu~1! chain-site sub-
stitutional impurities, strain fields arising from twin domain

boundaries, dislocations, or even a rearrangement of the oxy-
gen atoms were mentioned.

In this paper we study numerically whether an oxygen
rearrangement in the pure or slightly cation substituted OII
phase can be considered as the cause of RFE. We want to
answer the question if the RFE are an intrinsic property of
such a complex anisotropic model, which is used to describe
the oxygen ordering in YBa2Cu3O61x , or if the RFE are
caused by the impurities. The dynamics of domain growth is
studied for a system which is quenched from temperatures
corresponding to the tetragonal phase of the compound down
to temperatures below the transition point to the OII phase.
The modelling of oxygen ordering in YBa2Cu3O61x is usu-
ally performed using the asymmetric next-nearest-neighbor
interaction~ASYNNNI! model9 which exhibits a rich phase
(T,x) diagram.10 With the inclusion of an extra longer-range
term this model demonstrates a variety of phase transitions,
comprising first-order transitions11 and even transitions to
incommensurate phases.12

II. THE MODEL

The ASYNNNI lattice-gas model has the Hamiltonian
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whereni50, 1 is the occupancy number of the oxygen site
i in the basal CuOx plane of 123. Here the sums run over the
sets of nearest~NN! and next-nearest~NNN! neighbor oxy-
gen sites of thek, l5O(1)1, O~1! 2, and O~5! sublattices,
m is the chemical potential, ande is the site binding energy.
We use the crystallographic notation for the oxygen atoms,
taking also into account that, in the OII phase, the O~1!
sublattice splits into two sublattices. Note, that if we have to
consider chains running along thea axis as well, as in the
case of Cu substitutions~see the Sec. III b!, the O~5! sublat-
tice too splits into two sublattices, O~5! 1 and O~5! 2. The
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sublattices and the interaction constants of the oxygen atoms
are shown in Fig. 1. The ground state of the OI phase corre-
sponds to fully occupied O~1! 1 and O~1! 2 sublattices and a
vacant O(5)5O(5)11O(5)2 sublattice,cO(1)15cO(1)251,

cO(5)50. Hereck5^ni
k& are the sublattice oxygen concentra-

tions. The ground state of the OII phase (x50.5) corre-
sponds tocO(1)151 andcO(1)25cO(5)50. The total oxygen

content of the CuOx plane is
x5(cO(1)11cO(1)212cO(5))/2.

The ASYNNNI model~1! with attractivev2 and repulsive
v1 andv3 interactions, gives a (T,x) phase diagram contain-
ing the experimentally observed structures@tetragonal, OI
and OII ~Ref. 10!#. In the present study we use the values of
the interaction constants obtained by Sterne and Wille13 from
first-principles calculation:v154358 K,v2 /v1520.35 and
v3 /v150.16. For this set of interaction constants the maxi-
mum of the OII phase in the phase diagram is at
T/v150.126 andx50.5, and the room temperature section is
correspondingly atT/v150.07.

We study here the dynamics of oxygen ordering in the
ASYNNNI model for oxygen concentrations corresponding
to the OII phase (x50.5). Similar calculations were per-
formed in Ref. 8, where the system quenched from infinite
temperatures to temperatures well inside the OII phase was
studied. These simulations were carried out assuming that
oxygen atoms diffuse via hopping over NN and NNN sites.
In that study the initial growth of domains was explored, i.e.,
the process while the O~5! sublattice still is occupied. The
exponent describing the growth of the linear size of a domain
was found to ben50.25-0.35 for the OII phase.

In view of the basal plane interactions, oxygen diffusion
by means of NN hopping only is the most probable. The
simulations in this case are time consuming and sometimes
the system gets ‘‘locked-in’’ in a metastable state with very
slow kinetics of the domain walls. In this paper we study this
type of oxygen diffusion as well and compare it to that which
allows also for hopping of the NNN oxygen atoms. In order
to describe the experimental data,6 we anneal the samples at
finite temperatures somewhat above the tetragonal to the

OII phase transition (T/v150.15) and then perform
quenches into the OII phase down toT/v150.1, 0.07, and
0.05.

Our simulations were performed using Kawasaki dynam-
ics for a square lattice of the size 64364. To make sure that
our results are not caused by finite-size effects, some simu-
lations were also performed for the 1283128 lattice. The
annealing time for the system with randomly chosen initial
oxygen arrangement was 5000 MCS/site.

For the case of NN hopping only we conclude the simu-
lation after 53105 MCS/site. For the case of both NN and
NNN hopping the time required for the system to reach equi-
librium is about one order of magnitude shorter. In both
cases the ordering due to the disappearance of the oxygen
atoms in the O~5! sublattice is found to be fast, and this
sublattice becomes almost empty during the time of anneal-
ing. The occurring domains are related to ordering in the
sublattices O~1! 1 and O~1! 2. Snapshots of possible types of
domain walls are shown in Fig. 2. These walls are caused by
a two-fold degeneracy of the OII phase when the O~5! sub-
lattice becomes empty~the system is fourfold degenerate be-
fore!. The domain wall is caused either by two neighboring
occupied~or empty! O-Cu-O chains belonging to different
O~1! sublattices@see Fig. 2~a! and 2~b!# or by the interface
shown in Fig. 2~c!.

To reduce the effect of fluctuations, which might occur
within a single MC run, the calculated parameters were av-
eraged over different runs. For each quench temperature 20
runs were performed. Three typical sets of the time depen-
dence of the O~1! 1 and O~1! 2 sublattices oxygen concentra-
tions are shown in Fig. 3. For calculations restricted to NN
hopping only the number of~a!-type runs varied from 9 to

FIG. 1. The basal plane of YBa2Cu3O61x with different sub-
lattices and constants of interaction demonstrated. Oxygen sites of
the O~1!1 and O~1!2 sublattices are shown by the open circles,
oxygen sites of the O~5!1 and O~5!2 sublattices by open squares,
and copper atoms by small filled circles.

FIG. 2. Three types of interfaces in a late stage of domain
growth. The symbols are the same as for Fig. 1. Additionally, large
filled circles represent occupied sites of the O~1!1 and O~1!2 sub-
lattices.
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12. The numbers of ‘‘successful’’~a!-type and ‘‘unsuccess-
ful’’ ~c!-type runs were almost equal depending, though
weakly, on quench temperatures. About 2–3 runs were of the
intermediate~b! type when domain evolution is suspended
for a time interval of 1–23105 MCS/site. Almost all of our
runs for the case of both NN and NNN hopping were ‘‘suc-
cessful.’’ This analysis is important to determine the behav-
ior of domain growth~see discussion in Sec. III A!.

A main characteristic of domain evolution with timet is
the excess energy of the systemDE(t)5E(t)2E(`), where
E(`) is the equilibrium energy. Another important param-
eter is the average length of the O-Cu-O chains,^ l &, which is
a measure of the linear size of a domain.1,8 For exponential
domain growth the following relation is valid

^ l &;~DE!21;tn, ~2!

where the growth exponentn depends on the nature of the
domain walls. For studies of domain growth in the
ASYNNNI model also the order parameter of the OII phase
h5cO(1)12cO(1)2 is introduced. If multiplied by the linear
size of the MC lattice, it gives an effective linear size of the
domains characteristic to the OII phase. An analogous pa-
rameter was first introduced for a lattice-gas model with re-
pulsive NN and NNN interactions by Sadiq and Binder.2 It
was shown in that paper that relation~2! with ^ l & substituted
by such an effective domain size holds quite well for
Glauber dynamics, but is not always satisfied for Kawasaki
dynamics. The parameterh, however, has a meaning only
~1! for the case of the ‘‘successful’’ runs described in Fig.
3~a!, and~2! when the O~5! sublattice is already empty.

The condition~1! is almost always satisfied for NN and
NNN hopping and for approximately half of the runs for NN
hopping only. Thus, the results forh(t) growth for the latter
type of diffusion should be obtained by averaging over ‘‘suc-
cessful’’ runs only. The consequences of an inclusion of
‘‘locked-in’’ runs in the average are discussed below. At late
stages of domain growth condition~2! is always satisfied in
our calculations.

III. RESULTS AND DISCUSSIONS

A. No impurities

The results of our simulations for NN hopping only are
presented in Fig. 4. The results for NN as well as NNN
hopping are shown in Fig. 5.

The process of domain growth is found to be quite differ-
ent at early and late times. At early times of domain dynam-
ics the growth exponentn'0.25 is observed for both NN
and NNN hopping~time interval up totcr'1000 MCS/site!
andn'0.15 for NN hopping only~up to tcr'30000 MCS/
site! for the quenches toT/v150.1 and 0.07. For quenches to
0.05,n is approximately 0.22 and 0.10, respectively. These
results are obtained forDE andh. The exponents for̂l & are
10% lower. Heretcr defines the crossover point above which
domain growth starts to demonstrate a behavior very close to

FIG. 3. Three typical time dependences of the order parameter
of the OII phase:~a! successful,~b! intermediate, and~c! locked in.
Time is given in MCS/site.

FIG. 4. Semilog and log-log plots of the time dependence of the
excess energy~a and a8), the order parameter of the OII phaseh ~b
and b8), and the average length^ l & of the O-Cu-O chain~c and c8!
obtained for NN hopping only. The curves correspond to quench
temperaturesT/v150.05 ~1!, 0.07 ~2!, and 0.1~3!. For clarity the
curves are shifted with respect to each other along the vertical axis.
The arrows mark the crossover time from power-law to logarithmic
behavior,tcr .

FIG. 5. Same as in Fig. 4, but for NN and NNN hopping.
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logarithmic. Straight lines fort.tcr are best seen in the semi-
log plots of Figs. 4~b! and 5~b!. They are not so pronounced
in the time dependence of the excess energy and^ l &. The
tcr point might be determined also from a logR2logt plot,
where R5^ l &,h or (DE)21, as the intersection of the
straight line with a slopen at earlier times with the curve at
later time which has its slope decreasing with time charac-
teristic to a logarithmic behavior. As might be anticipated,
the lower the quench temperature the later the system
reaches the logarithmic behavior.

The transition to the late-time regime is related to the fact
that the O~5! sublattice becomes empty and all interfaces
occurring due to the existence of O-Cu-O chains along dif-
ferent directions vanish. The system turns out to be highly
anisotropic in the sense that only the chains along theb axis
are left. Thus, only the three types of interfaces shown in
Fig. 2 are observed fort.tcr .

The domain growth fort.tcr is related to the gradual
disappearance of the interfaces of Fig. 2. The time depen-
dence of the characteristic parameters of domain growth and
the tcr dependence on quench temperature are qualitatively
very similar to the time dependence of the correlation length
obtained in the x-ray diffraction study of YBa2Cu3O6.5 ~Ref.
6!: an early-time power-law growth with a transition to a
late-time logarithmic behavior. However, for the power-law
regime we find much lower values ofn, especially for NN
hopping only, than what Allen-Cahn growth gives
(n51/2).6

An obvious difference between our results obtained for
NN and NNN and NN hopping only is the time scale, which
clearly shifts due to the slower NN hopping only. This fact is
reflected, e.g., in the timetcr at which the logarithmic behav-
ior of growth parameters starts. Note, however, that the time
interval of logarithmic behavior in a logarithmic scale is al-
most the sameD log(t);0.8 for both types of diffusion,
though the real time scale is very different.

Another important difference between the two types of
hopping is observed by comparing the excess energy~or the
parameter̂ l &) for NN hopping only obtained by averaging
over all possible runs and by averaging only over successful
runs ~see Fig. 6!. There is no difference at early stages. It
turns out, however, that the late stage logarithmic behavior is
less and less evident if more and more locked-in@Fig. 3~b!
and 3~c!# runs are included in the average. This fact allows
us to make an important distinction between the results for
NN and NNN hopping~successful runs! and only NN hop-
ping ~partly successful runs!. If NN hopping only best de-
scribes the dynamics of oxygen ordering in the basal plane of
YBa2Cu3O61x , then the late-stage logarithmic behavior
might be questionable. Of course, it might be argued that all
runs are successful in the sense that sooner or later the pa-
rameterh would start to grow if one just waits long enough.
But the average would anyhow not show logarithmic behav-
ior. On the other hand, if there would be some supporting
evidence for both NN and NNN diffusion in YBa2Cu3O
61x ~if, e.g., the oxygen vacancies in the neighboring BaO
planes would mediate such a type of diffusion! then our re-
sults would clearly point to a late stage logarithmic behavior
of domain growth.

Taking the anisotropy in the late stages of domain growth
and the differences of the two types of diffusion into ac-

count, we can only speculate why the logarithmic behavior
was not seen for the quenches from infinite temperature.8

According to Poulsenet al.,8 in the latter case the oxygen
atoms in the O~5! sublattice remain in their positions for very
long times, creating therefore extra interfaces~not shown in
Fig. 2! due to the existence of chains perpendicular to each
other. We have also performed simulations for NN and NNN
hopping for quenches from infinite temperatures. We find
that the O~5! sublattice is occupied considerably longer than
in the case of finite-temperature annealing. However, after
the depletion of this sublattice (t;tcr) both systems behave
identically ~Fig. 7!, both demonstrating a logarithmic behav-
ior. As might be seen from Fig. 7, the growth behavior is
different for the two cases in the early stage (t,tcr): for
quenches from infinite temperatures a growth exponent
n'0.25 for very early times is followed byn'0.35–0.4 in
accordance with Ref. 8, while for quenches from finite tem-
perature the exponentn'0.25 holds all the way up to

FIG. 6. Difference in time dependence of excess energy for NN
hopping obtained by averaging over all possible runs~a! and by
averaging only over successful@Fig. 3~a!# runs ~b!. Quench tem-
peratureT/v150.1.

FIG. 7. The difference in excess energy for quenches to
T/v150.07 from ‘‘infinite’’ ~a! and finite,T/v150.15,~b! tempera-
tures. The simulation is performed using NN and NNN diffusion.
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t5tcr . The change fromn'0.25 ton'0.35–0.4 might be
understood from how the O~5! sublattice disappears. This
sublattice splits into two sublattices O~5! 1 and O~5! 2, and
the disappearance of the O~5! 2 after t'1000 MCS/site cor-
relates with the change ofn, while the following disappear-
ance of the O~5! 1 after t'2000 MCS/site—withtcr ~here the
numbers are approximate and given for NN and NNN diffu-
sion!. For a quench from finite-temperature both O~5! sub-
lattices disappear very fast. Thus, the most probable reason
why the logarithmic behavior of the growth parameters was
not noticed for the quenches from infinite temperature,8 is
that the system in that case was not ‘‘sufficiently’’ aniso-
tropic: the O~5! sublattice was not empty and the ‘‘locked-
in’’ runs, shown in Fig. 3~c!, dominated the average. It
should be noted, that this was not the case for our simula-
tions of domain growth for NN and NNN hopping.

Comparing the time dependences of the two parameters
characterizing domain size,^ l & andh, some differences are
found. At late times, when the occupancy of the O~5! sub-
lattice is zero, the order parameterh saturates to almost 1,
while the saturation value of the average chain length is lim-
ited to 0.6–0.7 of the linear size of the lattice. The reason
why there is an incomplete saturation of the order parameters
is found from an analysis of the snapshots. It happens at late
stages of chain growth that a short chain in sublattice
O~1! 2 will be locked between two ‘‘infinite’’ chains~i.e., the
ends of these chains are connected by the periodic boundary
conditions! in sublattice O~1! 1. Due to the interactions im-
posed in our model, the oxygen atoms of such a short chain
might move only along the channel created by the two ‘‘in-
finite’’ chains, break up ‘‘their’’ chain and then stick again
together. The probability for an ‘‘infinite’’ chain to break up
~and allow for a short chain to dilute out! is in this case very
low. This locking might change the value of^ l & consider-
ably, though the saturation threshold for the parameterh is
still around 0.95. Thus, for later timesh is a better charac-
teristic of the average linear size of the OII phase domain,
since ^ l & describes the length along the preferentialb axis,
neglecting the length of the domain in the perpendicular di-
rection, whileh effectively describes the average size of the
growing OII phase domain. However, for early times, when
the O~5! sublattice is still occupied, the average length of a
chain ^ l & takes the chains existing in all sublattices into ac-
count. The parameterh describes only changes in the sub-
lattices O~1! 1 and O~1! 2. Thus, for a description of theover-
all growth dynamics at early stages, especially for systems
quenched from very high temperatures, the parameter^ l & @or
equivalently (DE)21# is more appropriate thanh.

B. The effect of impurities

Here we study the possibility that RFE might occur due to
the substitution of Cu in the basal plane by a cation with a
higher oxygen coordination. We rely on an experimental ob-
servation that in YBa2Cu3O61x ~especially that grown in Al
crucibles! impurities are present at the basal plane copper
positions. The concentration of these impurities even in a
high-purity single crystal can be around 0.1%.6 For our cal-
culations we choose small amounts of Al impurities.

The attractive interaction between Al and O ions is stron-
ger than that between Cu and O, therefore, contrary to being

four-coordinated as Cu21, Al 31 prefers a sixfold oxygen
coordination. This fact can be considered in our model in a
way described in Ref. 14: the site binding energy of an oxy-
gen atom,«, depends on its attractive interaction with the
two closest metal atoms. To get a higher coordination of Al
than that of Cu, it is reasonable to assume that the site bind-
ing energy of oxygen next to Al,«Al , is much larger than
«Cu, and that«Al@uv1u. We take«Al /uv1u55.

After what was found for the pure ASYNNNI model, we
anticipated that the effect of impurities in a small amount
~which means that the OII phase is not yet destroyed! might
cause the disappearance of the late-time logarithmic behavior
of the growth parameters. There were two reasons for that.
First, the introduction of impurities leads to the formation of
chains, directed along both thea andb axes and intersecting
each other at an impurity site.15 Second, with an increasing
amount of impurities, we expected that most of our runs
would be of Fig. 3~c! type which blur the logarithmic behav-
ior. Both factors would destroy the anisotropy needed for the
occurrence of the RFE in the ASYNNNI model.

That this is really the case is seen from Fig. 8, where the
time dependence of the average length of the domain for NN
and NNN diffusion is presented for the Al impurity concen-
tration, cAl , up to 2%. The cusp atcAl50, which is the
manifestation of the logarithmic behavior, disappears for
small values ofcAl ~0.2, 0.4%!. However, forcAl>0.5% it is
seen that the curves start to bend again at late time implying
a new type of behavior. It thus looks like a very small
amount of impurities destroys the RFE, which are due to the
anisotropy of the model. Impurities in larger amount, though,
are likely creating RFE of their own. However, we could not
verify this assumption, since forcAl>2% domain growth
dynamics starts to be very complicated.

CONCLUSIONS

In summary, simulations of oxygen ordering dynamics for
two types of diffusion~NN hopping only and both NN and
NNN hopping! were performed for the OII phase of

FIG. 8. Log-log plot of the time dependence of the average
length obtained for the model with impurities for NN and NNN
diffusion and quench temperatureT/v150.07. For clarity the
curves are shifted with respect to each other along the vertical axis.
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YBa2Cu3O61x using the ASYNNNI model. It is found that
the domain growth dynamics of this system is different at
early and late stages. At early stages the domain growth
could be described by growth exponents which are found to
be different for the two types of oxygen diffusion. At later
stages a transition to a logarithmic behavior of the param-
eters characterizing the domain growth is observed which is
caused by the anisotropy of the O-Cu-O chains. This might
be the reason of the random field effects observed experi-
mentally for YBa2Cu3O6.5. The effect of impurities with
higher oxygen coordination than copper is shown to be dif-
ferent than in other systems: instead of creating random

fields, a small amount of impurities destroys the anisotropy,
the main cause of the random field effects in this system. It is
further found likely that higher concentrations of such impu-
rities cause random fields of a different nature.
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