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Gaussian-approximation formalism for evaluating decay of NMR spin echoes
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We present a formalism for evaluating the amplitude of the NMR spin echo and stimulated echo as a
function of pulse spacings, for situations in which the nuclear spins experience an effective longitudinal
magnetic fieldh,(t) resulting from an arbitrary number of independent sources, each characterized by its own
arbitrary time correlation function. The distribution of accumulated phase angles for the ensemble of nuclear
spins at the time of the echo is approximated as a Gaussian. The development of the formalism is motivated by
the need to understand the transverse relaxatidiYofn YBa,Cu,O;, in which the®®Y experience$*%Cu
dipolar fields which fluctuate due t6*%Cu T, processes. The formalism is applied successfully to this
example, and to the case of nuclei diffusing in a spatially varying magnetic field. Then we examine a situation
in which the approximation fails—the classic problem of chemical exchange in dimethylformamide, where the
methyl protons experience a chemical shift which fluctuates between two discrete values. In this case the
Gaussian approximation yields a monotonic decay of the echo amplitude with increasing pulse spacing, while
the exact solution yields distinct “beats” in the echo height, which we confirm experimentally. In light of this
final example the limits of validity of the approximation are discus$£6163-182@06)05630-3

[. INTRODUCTION At the outset we must distinguish between transverse re-
laxation as measured by the envelope of the free-induction
The problem of nuclear spins which experience a fluctudecay(FID) (T3), and the decay of the amplitude of the spin
ating effective local magnetic field is ubiquitous in NMR. echo as a function of 2 wherer is the spacing between the
Often situations arise in which only trecomponenth, of 90 and 180° pulses. In many cases, especially for solids and
the local fieldh plays an important roléwherez is also the quadrupolar nuclei, there exist statiGhhomogeneoys
direction of the applied static fieldaffecting the transverse broadening mechanisms in addition to the dynamic processes
relaxation proces§T,) only. One classic example is the di- which are of interest, and in these cases the dynamical be-
polar coupling of nuclear specieB”™ to an unlike species havior is accessiblenly through the spin-echo peak height,
*“ A” which is being observed. Only the secular terms in thesince the spin echo refocuses the inhomogeneous effects.
“ A-B” dipolar Hamiltonian, whereby the A” spins expe-  Treatments of the free-induction decay are relatively plenti-
rience an effective component of magnetic field emanating ful in standard textbook$,® while treatments of transverse
from the B spins, are important. Herzog and Hahmeat relaxation for the spin echo are somewhat less
situations in which this dipolar coupling field is modulated, common®®1® Anderson and Weiss approached the prob-
either through dipolar interactions within tiige spin system lem taking a Gaussian distribution of instantaneous fields
or through the application of radio-frequency magnetic fieldsluctuating with an arbitrary correlation function. Their ap-
at the B Larmor frequency. More recently Walstedt and proach has also been generalized to treat the spin-echo
Cheond have demonstrated the importance®®u-’O di-  amplitude® There is a distinction, however, between the
polar interactions in theit’O T, data for highT, supercon-  Anderson-Weiss approach, and a subsequent approximation
ductors. In their case the dipolar field fluctuations experi-taken by Neumantt and later by Tarczon and Halperirin
enced by'’O result from very rapid®®®%Cu spin-lattice treating transverse relaxation of spins undergoing restricted
relaxation(T,) processes. Another such situation is the prob-diffusion in a magnetic-field gradient. In this situation the
lem of spins diffusing in a magnetic-field gradiéntin this  distribution of instantaneous field, is clearly non-
case the magnetic fields are uniform in time, yet the fieldGaussian. The Neumann approximation, however, is to take
experienced by the nuclear spins is modulated due to thethe distribution of accumulatgghasesat the time of the spin

motion within the gradient. echo to be Gaussian distributed. It is reasonable to expect
In our research on vortex fluctuations in YBaLO; we  that this is a less stringent condition.
find that the®% T, is effected by the®®*®Tuf% dipolar The approach which we take is identical in physical con-

interactions in a manner identical to that described by Waltent to that of Neumant?. We generalize the approach, how-
stedt and Cheong. They performed numerical Monte Carl@ver, to allow for an arbitrary number of independent sources
simulations of thé>®Cu T, process, and its effect upon the field h,, each having its own arbitrary correlation function.
Y0 T,, and obtained results which agreed quantitativelyThis generalization yields an expression which is convenient
with experiment. In order to understand our of¥¥ T, data, and transparent for our application of the method to the cal-
and to obviate the need for numerical simulation, we haveulation of the®Y T, in YBa,CuO,, which experiences
sought and obtained an approximate analytical method whicHipolar fields from both “plane” and “chain”®Cu and

can be used to moddl, behavior resulting when spins ex- ®°Cu, each producing dipolar fields with differing correlation
perience fluctuating longitudinal fields. functions. We show that our approach also yields transverse
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relaxation results obtained by Tarczon and Halpefor  att=2r For time dependent fields, howevermay average
spins diffusing in an arbitrary magnetic-field profile, but with to zero over the full ensemble, yet typical values for the
a simple physical interpretation for their results: that eactsubensemble are nonzero.
spatial Fourier component of the magnetic field distribution In the event thaP(¢) should be a Gaussian with second
acts as an independent source of fluctuating field with amoment(¢%), the signalM (27) from expressior(3) is given
exponential correlation time related to the Fourier wave vechy
tor and the diffusion coefficierD.

Finally we apply our expressiofin this case with only a 1
single source oh,) to a classic problem: that of chemical M(27)= Moex;{— 2 <¢2>} )
exchange, specifically for the molecule dimethylformamide.
Here the methyl protons experience a chemical shift whicHOur approach uses one essential approximation taken by
fluctuates between two discrete values on a time scale whicNeuman,” that P(¢) is a Gaussian, or, in the event that it is
shortens with increasing temperature. The transverse relaxot Gaussian, that expressio#), incorporating thesecond
ation in this case can be derivestactly and we show, both momentof the phase probability distribution, provides an
experimentally and theoretically, that in the limit of long adequate approximation of the signal size. The problem of
correlation times the echo heigtats a function of pulse spac- finding the echo signal amplitude then reduces to that of
ing) contains “beats” which are not predicted in our ap- finding the second moment. We now proceed to find the
proximation. In light of this final example we discuss the second momendf the actual probability distribution?(¢).
limits of validity of the model. We find that the calculation is not very difficult for many
cases of interest.

First it is convenient to write the component of mag-
netic field h, acting on a spin as a sum of any number of

We consider an ensemble of spins, initially pointing alongindependentlfluctuating contributions {
the z axis, and the trajectories of their magnetic moment
vectors during the time following a 90° and then a 180° h)=S h®
pulse. [Implicitly we are taking an average over a set of A= — 'z (). )
sukensembles of nuclear spins such that within each suben-
semble the spins experience the same fluctuating magnetic Now we compute(¢?) at the timet=2r, the peak of the
field with z componenth,(t).] We operate in a rotating spin echo wherer is the 90—180° pulse spacing. First we

frame such that ensemble avergde(t)) of the fluctuating-  calculateq? for an individual spin experiencing a fiehg(t)
field vanishes. Immediately following a 90° pulse the spinspy using expressiof2) above:

are oriented along what we define to be ¥hdirection. Sub-

sequently spins respond to their local fidlg(t) and rotate 27 (27 (27 (7 T (2r (7
within the xy plane, accumulating a phagsmeasured from ¢2:72(J J —J f —J J +f J )
the initial x axis) ¢(t): T T 0 S0y 00

Il. GENERAL FORMALISM

\% \%
t (i) Q)47 '
#0=7 [ nitar, & X3 & ORI, ©
where the leftmost and rightmost integrations in each term
fapply tot andt’, respectively. Now we need the ensemble
average(¢) of this quantity¢?, given above. First, the fluc-
l?L?atorshi andh, are assumed to be independent; thus, in the

wherey is the gyromagnetic ratio of the processing nuclea
spins. A 180° pulséabout thex axis) at time 7 then changes
the sign of the phase, so that the phase at the time of the ec

is given by ensemble average their products fonot equal tog will
vanish. The ensemble average ld{t)h'(t’) can be reex-
27 T . . . .
H(27)= yf h,(t")dt" — yj h,(t’)dt’. ) pressed in terms of t.he fleld autocorrelation functgfi)
r 0 (Refs. 6 and yfor theith independent fluctuator:
Since the time dependence of the fluctuating field is random, (WD) =gi(t—t')5q, (7)

the phase is also a random variable.
The NMR signal size at time7ds given by the product of thus yielding
M, (the signal size for=0) and the average of cgs

[ vt LT L)

: 3 v
fp(cﬁ)dcb xgl gi(t—t’)dt dt’. (8)

M(27)=M,

where P(¢) is the probability distribution function for the The correlation functiongy;(t) satisfy the conditions that
accumulated phasg. We see immediately from Eq&) and gi(0)=<(h8))2), thatg;(—t)=g;(t), and thaig;(t) vanishes
(3) that for time-independentnagnetic fieldsh, the spin- in the limit ast approaches infinity. We now introduce the
echo height is undiminished; will be zero both at=0 and  spectral density;(w), the Fourier transform og;(t):
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o 2 Vo _
Ji(w)= f_mgi(t)eXp(iwt)dt: (¢%)sim=— % .21 fﬁwdw J'L(o—‘;)(z CoSo 7+ 2 coso(7+T)
© —Ccow(27+T)—coswT—2). (11

1 %
gi(t)= pye f in(a))exr(—iwt)dw.
lll. FLUCTUATING FIELDS WITH EXPONENTIAL
Combining the previous two equations and performing the CORRELATION FUNCTIONS
integration, we obtain for the mean-square precession phase

at the timet =27 of the echo The expressions derived above have an advantage of gen-

erality in that they are written in terms of an unspecified,
general correlation function. As they stand, however, they

2 Voo _
($2)spiri= — r D do ‘]'(‘;’) are rather unwieldy; it is desirable to demonstrate their ap-
echo T i{=1J-w 0] plication for a specific case. The exponential correlation
function has wide applicability, and in fact the expressions
X{4 coso7—COS2w7—3}. (100 given above reduce to much simpler expressions if the expo-
The size of the echo signal can be determined within thd'€ntial function is taken. _ o
Gaussian approximation frok? via expressiorn(4). The exponential correlation functiay(t) is given by
An analogous result can be derived for thémulated It|
echo (Ref. 3 consisting of the sequence 90-T-90-r gi(t)=((ho)2>ex;< —T—) (12
C

acquire Phase is only accumulated during the timesnd
not during theT interval when the spins are along thexis.  with correlation timer.. The spectral density in this case is
The mean-square phase is evaluated by replacingBe Lorentzian. For this particular correlation function the ex-

limits of integration by ¢+T,27+T) in Eq. (8): pressions fok¢?) evaluated at the echo peaks become
V . .
($2)smn=2923, ((h§)D)(r)2{[(27)1 7]+ ae~ P02 — e 2w 3y, (133
echo i=1
v . . .
_ o[ @1+ 2 exg — m2r) + 2 exd — (74 T)/ 7]
2 stim.= 2 (i)y2 (i)\2 c ) c . c
(P)am=2 .21 (o)) (e —ex{ —(27+T)/ 7] —exp( —T/7{))—2 : (130

Again taking the Gaussian approximation we can determinsions(4), (10), and(11), do allow the possibility of multiple
the height of the echo peaks: sources of fluctuating field, each with its own distinct corre-
lation function. This feature of our result makes application
_ ) v (12vs (12 of the Gaussian approximation more transparent. For the
Mspin=M oeX — 21 ((hg" )} (7e") case of thé®¥ T, in YBa,Cu,0;, for example, we will show
that this approach can accurately duplicate the results of nu-
_ 0 0 merical simulations.
x{(2n)/7))+4e” (207 —e= (I3} (149
IV. LIMITING BEHAVIOR AND THE EFFECTIVE
M \% TRANSVERSE RELAXATION TIME T e
Mstim.ITO ex;{

echo

i [ [ — 7D
_72241 ((hgH2) (r¢hH 27l 7 +2e7 We now consider limiting behaviors for the case of a
single fluctuating field sourcle(t) with mean-square com-
(i) ) ) ponenth? and correlation timer,. For this special case re-
+2e7 (7T De —em (2 e — 7Tl — 21|, (14D sults are well knowr,but we summarize them here for con-

venience:

If only one source of fluctuating field is presdsb that
the summation symbol in expressiéi¥g is unnecessaty M~M exp{— i 72
then expressionil4g is identical to an expression given by 0 12
Herzog and Hahhand by Abragani,using the approach of
Anderson and Weigin which the instantaneouseld dis- M~Mexd — y?h3r.(27)] for 7/7;>1. (15b
tribution is taken to be Gaussian distributed. It is important
to note, however, that the above results are obtained usinigor the short correlation time limit the signal follows a
the less stringent condition that tiphasedistribution at the simple exponential decay with, given by Redfield theory
time of the echo maximum is approximated as Gaussian. It ipredictions, while for the opposite limit the behavior is ex-
also important that Eq(14) and the more general expres- ponential in the quantity27)°.

har Y(27)3| for 7/7.<1, (158
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12 . e . S N V. SPECIFIC APPLICATIONS
10 Spin Echo Height Now having presc_anted the gengral res_ults .for the .me_thod,
——-F duction D we turn to two specific examples illustrating its application.
£ 8 ree Induction Decay We first consider the transverse decay’®f in the highT,
= superconductor YB&£u;0O-, as it experiences fluctuating di-
£ 6 ] polar fields from neighborin§®Cu and®®Cu nuclei. The re-
] sults are shown to agree with numerical calculations which
4 ] do not employ the Gaussian approximation, and with experi-
5, L M.l ] ment. Then we address the problem of diffusion of spins in
" T e _————— an arbitrary field profile, and show that our approach repro-
0L — el L duces results obtained by Tarczon and Halgednd by
0.1 1 10 100 Robertson! Subsequently in Sec. VI we explore the limits
T, of the model by applying it to the problem of proton NMR in

the presence of chemical exchange in the molecule dimeth-

FIG. 1. Effective transverse relaxation tinfes, as derived Y/formamide.
from the Gaussian-approximation method described in the text, for
the decay of the spin-echo height with, 2vhere 7 is the spacing A. The T, of & in YBa,Cus0; as influenced by®Cu T,

between the 90° and 180° pulsésolid curve, and for the free o . . .
induction decay(Refs. 1 and 8(dashed curve both plotted as a We initiated these calculations of spin-echo heights dur-

function of the dimensionless parametgty . . Here yh0 charac- NG our investigations of vortex dynamics in the highsu-

terizes the low-temperatutong correlation timgNMR linewidth, ~ Perconductor YBgCu,0; using®Y NMR. Suh, Torgenson,

and . is a correlation timésee text for more rigorous definitions ~and Borsa’ reported extensivé, measurements oftY and

Tt is defined as the time required for the signal to fall teties ~ found a substantial vortex contribution to the transverse re-

its initial value. The minimum inT,e for the spin echo occurs laxation rate(1/T,); yet 1/T, effects were present and also

when yho7.~1, reminiscent of the well-known minimum ifi;,”®  substantial in the normal state, and by our estimates much

which occurs wheryHq7.~ 1, wherer, is a similarly defined cor-  faster than could be explained through spin-spin coupling

relation time, andyH, is the Larmor frequency. Note tha@ibes for  between thé®Y themselves.

the spin echo is always greater than or equal to that of the free- We considered thé®Y-53%%Cu dipolar coupling effect.

induction decay, reflecting the refocusing effect of the 180° pulse.with a resonance frequency of 2.1 MHz/T Y and 11.3

MHz/T for %Cu, these nuclei are clearly “unlike” in the

Expression14g for the echo size certainly does not pre- sense that mutual spin flips do not conserve energy and

dict simple exponential behavior. Nevertheless the practicatence do not occur. THEY-°3Cu effective dipolar coupling

spectroscopist may wish to estimate an “effectivg’ de- then consists of only the Hamiltonian term containing the

fined as the time when the signal drops te fimes its full %Y spin z component, (z points along the applied, static

value. Such an effectivd, we call “T,r." Toe can be  field, which in our case is along the crystabxis) and®Cu

obtained from Eq(138 by solving for the roots of a tran- spinS,:

scendental equation. The results for a single fluctuator are

shown in Fig. 1(Also shown is theT . for a free-induction 89,6372

decay, discussed belowThe qualitative features of Fig. 1 89‘63Hdip.=—rr (1-3co026)1,S, (16)

are as expected: For very long correlation tirigg; for the

spin echo becomes long, since some frequency jump is C€liherer is the magnitude of the position vector connecting

tainly required in order to prevent the echo from refocusingthe nuclei and is the angle made between it and thaxis
perfectly. For very short correlation times motional NaIToOW- - "+ 2 8% this Hamiltonian gives an effective magnétic
ing occurs, and agaii,.; becomes long. For intermediate field h. -

5

correlation times, where 4/is of the order ofyh,, however,
T,eit has @ minimum of 3.78 [equal to 3.26yhy) 1], occur- 63
ring whenyhy7.=0.86. The minimum inT ,.¢, occurring for h.— vh (1-3 co26)m (17)
1/7, of order of thespreadin instantaneous frequencies, is z s z
reminiscent of the well-known minimum if;,” which oc-
curs when a similarly defined correlation raterlfnatches ~ wherem, is thez component of spin for th&Cu. Of course,
the Larmor frequencyy. the 8% has many®3Cu neighbors, and thus it experiences
It is illustrative to compare the behavior of the spin echomagnetic fields from many source&Cu is a spin 3/2
with that of the free-induction decd§ID).5®Here we must  nucleus, and thum, can take on values 3/2,—1/2,1/2,3/2.
make assumptions about the stdtang 7, limit) line shape. Upon first consideration it would seem that the effective
We take it to be a Gaussian with a second monﬁeht))z.l'8 field h, as given in expressiofil7) would have no effect
Taking the same correlation timgh,7,=0.86, we find that upon the amplitude of th€Y spin echo—the effects of such
the 1k time for the FID is 2.27, [equal to 1.9yhy) 1], a static magnetic field should trefocusedin a spin-echo
substantially shorter than the echo decay time, reflecting thexperiment. As Walstedt and Chedritave noted, however,
expectedpartia) “refocusing” effect of the 180° pulse. The this field is not static on the time scale of tH8Y T,(~10
T, Minimum for the free-induction decay occurs in the ms) (or the 'O T,, as in their measuremeéntbecause the
limit of 7, approaching infinity, and is equal t2(yhy) "%  ®3Cu T, is quite fast~1 ms. Walstedt and Cheong simulate
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the fluctuating®®Cu dipolar field using knowiT; values and 1.2 . . . . .
accurately calculate th€O T, in the lanthanum cuprate su-
perconductors. 14 ® Numerical Simulation | ]

Gaussian Approximation

Of course, if thé®®y-8%Cu dipolar interaction does indeed o Saussian App
Experiment: ~"Y at 95K

determine thé®y T,, then one must be quite careful in in-
terpreting the®®y T, temperature dependence in terms of
vortex dynamics; th&°Cu T, varies dramatically as one low-
ers temperature below,, and thus one must be concerned
that the®®Y T, variation may result fron¥3Cu T, variation

S
- -]
T

Echo Height
[—4
=%

S
£
T

rather than the properties of the vortex system. 0.2 ]
Thus, we have performed calculations that are analogous o

to those of Walstedt and Cheong oy in YBa,Cu;0,. The 0 ' L ;i ]

great advantage of the calculation is that thereraradjust- 0 0.005 0.01 0.015 0.02 0.025 0.03

able parameters®*Cu and®*Cu T,’s are known* as are the 2xt (seconds)

position vectors of Cu neighbors with respect to fit¥

nucleus. We have shown that, in order to attain accurate FIG. 2. Spin-echo height vs7awhereris the spacing between
results one must include dipolar fields from the nearestthe 90° and 180° pulsgfor ®%Y in the normal state of YB£07,
neighbor planar Cu nuclejof which there are eight the W.Ith an applied field 59 .T and temperature 95. K. The hollow
nearest-neighbor chain Cu nuclégight, and the next- diamonds(¢) are experimental data. The solid dot®) are
nearest-neighbor planar C16). In the numerical calculation the results of a computerized numerical simulation, which contains

we consider an ensemble of 108%Y spins, and of course no adjustable parametersThis simulation is fully analogous to

for each we must simulate the independently fluctuating be\f\'Ork of Wamedtl?nd. Ch.eon(Ref' 2, who use th|§ met.hOd to
havior of the 32 near-neighbor Cu atoms. The results of thiéﬁInalyze theT of O in high-T, cuprates. In the simulation the

. . . echo decay is assumed to be the result of the fluctuating dipolar
numerical calculation in the normal state fo6r=95 K are y g dip

- . field produced by the neighborifdCu and®*Cu spins. The dipolar
shown in Fig. 2. Also shown are the experimental data an(ﬁeld fluctuations are the result 8fCu and®®Cu T, processes, and

theanalyticformula, which we discuss below. It is clear that the T, values are well known from experiment. The simulation uses

the numerical calculation provides an excellent match withy, gnsemple of 1008y spins(implying approximately 3% statis-
the experimental data witho adjustable parametersThis iica| error for the early timeseach under the influence of fluctuat-

confirms that at 95 K%-*Cu dipolar interactions dominate ing dipolar fields of 32 Cu near neighbdiacluding both plane and
the®Y T,. (We have also found that in the superconduct-chain Cu's, and with appropriate statistical population§36iu and
ing state an extra contribution, presumably from vortex dy-%5Cu). The simulation is in excellent agreement with experiment.
namics effects, is required. We will describe these results iffinally the solid line uses the Gaussian approximation formalism
a future publication. described in the text. There are 32 sourbe®f fluctuating field,
Now we turn to a comparison of thaumerical and  corresponding to the 32 Cu near neighbors. The field strength of
analytical calculation results, again shown in Fig. 2. While each of these sources is easily calculated from their known dis-
the numerical result requires detailed, stochastic simulationnces from thé®Y spin, and their correlation times are equal to
of large ensembles, the analytic result is quite simple. Théheir Ty's (which are different fof*Cu and®*Cu, and for plane and
application of Eq.(14a to the problem is a straightforward chain Cu’g. The Gaussian approximation, which yields a relatively
procedure. The independent fluctuatbré) are the various simple an_alyticgl expression, is in excellent agreement with the nu-
%cu and %Cu neighbors of thé®Y, and the correlation Merical simulation.
times 7.() are precisely th&%%Cu T,’s, asT, characterizes
the exponential decay of the autocorrelation functionbeyond the Gaussian approximation that has been used all
(m,(0)m,(t)) for magnetic relaxation processes. It would atalong.
first appear that a complication arises from the random oc- The analytical result for the decay of tfigy spin echo
géjpations of the_naturally.abundaﬁgn:u (69% abundantand  with 27 is shown together with the numerical calculation in
Cu (31%9). But in fact this presents no problem: the mean-Fig. 2. The agreement is quite remarkable. This might be as
square dipolar field of theth Cu neighbor is given with an  expected in this case—with 32 near neighbors each contrib-

added abundance weighting factor: uting one of 24 possible different local fields at the yttrium
site it seems likely that the phase distributiBri¢p) would
63h(2):O.6q63yﬁ(1—3 c020)/r3)21(1+1)/3, approach a Gaussian for most parameter times. We return to

this point later.

h3=0.31*%y7(1-3 cog)/r®?(1+1)/3, (18) S o .
B. Diffusion in arbitrary magnetic-field profiles

where | =3/2 for both®Cu and®Cu. For each atomic site ~ Hahr® addressed the problem of finding the spin-echo
both of the terms listed above f6fCu and®°Cu, respec- height in the presence of spatial diffusion of the nuclei
tively, must be included, along with their accompanying fac-within a nonuniform magnetic field. For the case of an effec-
tors that appear in Eq143. In essence, at each Cu site, we tively infinite sample dimension with a constant applied
think of there beingwo independent fluctuators with weight- magnetic field gradienG, Hahn showed that the echo am-
ings 0.69 and 0.31 and having correlation times given by thelitude as a function of twice the pulse spacingould be
83Cu and®®Cu T,’s. This isnotany additional approximation written as
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M(27)xexd — y*G?D(27)3/12], (19

where D is the molecular diffusion coefficient ang is
the nuclear gyromagnetic ratio. NMR studies of diffusion
have historically been of great interest, and currently appliRemarkably, this result expresses the field autocorrelation
cations in biomedical physics make the subject even moréunction as the sum of contributions from independent fluc-
timely. The idealized case considered by Hahn of infinitetuators, here indexed by the wave vedtpwith mean-square
sample length and uniform gradient, however, is not adfields and correlation times given by the following expres-
equate for many situations of interest. For example, the watesions:

trapped inside a biological cell will experience “restricted”

diffusion. Equation(19) may be valid for early times, but ((h(k))2>:'ﬁ(k)‘ﬁ(_k)

not for times greater than such that/D 7 is greater than or 0 '

comparable to the sample dimension. RoberSamed

the Bloch equations to treat the case of a finite cylindrical 179 =Kk?D. (23
sample in a uniform field gradient. Subsequently Neuthan

used the Gaussian approximation to extend the calculatry s e can identify each spatial Fourier component as an
ions to samples of noncylindrical shape. Finally Tarczo”independent fluctuator, and apply the Gaussian-

and Halperifil again used the Gaussian approximation toapproximation formalism, using E¢L4). This yields the re-

address the problem of an arbitrary magnetic-field distrigts optained by Tarczon and Halpériior the spin-echo

bution. The Gaussian-approximation formalism which wepgjght resulting from diffusion in an arbitrary field profile.

use here is a generalization of these approaches, and thigain this result is exact apart from the assumption that the

naturally their results also follow as a consequence of th‘f:)hase distribution at the time of the echo can be approxi-

formalism. , . ) mated as a Gaussian.
We consider a one-dimensional sample of lendth

aligned along the axis, extending fronz=0 to L, and ex-
periencing a magnetic fielth,(z). Following Wayne and VI. LIMITS OF APPLICABILITY, AND APPLICATION
Cotts!® we artificially extend the sample in the following ~ TO A SIMPLE MODEL OF CHEMICAL EXCHANGE
way: First, we extend the sample to include the range for 0 to

—L using the conditiorh,(—2z)=h,(z). Now this structure
of length 4 is periodically repeatedwith period 2.) to

extend the sample from-o to +o. While in reality a

hz(t)hz(t+t'):2k h(kh(—k)e ¥t (22

The Gaussian-approximation method which we have pre-
sented provides a simple recipe for understanding spin-echo
heights in many cases. Tlaly approximation that we have
nuclear spin approaching the sample boundaryzat. taken is that the distribution of phase angles is taken to be
would be reflected back, we consider instead that it instea@@ussian. Our exact calculation of the second moment of the
moves forward, but experiences the field profile which itphase distribution then fuIIy.specmes the distribution and
would have had, had it been reflected. In this way the finite"aPIes us to compute the signal. There are, however, real-
sample may be thought of as infinite, with a periodic mag_IStIC anq rgallgable expe_rlmental situations in _Whlch the
netic field, and the effective field may be written as a FouriePase distribution at the time of the echo is distinatyn
seriesh,(z) =3 h(k)e'*? with k=2n/2L. G_aussmn. We consider such.a situation, which is al_so a clas-

Now, in order to apply the formalism we must calculate SI¢ Problem of NMR—the simplest form of chemical ex-

the correlation function experienced by the nuclear spins difha@nge, whereby a nucleus experiences a chemical shift
fusing in this magnetic field profile of infinite length. Con- Which can randomly alternate between two discrete values,

sider first asutensemble of nuclei which are assumed toeach OCCl_Jrring half the time on average. This_kind of system
begin at positiorg, at timet, and which experience a field of Was considered by Gutowsky, McCall, and Slichifeand is

: 7-20
h,(zo). The correlation function a tim# later for this sub- /SO treated by Slichtérand others.
ensemble is given by

A. Two-site chemical exchange model

f dz E(Z)e’(zfzo)zmm/ The results for the continuous wave absorption cyore
h,(t)h,(t+t")=h,zy) , (20 equivalently, the Fourier transform of the free-induction-
f dy g v/t decay signalof the two-site chemical exchange model intro-
duced above are well knownthe low-temperature line

where the range of integrations is» to +o. Then, to find ~Shape consists of two sharp peaks of equal area, located at
the ensemble average for the whole system we average ovigauenciestaw, and —w, (Where we measure frequencies

the equally probable starting positiong from the center of mass of the line shaa.pét high tempera-
ture, however, these peaks collapse into one narrow peak at

(2 20)214Dt" zero frequency. As the temperature is raised from the low to

f dzohz(zo)f dzh(z)e 0 high, the peaks gradually broaden and shift towards zero, and

h(H)h,(t+t")= : then collapse to zero frequency at temperatures such that the
f dzof dy g y7apt’ molecular jumping rate becomes comparable to or faster than

21) the low-temperature frequency splitting.
Although it has previously been calculated theoreticAlly,
This expression is evaluated to yield the behavior of the spin-echo height as a function of pulse
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spacing for this system is not widely known. We will derive ¢y CH -
an exact expression for this quantity and then compare and 3\ y 3\ /
contrast it with the prediction based on the Gaussian-phase 1\(1)—C" 1\})_ c
approximation, which gives the following: \ """"""" -.\\
2 H/ / ll'll"l..
M spin = Moexd — wgre{(27)/ 7o+ 4e (27027 CH, H CH, "0
echo
— e (@Dl1_
e -3, (24 FIG. 3. The molecule dimethylformamide. The figure illustrates

where Zris twice the pulse spacing, and the quantitys the the two possible configurations of the molecule with respect to the
correlation time for “jumps” of the NMR frequency be- Methyl protons which we label with a printé). The C-N bond has
tween the values of plus and minwg. More precisely, if the partial double bond character, partially hindering “twisting” mo-

frequency is initially+w,, then the probability per unit time tons of the molecule about this axis. In the left panel the formyl
for a jump to—wyq is 1/(27.). We will show that Eq(24) is oxygen is opposite the primed methyl protons, but in the right panel

. . . the formyl hydrogen is opposite. These two configurations result in
hlghly accurate for short Co_rrelatlc_)n timdey,r,<1), but different chemical shifts for the primed methyl protons. Jumps be-
very inaccurate for the opposite limit. In fact, for the case of

I lation ti h ho heiaht functi &2 tween these two configurations then cause the chemical shift of the
onger correlation imes theé echo heignt as a functiona methyl proton to be modulated, and this modulation serves to di-

found theoretically, and observed experimentally, to haV%inish the height of the spin echo with increasing 90-180° pulse
beats , , spacing.

We follow the approach given by Slichféf?'to calcu-
late the free-induction decay, and extend it to calculate the
spin-echo height. We denote the two alternate sites for thg1, vectors will remain equal as time evolves, while their
nuclei as sitedA (having resonance frequeneywo) andB  components will remain of equal magnitude but opposite
(—wp). We may also define the quantitié, andMg in  sign. Following a timer a 180° pulse is applied about the
terms of the instantaneous nuclear magnetization vectors agxis, and the effect is toeverseinstantaneously the sign of
sociated with the A and B sites, respectively: the quantityY while leavingX unchanged. This creates a
M 4 =Ma,+iM 5, (henceforth we will omit the *+" super-  npew initial condition, and the time evolution may recom-

scrip. Now, with a jumping rate 1/ between théA andB  mence. One can show that the echo height at a timiI2
sites, the differential equations governing the behavior of thgowing the initial 90° pulse is given by

magnetization are as follows:

M (27)=M(0)exp(— 27/27,)

d . 1 co§§(27)
at (MA):lwoMA_Z (Ma—Mp),
¢ 1+ 1/Q?

1102

)sinz % (27)+ —ZiTC sifw(27)]|,

d 1
gt (Me)=—iooMa+ 5 (Ma=Mg). (29 8
It is helpful to reexpress these equations in terms of the varigjhere
ables
Q=2wqg7..
X=Ma+Mg; Y=Mp—Mg. (26)
Equation(28) is formally correct even for imaginary fre-

Following the initial pulse, the quantitX, which gives quenciesw. It is interesting, however, to consider thang
the signal size, can be taken as one. We assume that terrelation timecase, whereQ is large, and to keep only
initial pulse orients the magnetization along thexis. The  terms up to first order in ©. That yields the following
evolution of X and Y at a timet following the initial 90°  simple approximate result, valid for largg, and forall val-

pulse (but before the 180° puls&an be shown to be ues of the parameter'r, :
X= 12 + ! g
=exp —t/27.)| coswt Yot Sinwt |, M(27)~M(0)exp(—271/27.) 1+m5|r{w(27)] .
_ (29

Y=exp(—t/27,) o sinwt |, (27)  This expression demonstrates that the echo has “beats” in

ol wg the long correlation time regime. Although the “beats” in

where the echo height vs 2which are discussed here have previ-

ously been demonstrated theoreticafly® the present au-

172 thors are unaware of any experimental verifications. The

1 2
w=wg 1- ( 2o ) molecule dimethylformamide provides a realizatidrigure

0%c 3 illustrates the two molecular orientations leading to the two
w is the effective oscillation frequency which is reduced by adiscrete chemical shift values experienced by the methyl pro-
damping term. (We shall also consider the casescdtical tons. The C-N bond has partial double bond character, which
damping[ »=0] andoverdamping[w is imaginary.) Now, tends to maintain the molecule in a planar configuration. The

it is clear by symmetry that the components of tht1, and  methyl protons experience a different instantaneous chemical
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FIG. 4. Spin-echo height vsrdf the methyl protons in dimeth- .
ylformamide.r is the spacing between the 90° and 180° pulses. The Phase accumulated at time of echo
echo height clearly shows a beat structure which is predicted in the
text, but which is not consistent with the Gaussian approximation FIG. 5. Schematic diagram to explain the “beats” which occur
formalism. Also shown is a fit to Eq29), a solution of the Bloch in the spin-echo height vsrawherer is the pulse spacingdor the
equations supplemented with the chemical exchange process as d@o site chemical exchange problem in the long correlation time
tailed in the text. The damped frequency parameter234.36  |imit. The instantaneous NMR frequency of an ensemble spin can
radians/s is obtained directly from the Fourier transform of the freetake on one of two discrete values,w, or —w,. The frequency
induction-decay signalnot shown. The one remaining adjustable jumps between these values randomly with a probability per unit
parameter is;. . The fit shown above yieldg=28.1 ms. Note that time 1{2r,). This figure shows the probability distribution of the
a single parameter, determines both the overall decay ratedthe  accumulated phase at the time of the e¢hba time 2 following
amplitude of the sinusoidal term. the initial 90° pulse, and assume the long correlation time regime

7.>7and7.>1lwy. The fraction of spins which will experience one
frequency jump i=27/27,. The spins which experienc® jump

shift (differing by some 0.16 ppindepending upon whether will be refocussed at the time of the echo, and accumulate zero
they are located opposite the formyl group oxygen or thephase. They contribute & function of weight +-¢ at ¢=0. The
formyl hydrogen; however, if the molecule “twists” as phase accumulated by the spins experiencing one jump is uniformly
shown in the figure, these shift assignments are reversedistributed between zer(for spins which have jumps occurring
Gutowsky and Holr¥ measure correlation times for the immediately following the 90° pulse or immediately prior to the
twist of order of 10—-100 ms near and above room temperaechd and =2w,r and contributes a total area The signal contri-
ture with an activation barrier of3500 K. bution from the spins experiencing one jump is obtained by inte-

Figure 4 shows the spin-echo height of the methyl protongrating the probability distribution times agswhich yields a con-
vs 2r at a temperature of 393 K.(The echo height is {ribution containing beatsl/2wo)Sinwo(27).
obtained as follows: We Fourier transform the spin echo,

taking the zero of time to be located at following the - o )
initial 90° pulse. Then to obtain the echo height associate@Pility distribution function for the phase accumulated by a

only with the methyl protons, we measure the area undefucléar spin at the time of the echidhe Appendix gives a
their absorption curve, which is easily resolved from thethorough, systematic approach to calculating the phase prob-
formyl proton peak which is also preseént.The echo clearly ~aPility distribution for this problem.The figure shows the
shows the predicted beat structure. Also shown is a fit to EqProbability distribution of the accumulated phase at the time
(29). We obtain the damped frequency parameter234.36 of the .echo(at a time 2 foIIo.wmg .the mmal 90° pulse,
radians/s directly from the Fourier transform of the free-285SUming the long correlation time regimg>7 and
induction-decay signainot showi. The one remaining ad- rc>1/{»0. The for_mer restriction assures thaf[ each spin will
justable parameter, can be obtained by fitting the echo €XPerience few, if any, frequency jumps during the echo se-
height vs 2. Figure 4 shows the fit with,—28.1 ms. Note duence. The fraction of spins which will experieroe fre-

that a single parameteg, determines both the overall decay 9U€Ncy jumps is-1-7/7.. These spins will refocus perfectly
rate and the amplitude of the sinusoidal term; thus the ex-&t the time of the spin echo. Thus, they contribute to the

cellent fit obtained is an impressive demonstration of the?h@se probability distribution &function at$=0 of weight
concept. 1-11.. The phase accumulated by the spins experiencing

one jump is uniformly distributed between zefor spins

which experience jumps occurring immediately following

the 90° pulse or immediately prior to the e¢ghand +2wyT
How might these beats be understood, given that they dfor jumps occurring at the same time as the 180° puisel

not occur in the Gaussian approximation? As it happens, theontributes a total ared .. The signal contribution from the

result can be easily understood for the case of |&gand  spins experiencing one jump is obtained by integrating the

small values ofr/7,, which we now consider. Figure 5 gives phase probability distribution times apswhich yields the

a semiquantitative illustration, in terms of the expected prob<contribution containing beat$1/2w,7;)sinwy(27). This ap-

B. Limits of validity of the Gaussian approximation
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probability distribution should indeed approach a Gaussian
with second momenta?7.(27); thus, it is not surprising that
Gaussian Approximation ] the Gaussian approximation is successful.

Exact ] Even for large values aby(27.), Fig. 6 demonstrates that
the Gaussian approximation is accurate for small values of
] wo(27). This is also easily understood. In this limit the phase
Gaussian Approximation ] distribution is highly non-Gaussian; however, its full width is

] quite small, since the largest values of accumulated phase are
] *wp(27). In this limit the average valugcosp) can be ap-
m‘ == ~ ] proximated ag1—(¢?)/2), which is in agreement with the
P 1\/ ~ : expression obtained from the Gaussian approximation,
Gaussian Appr. N ~ exp(—(¢2)/2).
Exact N . .
o1 L. N The model of chemical exchange presented here might be
0 2 4 6 8 10 considered a “worst case scenario” for application of the
o (21) Gaussian approximation, and yet the approximation remains
adequate in most limits. The limit which gives trouble is
FIG. 6. Spin-echo heights vay(27) where r is the spacing @0(27)>1, where the phase distribution becomes highly
between the 90 and 180° pulses, for a model in which the nuclefOn-Gaussian. This doesot indicate, however, that the
experience an instantaneous resonance frequency of eitagor ~ Gaussian approximation is invalid for all problems in which
—wp. Jumping between these two discrete frequencies occurs rare. Much greater than the reciprocal of the low-temperature
domly with a probability per unit time 127.). The echo height is linewidth. 7, characterizes the amount of time required for a
calculated using two theoretical methods: the Gaussian approximdield change of magnitude comparable to the total linewidth.
tion method, and the exact solution, both described in the text. Thén many situations, however, smaller field changes occur on
figure shows that the Gaussian approximation method is quite goothuch smaller time scales. For example, for the case of dif-
for small values of the parameten(27,), but not good at all for  fusion in a field gradient, the instantaneous frequency is a
larger values. For large values @§(27.) the phase probability dis- continuous function of time. For any nonzero time interval
tribution deviates strongly from a Gaussian form, as illustrated inegch spin experiences continuous range of frequencies with
Fig. 5; thus it is not surprising that in this case the Gaussian apsome random character. It certainly appears more plausible
proximation fails. in this case that the phase distribution would take on a near-
Gaussian form. (Nevertheless, deviations from the Gauss-

an approximation in these situations are prediéted?

proximate expression is quite similar to the second term irg. : R . .
P imilarly, for the case of® experiencing dipolar fields
Eq. (29), except that it involves the undamped frequengy from 638Cu—in a timer, (which is equal to the CiTy), all

instead ofw. Clearly the approximation is quite good for the neighboring Cu’s experience typically ofig transition,
<7, and forwy7, large. : ; ) .
so again the field experienced by tf& is more nearly a

Although we can understand E{9) for r<7, and for i funci i dth ¢ .
wy7, large, it is much more difficult to understand Eg9), continuous function ot timeé, and thus one expects approxi-
Imately Gaussian-phase distributions.

in terms of the anticipated phase probability distributions, fo
the case of> 7. (and, againwy7.>1). In that case the typi-

10 |

~ Exact

Echo Height (Arbitrary Units)

cal spin has experienced many frequency jumps, and thus the VIl. CONCLUSIONS
simple argument given in the preceding paragraph is not '
valid. One can at least understand finst term in Eq.(29). It We have presented a simple and fairly general approxi-

results from the dwindling supply of spins which have expe-mate formalism which enables one to evaluate spin echo and
riencedno frequency jumps, despite the fact that7.. Note  stimulated echo heights. The formalism approximates the
that this term decays as dxp27/27;), which isdramatically =~ phase distributiof®(¢) at the time of the echo as a Gaussian,
slowerthan the decay predicted by the Gaussian approximaand presents a mathematical method for calculating the
tion for the same limi{ 77, and wy7,>1): exd —w37,(27)].  width of the Gaussian, and hence the signal, for situations in
It is clear thateven for7>17., the phase probability distribu- which the spins experience fluctuating longitudinal magnetic
tion retains important deviations from the Gaussian formfields having arbitrary time correlation functions. The ap-
notably including ad function at zero phase, which cause the proximation is applied successfulliand shown to be in
Gaussian-approximation method to fail dramatically. agreement with numerical calculations not incorporating the
Overall, how adequate is the Gaussian-phase distributioapproximation to the problem of the transverse relaxation of
approximation to treat this system? Figure 6 shows spin-ech®’Y in the highT, superconductor YB&u,0,, where the
heights vs wy(27) calculated using both the Gaussian- 8% experiences fluctuating dipolar fields frdf®Cu neigh-
approximation method and the exact solution. The figurébors which undergo rapitl, transitions. Results obtained by
shows that the Gaussian-approximation method is quite goofiarczon and Halperthfor transverse relaxation of spins
for small values of the parametep(27.), but not good at all which diffuse in an arbitrary field profile are also shown to
for larger values, as discussed above. follow from the formalism—not surprisingly, since the for-
For small values obyy(27.), and for= 17, the typical spin malism which we have presented is a generalization of the
has experienced approximatetyr, frequency jumps, accu- approach which they applied to that specific problem. Fi-
mulating a phase of ordetwy(27.) each time. This is a nally, we discuss a situation in which the formalism is not
classic “random-walk” situation, and in this limit the phase appropriate—the two-site chemical exchange problem,
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where a nucleus experiences an instantaneous frequency diemical exchange model discussed in Sec. VI. We calculate
either +w,y or —wy, and over time also experiences transi-the distribution including the effects of up to seven fre-
tions between these frequencies occurring with a correlatioquency jumps; hence the calculation should yield accurate
time 7. In that situation, we find, both experimentally and results for small values of the parametér, , which charac-
through an exact theoretical solution, that égyr.>1, oscil-  terizes the typical number of frequency jumps experienced
lations occur in the height of the echo as a function af 2 by a nuclear spin. The methodology of the calculation can, in
where 7 is the spacing between the 90° and 180° pulsesprinciple, be used to calculate the distribution to an arbitrary
These oscillations are clearly not expected from thenumber of jumps and arbitrarily larger, .
Gaussian-approximation formalism. We discuss the highly We first define the function(At) = (1—e 227), the av-
non-Gaussian-phase distribution which is obtained in thisragefraction of spins whose precession frequency switches
problem. Finally, we discuss the limits of validity of the at least once during any time intervat. Consider a suben-
approximation; the approximation is expected to be reasorsemble of spins whose precession frequencies jurimes
ably good for all cases in whickither Aw7.<1 or Aw7<1  before the 180° pulséwith the first jump occurring at time

(or both), whereAw characterizes thstantaneouslistribu-  t;, the second jump at timg,, ... and thejth jump att;
tion of NMR frequencies. Finally, the approximation may bewhere G<t;<t,<---<t;<7) and an additionak times (at
reasonably good even fdvw7.>1 and Aw7>1 if the instan-  times 7<<tj  ;<tj ,, ... tj (<27 after the 180° but prior

taneous frequencies are nearly continuous functions of timeo the time of the echo. We label this subensembl&/as,
and do not experience the large orderAw) and effectively  whereB stands for “before” andA stands for “after.” If the
instantaneougoccurring in times much faster thanAkf) spin has an initial frequency of w, then its accumulated
frequency “jumps” which occur in the two-site chemical phase at the time of the echo is¢giak, Where ¢gjak is

exchange problem. given by
i jtk
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APPENDIX ¢AAA=2th1—2w0t2+ 2a)0t3—4w07. (A2)

In this appendix we present an approach to calculate the One can show that the average differential number of
probability distribution for the phase angle accumulated by &pins dNgijai(t1,tz, ... tj1k-1,tj+K) in the subensemble
nuclear spin at the time of the spin echo for the two-siteB'AX at the time of the echo is given by

dNgiak(ty,tz, o tak—1,t+1)
=dt;n(ty) Xdtpn(ty—ty) Xdtg(tg—t2) X -+ dty 1y 1N e 1= e 2) XAt (et e 1) X {1 n(27— 1)}
=(27’C)7“+k)dtldt2---dtj+k_1dtj+ke727/270, (A3)

wheren(At)=(27.) lexp(— At/27,) is the derivative oh(At). The differentiald Ngjai(t1,t2, - . . tj1k—1,tj+k) contributes
to the phase probability distributio, functions of weight (1/2)(2;) ~Y*¥dt,dt,---dt;,_1dt; ke 272" occurring at the
phasest ¢giak({ti}), Whereggiax({t;}) is given in Eq.(A1). The phase distribution for the entire subensenfi&" is then
given by

1 T T T 27 27 27
PBiAk(¢):—jTEj dtlf dtz"‘f dt; [ dtj;, dtj+2"'f dtj 1 {6(P— dgiak{ti})
2(27¢) 0 ty ti_q T t;

j— j+1 tk-1

+ (¢t ppiadti}) e, (A4)
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By summing the phase distribution functioRgjak(¢) for

all the subensembleB’A* which havej+k=n, we obtain
the contribution to the phase probability distribution function
P,(¢) of the subensemble of spins which execute exattly
jumps during the spin-echo sequen@éthout regard to the
timing of the jumps. One can verify that th&,(¢) are ap-
propriately normalized in that their integrals yield the Pois-
son distribution functions\,,, the fraction of spins which
experiencen jumps within the time interval 2 (with jumps
occurring with probability per unit time of 1£2). N, is
given by the following relation:

e 7o 21/27,)"

Nn= n!

(A5)

Equation (A6) gives the appropriately normalized suben-
semble phase distribution functions uprte7, all of which
are nonzero only in the range2wym<<¢<2wqT:

Po(¢)=e"277e5( ),

e 2727

Pa($)= Torzgrrya (40o7°~3word®+[4]%),

e—27’/27’c

Pi(¢)=

oot ’
e727'/27'c

Ps()= Togzmerys (1600~ 8wgr* ¢+ 6,
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—27/27,
Pu(#)= 22wy )? (2wor—|¢)),
(A6)

—27/27¢
— 55_ 3,342
Po($)= geazacr (48057~ 400370

+15wo7¢" —4{$[°),

e—27’/27’C
_ 2.2 42
P3(¢) 8(2(1)07-(:)3 (40)07 ¢) )1

e—27’/27’c
_ 6 6_ ao 4 4,2
P-(¢) —460&2(007(;)7 (64wym° — 48w ¢

+ 120577 ¢*— ¢°).
Summing these functions yields the phase probability distri-
bution function, accounting for the effects up to seven jumps.
The expression should be accurate for situations in which the
parameterr/7. is small.

Po(#) is a & function containing ex@-27/27,) spins,
while the function P;(¢) is a box of height
exp(—2127)/4wyt.; each of these terms are discussed in
Sec. VI in the main body of this paper. These terms alone
would lead to a signal given by ER8) (but with w replaced
by wp). It is certainly not easy to understand why inclusion of
the remaining terms in phase probability distribution expan-
sion[as they appear up to=7 in Eq.(Al)] should result in
the very simple(and exact expression for the signal size
which is given in Eq(28).
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